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PREFACE.

ToE object of the study of Mathematics, is two fold—the acqui-
sition of useful knowledge, and the cultivation and discipline of
the mental powers. A parent often inquires, “Why should my
son study mathematics? I do not expect him to be a surveyor, an
engineer, or an astronomer.” Yet, the parent is very desirous
that his son should be able to reason correctly, and to exercise,
in all his relations in life, the energies of a cultivated and disci-
plined mind. This is, indeed, of more value than the mere attain-
ment of any branch of knowledge.

_The science of Algebra, properly taught, stands among the first
of those studies essential to both the great objects of education.
In a course of instruction properly arranged, it naturally follows
Arithmetic, and should be taught immediately after it.

In the following work, the object has been, to furnish an ele-
mentary treatise, commencing with the first principles, and leading
the pupil, by gradual and easy steps, to a knowledge of the ele-
ments of the science. The design has been, to present these in a
brief, olear, and scientific manner, so that the pupil should not be
taught merely to perform a certain routine of exercises mechani-
cally, but to understand the why and the wherefore of every step.

~ For this purpose, every rule is demonstrated, and every principle

analyzed, in order that the mind of the pupil may be disciplined
and strengthened so as to prepare him, either for pursuing the
study of Mathematics intelligently, or more successfully attending
to any pursuit in life.

Some teachers may object, that this work is too simple, and too
ensily understood. A leading object has been, to make the pupil
feel, that he is not operating on unmeaning symbols, by means of
arbitrary rules; that Algebra is both a rational and a practical

subject, and that he can rely upon his reasoning, and the results
3
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- of his operations, with the same confidence as in arithmetic. For
this purpose, he is furnished, at almost every step, with the means
of testing the accuracy of the principles on which the rules are
founded, and of the results which they produce.

Throughout the work, the aim has been, to combine the clear
explanatory methods of the French mathematicians, with the prac-
tical exercises of the English and German, so that the pupil should
acquire both a practical and theoretical knowledge of the subject.

‘While every page is the result of the author’s own reflection,
and the experience of many years in the school-room, it is also
proper to state, that a large number of the best treatises on the
same subject, both English and French, have been carefully con-
sulted, so that the present work might embrace the modern and
most approved methods of treating the various snbjects presented.

With these remarks, the work is submitted to the judgment of
fellew laborers in the field of education.

Woopwarp CoLLEGE, August, 1848.

SUGGESTIONS TO TEACHERS.

It is intended that the pupil shall recite the Intellectnal Exercises with
the book open before him, as in mental Arithmetic. Advanced pupils may
omit these exercises.

The following subjects may be omitted by the younger pupils, and passed
over by those more advanced, until the book is reviewed.

Observations on Addition and Subtraction, Articles 60—64.

The greater part of Chapter IL.

Supplement to Equations of the First Degree, Articles 164—177.

Properties of the Roots of an Equation of the Second Degree, Articles
215—217.

In reviewing the book, the pupil should demonstrate the rules on the
blackboard.

The work will be found to countain a large number of examples for prac-
tice. Should any instructor deem these too numerous, a portion of them
may be omitted.

To teach the subject successfully, the principles must be first clearly
explained, and then the pupil exercised in the solution of appropriate
examples, until they are rendered perfectly familiar. <
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RAY’S

ALGETZBTR RA,

PART FIRST.

INTELLECTUAL EXERCISES.

LESSON I.

Nore 10 TEACHERS.—AIl the excrcises in the following lessons can
be solved in the same manner as in intellectual arithmetic; yet the instruc-
tor should require the pupils to perform them after the manner here indi-
cated. In every question let the answer be verified.

1. I have 15 cents, which I wish to divide between William
and Daniel, in such a manner, that Daniel shall have twice as
many as William ; what number must I give to each?

If T give William a certain number, and Daniel twice that num-
ber, both will have 3 times that cerfain number; butboth together
are to have 15 cents ; hence, 3 times a certain number is 15.

Now, if 3 times a certain number is 15, one-third of 15, or §,
must be the number. Ilence, William received 5 cents, and Dan-
iel twice 5, or 10 cents.

If, instead of a certain number, we represent the number of cents
William is to receive, by «, then the number Daniel is to receive
will be represented by 2z, and what both receive will be repre-
sented by x added to 2z, or 3.

If 3z is equal to 15,
then 1z or z is equal to 5.

The learner will see that the two methods of solving this ques-
tion are the same in principle; but that it is more convenient to
represent the quantity we wish to find, by a single letter, than by
one or more words.

In the same manner, let the learner continue to uso the letter 2
to represent the smallest of the required numbers in the following
questions. o
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NoTE.— is read «, or one «, and is the same as 1z. 2z is read two ,
or 2 times x. 3z is read three , or 3 times z, and so on.

2. What number added to itself will make 12?

Let x represent the number ; then zadded to x makes 2z, which
is equal to 12; hence if 2z is equal to 12, one z, which is the half
of 2z, is equal to the half of 12, which is 6.

VERIPICATION.—6 added to 6 makes 12.

3. What number added to itself will make 16?

If x represents the number, what will represent the number
added to itself? What is 2z equal to? If 2z is equal to 16, what
is z equal to?

4. What numbher added to itself will make 24?

5. Thomas and William each have the same number of apples,
and they both together have 20; how many apples has each?

6. James is as old asfohn, and the sum of their ages is 22
years; what is the age of each?

7. Each of two men is to receive the same sum of money for a
job of work, and they both together receive 30 dollars; what is
the share of each?

8. Daniel had 18 cents; after spending a part of them, he found
he had as many left as he had spent; how many cents had he spent?

9. A pole 30 feet high was broken by a blast of wind ; the part
broken off was equal to the part left standing; what was the
length of each part?

Instead of saying x added to z is equal to 30, it is more conven-
ient to say z plus = is equal to 30. To avoid writing the word
plus, we use the sign 4, which means the same, and is called the
sign of addition. Also, instead of writing the word equal, we use
the sign =, which means the same, and is called the sign of
equality.

10. John, James, and Thomas, are each to have equal shares of
12 apples; if z represents John’s share, what will represent the
share of James? What will represent the share of Thomas?
What expression will represent {22 more briefly. If 3:— 12,
what is the value of ? Why?

11. The sum of four equal numbers is equal to 20; if 2 repro-
sents one of the numbers, what will represent each of the others?
What will represent z+4xz-+z-+z, more briefly? If 4x=20, what
isz equal to? Why?

12. What is 24z equal to? Ans. 2z.

13. What is 44z equal to? ’

14. What is z4-z+2x+z equal to?
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LESSON II.

1. Jamzes and Jobn together have 18 cents, and John has twice
as many as James; how many cents has each ?

If x represents the number of cents James has, what will repre-
sent the number John has? What will represent the number they
both have? If 3z is equal to 18, what is « equal to? Why?

Nore.—If the pupil does not readily perceive how to solve a question,
let the instructor ask questions similar to the preceding.

2. A travels a certain distance one day, and twice as far the
next, in the two days he travels 36 miles; how far does he travel
each day?

3. The sum of the ages of Sarah and Jane is 15 years, and the
age of Jane is twice that of Sarah; what is the age of each?

4. The sum of two numbers is 16, and the larger is 3 times the
smaller ; what are the numbers?

5. What number added to 3 times itself will make 20?

6. James bought a lemon and an orange for 10 cents, the orange
cost four times as much as thelemon ; what was the price of each?

7. In a store-room containing 20 casks, the number of those
that are full is four times the number of those that are empty;
how many are there of each?

8. In a flock containing 28 sheep, there is one black sheep for
each six white sheep; how many are there of each kind?

9. Two pieces of iron together weigh 28 pounds, and the hea-
vier piece weighs three times as much as the lighter; what is the
weight of each ?

10. William and Thomas bought a foot-ball for 30 cents, and
Thomas paid twice as much as William ; what did each pay?

J 1. Divide 35 into two -parts, such that one shall be four times
the other. .

12. The sum of the ages of a father and son is equal to 35
years, and the age of the father is six times that of his son; what
is the age of each?

13. There are two numbers, the larger of which is equal to nine
times the smaller, and their sum is 40; what are the numbers?

14. The sum of two numbers .is 56, and the larger is equal to
seven times the smaller; what are the numbers?

15. What is z+42z equal to?

16. What is z+3x equal to?

17. What is 24 equal to?
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LESSON III.

1. Tarex boys are to share 24 apples between them ; the second
is to have twice as many as the first, and the third three times as
many as the first. If 2 represents the share of the first, what will
represent the share of the second? What will represent the share
of the third? What is the sum of z+2z+3z? If 6z is equal
to 24, what is the value of 22 What is the share of the second?
Of the third ?

VeriricaTioN.—The first received 4, the second twice as
many, which is 8, and the third three times the first, or 12; and
4 added to 8 and 12, make 24, the whole number to be divided.

2. There are three numbers whose sum is 30, the second is
equal to twice the first, and the third is equal to three tunes the
first; what are the numbers?

3. There are three numbers whose sum is 21, the second is
equal to twice the first, and the third is equal to twice the second.
If x represents the first, what will represent the second? If 2
represents the second, what will represent the third? What is
the sum of z+2x-+4x? What are the numbers ?

4. A man travels 63 miles in 3 days; he travels twice as far
the second day as the first, and twice as far the third day as the
second ; how many miles does he travel each day?

5. John had 40 chestnuts, of which he gave to his brother u
certain number, and to'his sister twice as many as to his brother;
after this he had as many left as he had given to his brother; how
many chestnuts did he give to each?

6. A farmer bought a sheep, & cow, and a horse, for 60 dollars;
the cow cost three times as much as the sheep, and the horse twice
as much as the cow; what was the cost of each?

7. James had 30 cents; he lost a certain number; after this
he gave away as many as he had lost, and then found that he had
three times as many remaining as he had given away; how many
did he lose?

8. The sum of three numbers is 36; the second is equal to
twice the first, and the third is equal to three times the second;
what are the numbers?

9. John, James, and William together have 50 cents; John has

~ twico as many as James, and James has three times as many as
William ; how many cents has each? '
10. What is the sum of z, 2x, and three times 2z ?
11. What is the sum of twice 2z, and three times 3x?
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LESSON IV.

1. If 1 lemon costs z cents, what will represent the cost of 2
lemeons? Of 3? Of 4?2 Of 5? Of 6? Of 7?

2. If 1 lemon costs 2z cents, what will represent the cost of 2
lemons? Of 3? Of 47 Of 5? Of 67

3. James bought a certain number of lemons at 2 cents a piece,
and as many more at 3 cents a piece, all for 25 cents; if z repre-
sents the number of lemons at 2 cents, what will represent their
cost? What will represent the cost of the lemons at 3 cents a
piece? How many lemons at each price did he buy?

4. Mary bought lemons and oranges, of each an equal number;
the lemons cost 2, and the oranges 3 cents a piece; the cost of the
whole was 30 cents; how many were there of each?

5. Daniel bought an equal number of apples, lemons, and
oranges for 42 cents; each apple cost 1 cent, each lemon 2 cents,
and each orange 3 cents; how many of each did he buy?

6. Thomas bought a number of oranges for 30 cents, one-half
of them at 2, and the other half at 3 cents each; how many
oranges did he buy? Let = one-half the number.

7. Two men are 40 miles apart; if they travel toward each
other at the rate of 4 miles an hour each, in how many hours will
they meet ?

8. Two men are 28 miles asunder; if they travel toward each
other, the first at the rate of 3, and the second at the rate of 4
miles an hour, in how many hours will they meet? *

9. Two men travel toward each other, at the same rate per
hour, from two places whose distance apart is 48 miles, and
they meet in six hours; how many miles per hour does each
travel ?

10. Two men travel toward each other, the first going twice as
fast as the second, and they meet in 2 hours; the places are 18
miles apart; how many miles per hour does each travel?

11. James bought a certain number of lemons, and twice as
many oranges, for 40 cents; the lemons cost 2, and tho oranges
8 cents a piece; how many were there of each?

12. Two men travel in opposite directions; the first travels
three times as many miles per hour as the second ; at the end of
3 hours they are 36 miles apart; how many miles per hour does
each travel ?

13. A cistern, containing 100 gallons of water, has 2 pipes to
empty it; the larger discharges four times as many gallons per
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hour as the smaller, and they Both empty it in 2 hours; how many
gallons per hour does each discharge?

14. A grocer sold 1 pound of coffee and 2 pounds of tea for 108
cents, and the price of a pound of tea was four times that of a
pound of coffee: what was the price of each?

If z represents the price of a pound of coffee, what will repre-
sent the price of & pound of tea? What will represent the cost
of both the tea and coffee?

15. A grocer sold 1 pound of tea, 2 pounds of coffee, and 3
pounds of sugar, for 65 cents; the price of a pound of coffee was
twice that of a pound of sugar, and the price of a pound of tea
was three times that of a pound of coffee. Required the cost of
each of the articles.

If z represents the price of a pound of sugar, what will repre-
sent the price of a pound of coffee? Of a pound of tea? What
will represent the cost of the whole?

LESSON V.

1. James bought 2 apples and 3 peaches, for 16 cents; the price
of a peach was twice that of an apple; what was the cost of each?

If = represents the cost of an apple, what will represent the
cost of a peach? What will represent the cost of 2 apples? Of
8 peaches? Of both apples and peaches?

2. There are two numbers, the larger of which is equal to twice
the smaller, and the sum of the larger and twice the smaller is
equal to 28; what are the numbers?

3. Thomas bought 5 apples and 3 peaches for 22 cents; each
peach cost twice as much as an apple; what was the cost of each?

4. William bought 2 oranges and 5 lemons for 27 cents; each
orange cost twice as much as a lemon; what was the cost of
each?

5. James bought an equal number of apples and peaches for 21
cents ; the apples cost 1 cent, and the peaches 2 cents each; how
many of each did he buy?

6. Thomas bought an equal number of peaches, lemons, and
orunges, for 45 cents; the peaches cost 2, the lemons 3, and the
oranges 4 cents a piece; how many of each did he.buy?

7. Daniel bought twice as many apples as peaches fur 24 cents;
each apple cost 2 cents, and each peach 4 cents ; how many of
each did he buy? -
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8. A farmer bought a horse, a cow, and a calf, for 70 dollars;
the cow cost three times as much as the calf, and the horse twice
as mach as the cow; what was the cost of each?

9. Susan bought an apple, a lemon, and an orange, for 16 cents;
the lemon cost three times as much as the apple, and the orange
a8 much as both the apple and the lemon; what was the cost of
each?

10. Fanny bought an apple, a peach, and an orange, for 18
cents; the peach cost twice as much as the apple, and the orange
twice as much as both the apple and the peach; what was the
cost of each?

LESSON VI.

1. James bought a lemon and an orange; the orange cost twice
as much as the lemon, and the difference of their prices was 2
cents; what was the cost of each? .

If x represent the cost of the lemon, what will represent the
cost of the orange? What is 2z less x represented by ?

2. What is 3x less x represented by? What is 3z less 2z repre-
sented by ?

‘What is 4x less x represented by? What is 5z less 2x repre-
sented by ? )

The word minus, is used instead of less; and the sign —, for
the sake of brevity, is used to avoid writing the word minus,

Thus, if we wish to take the difference between 3z aud =z, we
may say,

3z less z,
or 3z minus z; which may be written 3z—a.

‘When the sign — is used, it is to be read minus.

8. Thomas bought a lemon and an orange; the orange cost
three times as much as the lemon, and the difference of their
prices was 4 cents; what was the price of each? If z represents
the cost of the lemon, what will represent the cost of the orange?
What is 32—z represented by ?

4. In a school containing classes in Grammar, Geography, and
Arithmetic, there are three times as many studying Geography as
Grammar, and twice as many studying Arithmetic as Geography ;
there.are 10 more in the class in Arithmetic than in that in Gram-
mar; how many more are there in each class? If z represents the
number in the class in Grammar, what will represent the number
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in the class in Geography? In the class in Arithmetic} What
is 6x—a represented by? What is it equal to?

5. The age of Sarah is three times the age of Jane, and the
difference of their ages is 12 years; what is the age of each? -

6. The difference of two numbers is 28, and the greater is equal
to eight times the less; what are the numbers ¥

7. Daniel has four times as many cents as William, and Joseph
has twice as many as both of them; but if twice the number of
Daniel’s cents be taken from Joseph’s, the remainder is only 16;
how many cents has each?

8. Susan bought a lemon, an orange, and a pine-apple; the
orange cost twice as much as the lemon, and the pine-apple three
times as much as both the lemon and the orange; the pine-apple
cost 14 cents more than the orange; what was the cost of each?

9. James bought 1 lemon and 2 oranges; an orange cost twice
as much as & lemon, and the difference between the cost of the
oranges and the lemon was 6 cents; what was the cost of eagh?

10. Charles bought 2 lemons and 3 oranges; an orange cost
twice as much as a lemon, and the difference between the cost
of the lemons and the oranges was 8 cents; what was the cost
of each? .

11. A man bought a cow, a calf, and a horse; the cow cost
twice as much as the calf, and the horse twice as much as the

- cow ; the difference betwggn the price of the horse and that of the
calf was 80 dollars; what was the cost of each? )

12. There are three numbers, of which the second is three
times the first, and the third is twice as much as both the first
and second, while the difference between the second and third
is 10; what are the numbers?

LESSON VII.

1. James and John together have 11 cents, and John has 8
more than James; how many has each?

If James has z cents, then John has 243, and they both have
z+2x+3, or 2243 cents; hence, 2243 are equal to 11 ; hence, if
2z and 3 are equal to 11, 2z must be equal to 11 less 3, which is
equal to 8 ; then, if 2x is equal to 8, onez, or z, must be equal to 4.

2. William and Daniel together have 9 apples, and Daniel has
one more than William ; how many has each? If z represents
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the apples William has, what will represent the apples Daniel
bas? What will represent the number they both have?

3. In a class containing 13 pupils, there are three more boys
than girls ; how many are there of each?

4. In a store-room containing 40 barrels, the number of those
that are empty exceeds the number filled by 10; how many are
there of each?

5. In a flock of fifty sheep, the number of those that are white
excecds the number that are black, by 30; how many are there of
each kind?

6. Two men together can earn 60 dollars in a month, but one
of them can earn 10 dollars more than the other; how many
dollars can each earn?

7. The sum of two numbers is 25, and the larger exceeds the
smaller by 15; what aro the numbers?

8. Sarah and Jane bought a toy for 25 eents, of which Jane
paid 5 cents more than Sarah; how much did each pay?

9. The difference between two numbers is 4, and their sum is
16; what ure the numbers? If x represents the smaller number,
what will represent the larger? ’

10. The difference between two numbers is 5, and their sum is
35; what are the numbers ?

LESSON VIII.

1. James and John together have 15 cents, and John has twice
as many as James, and 3 more ; how many has each?

If x represents the number James has, then 2x+3 will repre-
gent the number John has, and z+2x+43, or 3z+43, what they
both have. If 3z+3 is equal to 15, then 3z must be equal to 15
less 3, or 12 ; hence z is equal to 4, the number James has ; then
John has 11.

2. William bought & lemon and an orange for 7 cents; the
orange cost twice as much as the lemon and 1 cent more; what
was thoe cost of each?

3. There are two numbers whose sum ig 35; the second is
twice the first and 5 more; what are the numbers ?

4. In an orchard containing apple-trees and cherry-trees, the
number of apple-trees is three times that of the cherry-trees, and
7 more; the whole number of trees in the orchard is 51; how
many are there of each kind? :
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5. A farmer bought a cow and a calf, for 13 dnllare; the cow
cost three times as much as the calf, and 1 dollar more ; what was
the cost of each?

6. William and Thomas gave 50 cents to a poor woman; Wil-
liam gave twice as many as Thomas, and 5 cents more; how many
cents did each give? .

7. Eliza and Jane bought a doll for 14 cents; Eliza paid twice
as much as Jane, and 2 cents more; what did each pay?

8. Divide the number 15 into two parts, so that one part shall
exceed the other by 3.

9. Divide the number 26 into two parts, so that the greater part
shall be 5 more than twice the less part.

10. The sunr of two numbers is 23, and the greater is equal to
three times the less, and 3 more; what are the numbers ?

11. Two numbers added together make 40; the greater is 5
times the less, and 4 more; what are the numbers ?

12. A man has two flocks of sheep; the larger contains six
times as many as the smaller, and 5 more, and the number in
both is 82 ; how many are there in each? .

LESSON IX.

1. James has as many cents as John, and 2 more, and Thomas
has as many as John, and 3 more; they all have 26 cents; how
many has each? If x represents the number of cents John has,
what will represent the number James has? The number Thomas
has? The number they all have?

2. James, Thomas, and John, went out to gather chestnuts;:
Thomas gathered 5 more than James, and John '3 more than
Thomas, and they all gathered 34 ; how many did each gather?

3. A father distributed 25 cents among his three boys; to the
second he gave 2 more than to the first, and to the third, 8 more
than to the second; how many did he give to each?

4. Divide the number 19 into three parts, so that the first may
be 2 more than the second, and the third twice as much as the
second, and 1 more.

5. Divide 13 apples between three boys, sc that the second shall
bave 1 more than the-first, and the third, 2 more than the second.

6. _A-peuch, a lemon, and an orange, cost 15 cents; the lemon
eost 1 cent more than twice as much as the peach, and the orange
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2 eents more than three times as much as the peach; how many
cents did each cost?

7. Three pieces of lead together weigh 47 pounds; the second
is twice the weight of the first, and the third weighs 7 pounds
more than the second ; what is the weight of each piece?

8. The sum of the ages of Eliza, Jane, and Sarah, is 38 years;
dane is 3 years older than Eliza, and Sarah is 2 years older than
Jdane; what are their ages?

9. A father has three sons, each of whom is 2 years older than
his next younger brother, and the sum of their ages is 27 years
what is the age of each?

10. The sum of three numbers is 29; the second is twice the
first and 1 more, and the third is equal to the second, and 2 more;
what are the numbers?

11. A man bought 2 pounds of coffee and 1 pound of tea, for
50 cents; the price of a pound of tea was 10 cents more than
twice the price of a pound of coffee; what did each cost?

12. A man bought 3 pounds of coffee and 1 pound of tea, for 77
cents; the price of a pound of tea was equal to the price of 2
pounds of coffee, and 7 cents more; what was the price of each?

13. Says A to B, ‘“Good morning, master, with your hundred
“geese.” Says B, “I have not 100; but, if I had twice as many
88 I now have, and 20 more, I should have 100.” How many
had he?

LESSON X.

1. If z+1 represent a certain number,'what will represent
twice that number? Since twice z is 2z, and twice 1 is 2, twice
a-+1, will be represented by 2x+2.

2. What is 3 times z41? 4 times 24-1? 5 times z+41?

8. If z+2 represent a certain number, what will represent
twice that number? 2 times z is 2z, and 2 times 2 is 4, hence,
twice x+2 is is 2z+4.

4. What is 3 times z+2? 4 times z-1-2? 5 times z{ 2°?

5. If 2z+1 represent a certain number, what will represent
twice that number? Twice 2x is 4x, and twice 1 is 2, hencs,
twice 2241 is 4z+2.

6. What is 3 times 22+17 4 times 2z+1? 5 times 2z4+1°?

7. What is 2 times 3z+2? 3 times 3z-}-2? 4 times 3z+2?

8. What is z, z+1, and 2+2 equal to?

P
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9. What is , 241, and 32+3 equal to?

10. What is , z+3, and 2242 equal to?

11. A father divided 15 cents between his three boys; giving
to the second 1 more than to the first, and to the third twice as
many as to the second ; how many cents did each receive?

12. The sum of 3 numbers is 34 ; the second is 1 more than the
first, and the third is 3 times the second ; what are the numbers?

13. Eliza, Jane, and’ Sarah, together have 24 cents; Jane has
twice as many as Eliza. and 1 more, and Sarah has twice as many
as Jane; how many cents has each?

14. A man bought 1 pound of coffee and 2 pounds of tea, for 62
cents ; the price of a pound of tea was equal to that of 2 pounds
of coffee, and 1 cent more; what was the cost of each?

15. A man worked three days for 10 dollars; the second day he
earned 1 dollar more than the first, and the third day as much as
both the first and second ; how much did he earn each day?

16. Three boys together spent 43 cents; the second spent 5
cents more than the first, and the third twice as much as the
second ; how many cents did each spend?

17. Divide the number 33 into three parts, so that the second
shall be 2 more than the first, and the third equal to five times the
second.

18. Three men, A, B, and C, have 40 dollars between them; B
has twice as many as A, and 1 dollar more, and C has 3 times as
many a8 B; how many dollars has each?

19. Divide the number 29 into three parts, such that the second
shall be equal to the first, and 1 more, and the third equal to three
times the second.

20. A man bought 3 pounds of sugar a.nd 2 pounds of coffee,
for 41 cents; the price of a pound of coffee was 3 cents more
than that of a pound of sugar; what was the cost of each?

21. James bought 2 lemons and 3 oranges, for 27 cents ; an
orange cost twice as much as a lemon, and 1 cent more; what
was the cost of each?

22. An apple, a peach, and 2 pears, cost 17 cents; the peach
cost 1 cent more than the apple, and each pear twice as much as
the peach; what was the cost of each?

23. An apple, 2 peaches, and 3 pears, cost 14 cents; a peach
cost 1 cent more than the apple, and a pear 1 cent more than a
peach; what was the cost of each?

24. Two pears, 3 lemons, and 4 oranges, cost 20 cents; &
lemon cost 1 cent more than a pear, and an orange 1 cent more
than a lemon ; what was the cost of each?
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LESSON XI.

1. James has 4 cents, and John has 1 cent less than James;
how many cents has John? What is 1 less than 4? What is 2
less than 4?

2. If z represents a certain number, what will represent 1 leas
than that number? Ans. z—1; read z minus 1.

3. If z represents a certain number, what will represent 2 less
than that number? What will represent 3 less than that number?

4. If a certain number less 1 is equal to 3, what is the number
equal to?

5. If z—1 is equal to 3, what is z equal to?

6. If 2z—1 is equal to 5, what is 2z equal tot If 2z is equal
to 6, what is z equal to? ‘

7. If 3z—2 is equal to 10, what is 3z equal to? If 3z is equal
to 12, what is z equal to?

8. If 52—3 is equal to 17, what is 5z equal to? If 5z is equal
to 20, what is z equal to?

9. Jumes and John together have 17 cents, and James has 3
cents less than John; how many has each?

If z represents the number of cents James has, what will repre-
sent the number John has? What is z and z—3 equal to? If
2z—3 is equal to 17, what 2z equal to? If 2z is equal to 20,
what is z equal to?

10. Divide the number 17 into two parts, so that one shall be
5 less than the other.

11. An orange and a lemon together cost 8 cents, and the lemon
cost two cents less than the orange; what was the cost of each?

12. The sum of two numbers is 20, and the smaller is 4 less
than the greater; what are the numbers ?

13. William and Daniel together have 20 cents, and Daniel bhas
twice as many as William, wanting 1 cent; how many cents has
each?

14. The sum of two numbers is 24, and the larger is twice the
smaller, wanting 3; what are the numbers?

15. In a basket containing 25 apples and peaches, if 5 be sub-
tracted from twice the number of apples, it will give the number
" of peaches; how many are there of each? .

16. The sum of two numbers is 25, and the greater is equal to
3 times the smaller, wanting 7; what are the numbers?

17. A school contains 37 pupils, the number of boys is 3 times
the number of girls, wanting 3 ;. what is the number of each ?
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18. A cow, a calf, and a sheep, cost 28 dollars; the sheep cost
2 dollars less than the calf, and the cow cost 4 times as much as
the calf; what was the cost of each?

LESSON XII.

1. What number is that, to which if 3 be added, the number
will be doubled? If x represents the number, what will 43 be
equal to?

Since 2x is equal to 243, it is plain that x is equal to 3.

2. What number is that, to which if 5 be added, the number
will be doubled ?

8. What number is that, to which if 4 be added, the sum will he
3 times the number? If z represents the number, z+4 will be
equal to 3z ; but if 3x is equal to x4, it is plain that 2x is equal
to 4, and that z is equal to 2.

4. What number is that, to which if 9 be added, the sum will
be 4 times the number? If z represents the number, what will
z+9 be equal to? If 4x is equal 249, it is plain that 3z is
equal to 9, and that x is equal to 3.

5. What number is that, to which if 15 be added, the sum will
be four times the number?

6. There are 10 years difference between the ages of two
brothers, and the age of the elder is 3 times that of the younger ;
what is the age of each?

7. James says to John, “I have 4 times as many apples as you
have; but if you had 9 apples more than you now have, we would
then each have an equal number.” How many has each?

8. The difference of two numbers is 20, and the greater is 5
times the smaller; what are the numbers?

9. The age of Eliza exceeds that of Jane 16 years, while the
ago of the former is five times that of the latter; what are their
ages?
ag:O. James bought a book and a toy; the book cost six times as
much as the toy, and the difference of their prices was 20 cents;
how much did he pay for each?

11. The difference between the age of a father and that of his
son, is 30 years, and the age of the father-is seven times the age
of the son; what are their ages?

12. What number is that, to which if 32 be added, the sum will
be equal to nine times the number itself?
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13. What number is that which is 6 less than 3 times the
number itself?

14. James is 12 years younger than John; but Joln is only
four times the age of James; what are their ages?

15. What number is that, to the double of which, if 8 be added,
the sum will be equal to 4 times the number?

In this case, if z represents the number, 4 is equal to 2z +-8;
hence 2z must be equal to 8, and z equal to 4.

16. What is the value of z, when 5z is equal to 3z+6?

17. What is the value of x, when 5z is equal to 2z+15?

18. What is the value of z, when 8« is equal to 3x+15?

19. What is the value of x, when 10z is equal to 4x+24?

20. What number is that, to the double of which, if 21 be
added, the sum will be five times the number?

21. If Daniel’s age be multiplied by 4, and 30 added to the
product, the sum will be 6 times his age; what is his age?

22. What namber added to twice itself and 32 more, will make
a sum equal to 7 times the number?

23. What number added to itself and 40 more, will make a sun
equal to 10 times the number?

24. A father gave his son 3 times as many cents as he then
had, his uncle then gave him 40 cents, when he found he had 9
times as many as at first; how many had he at first?

LESSON XIII.

1. What number is that which being increased by 5, and then
doubled, the sum will be equal to three times the number?

In this example let  represent the number, then z+5 doubled,
will be 22410, which is equal to 3z; hence x is equal to 10.

2. Sarah is 2 years older than Jane, and twice Sarah’s age is
equal to three times the age of Jane; what is the age of each?

8. William has 8 cents more than Daniel, and three times Wil-
liam’s money is equal to 5 times that of Daniel; how many cents
has each?

4. Three pounds of coffee cost as much as 5 pounds of eugar,
and 1 pound of coffee cost 6 cents more than 1 pound of sugar;
what is the price of a pound of each?

5. A farmer bought 2 hogs and 7 sheep; a bog cost 5 dollars
more than a sheep, while the hogs and sheep both cost the same
sum; what was the cost of each?
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0. William bought 3 oranges and 5 lemons; an orange cost 2
cents more than a lemon, while the oranges and the lemons each
cost the same sum ; what was the cost of each?

7. William has 10 cents more than Daniel; but 7 times Dan-
iel’s money is equal to twice that of William; how many cents
has each?

8. The greater of 2 numbers exceeds the less by 14; and 3
times the greater is equal to 10 times the less; what are the
numbers ?

9. Moses is 16 years younger than his brother Joseph; but 3
times the age of Joseph is equal to 5 times that of Moses; what
are their ages?

10. The difference between the ages of a man and his wife is 7
years; and 6 times the age of the man is equal to 8 times the age
of his wife; what are their ages?

LESSON XIV.

1. If z represents a certain number, what will represent one
half the number?
To divide a number, we draw a line beneath it, under which we

place the divisor; thus, to divide 1 by 2, it is written oL which is
read one half, or one divided by two. In the same manner, one half
of z would be written thus; = 35 which may be read one Aalf of z, or
z divided by 2.

In a similar manner, one third of z is written = 3 two thirds of

S z
x is written .
3

2. If 2 is equal to 4, what is z equal to?

2
3. Ifgis equal to 5, what is z equal to?

4. If%-zis equal to 8, what is zequal to? If fwo thirds of z is

oqual to 8, one third of x is equal to one half of 8, or 4 (since one
balf of two thirds is one third); and if one third of x is equal to 4,
z is equal to three times 4, or 12.

Or thus: if 2z divided by 3 is equal to 8, 22 must be equal to
3 times 8, or 24 ; and if 2z is equal to 24, smoqu&ltoenebdf
of 24, or 12.
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Either of these methods may be used in finding the value of z
in similar expressions.

. If%zia equal to 9, what is z equal to?

E—g is equal to 10, what is z equal to ?
7z
11
3x. .
. Ifg is equal to 9, what is z equal to?
4z
3

5z

10. If 3 is equal to 20, what is  equal to?

. If

S

6

'\7. If 75 is equal to 14, what is = equal to?
8

9

. If & is equal to 12, what is x equal to?

11. If7—; is equal to 14, what is z equal to?
12. If%ﬂ is equal to 18, what is  equal to?
z
0 2

Since = is equal to —25, we have z+g equal to g—;+g, which is

3z

equal to 7
14. What will represent the sum of 2z and g, or of 23:-1-;2

13. What is the sum of 2 and 5 ? or of x+g ?

15. What will represent the sum of x+§?
 16. What will represent the sum of z+2-—;? of 2z+g?
17. What is the sum ofz-{-g? of z+§5—a-:? of 2a:+%:?

18. What is the sum of z+27x? of a:-l-%x? of 2;:-{-3—,;?

19. There is a certain number, to which if the half of itself be
added, the sum will be 15; what is the number?

20. William has half as many cents as Daniel, and they both
together have 21 ; how many cents has each?

21. The age of Mary is one third that of Jane, and the sum of
their ages is 24 years; what is the age of each?

22. A pasture contains 44 sheep and cows; the number of cows
is one third the number of sheep; how many are there of each?

23. The sum of the ages of Ruth and Eliza is 24 years; while
the age of the former is three fifths of that of the latter; what is
the age of each?
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24. James and John together have 18 cents, and John has four
fifths as many as James; how many has each?

25. Two places, A and C, are 40 miles apart; between them is
a village which is two thirds as far from C as it is from A ; what
is its distance from cach of the places?

26. The sum of two numbers is 21, and the smaller number is
three fourths of the larger; what are the numbers?

27. Thomas and Charles have 35 cents, and Charles, has half
as many more cents as Thomas ; how many cents has each?

28. The double of a certain number, increased by one third of
itself, is equal to 21 ; what is the number?

29. William, James, and Robert, together, have 33 cents; James
has twice as many as William, arid Robert has one third as many
a8 James ; how many cents has each ?

80. What number is that, which being increased by its half and
its fourth, equals 21

31. What number is that, which being increased by its half, its
fourth, and 4 more, equals 25?

32. A boy, being asked how much money he had, replied, that
if one half and one third of his money, and 9 cents more, were
added to it, the sum would be 20 cents; how much money had he ?

33. There are three numbers, whose sum is 44; the second is
equal to one third of the first, and the third is equal to the second
and twice the first ; what are the numbers?

34. There are four towns in the order of the letters, A, B, C, -
and D; the distance from B to C is one fifth of the distance from
A to B, and the distance from C to D is equal to twice the dis-
tance from A to C; the whole distance from A to D is 72 miles.
Required the distance from A to B, from B to C, and from C to D.

35. What number is that, to which if its half, its fourth, and 26
more be added, the sum will be equal to  times the number?

36. There is a fish whose head is 6 inches long, and the tail is
as long as the head and half the body, and the body is as long as
the head and tail; what is the length of the whole fish?

37. A gentleman being asked his age, replied, “If to my age
you add its half, its third, and 28 years, the sum will be equal to
three times my age.” Required his age.

238~ Tho preceding exercises will serve to give the learner some idea of
the nature of Algebra, and of the manner in which it may be applied to the
solution of problems. We shall now proceed to consider the subject in a
regular and scientific manner.




ELEMENTS OF ALGEBRA.

CHAPTER I.
PRELIMINABRY DEFINITIONS AND PRINCIPLES.

Nore to TeacEERS.—In general, the Introduction, embracing Ar.
ticles 1 to 15, need not be thoroughly studied until the pupil reviews the
book.

ArrticLe 4. In Algebra, numbers and quantities are represented
by symbols. These symbols are the letters of the alphabet.

ARrrt. 2. Quantity is anything that is capable of increase or
decrease ; such as numbers, lines, space, time, motion, &e.

Art. 8. Quantity is called magnitude, when presented or con-
sidered in an undivided form, such as a quantity of water.

ART. 4. Quantity is called multitude, when it is made up of indi-
vidual and distinct parts, such as three cents, which is & quantity
composed of three single cents.

ART. 8+ One of the single parts of which a quantity of multi-
tude is composed, is called the unit of quantity, or measuring unit ;
thus, one cent is the measuring unit of the quantity three cents,
The value or measure of every quantity, is the number of times it
contains its measuring unit.

ART. 6. In quantities of magnitude, where there is no natural
unit, it is necessary to fix upon an artificial unit, as a standard of
measure ; and then to find the value of the quantity, we must
ascertain how often it contains its wnit of measure. Thus, to
measure the length of a line, we take a certain assumed distance
called a foot, and applying it a certain number of times, say five,
w9 ascertain that the line is five feet long; in this case, one foot
is the unit of measure.

ART. 7. The numerical value of any quantity, is the number that
expresses how many times it contains its unit of measure. Thus,
in the praceding example, the line being 5 feet long, its numerical

Revizw.—1. How are numbers and quantities represented in Algebra?
What are symbols? 2. What is & quantity? 3. When is quantity called
magnitade? 4. When is quantity called multitude? 5. What is the unit
of quantity? 6. How is the value of a quantity ascertained, when there is
no natural unit? 7. What is the numerical value of any quantity ?

8 25
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value js 5. The same quantity may have different numerical
values, aceording to the unit of measure that is assumed.

Arr. 8. A unit is a single or whole thing of an order or kind.
_ ART. 9. Number is an expression denoting a unit, or a collec-
tion of units. Numbers are either abstract or concrete.

ARrT. 10, An abstract number denotes how many times a unit is
to be taken. A concrete, or applicate number, denotes the units
that are taken.

Thus, 4 feet is a concrete number ; -while 4 is an abstract num-
ber, which merely shows the number of units that are taken. A
concrete number may be defined to be the product of the unit of
measure by the corresponding abstract number. Thus, 6 dollars
are equal to 1 dollar multiplied by 6, or 1 dollar taken 6 times.

_-- Art. 11, In Algcbra, quantities are represented by numbers
and letters; the letters used, stand for numbers,

Art. 12. There are two kinds of questions in Algebra, theorems
and problems.

Art. 13, In a theorem, it is required to demonstrate some rela-
tion or property of numbers, or abstract quantities.

Art. 14« In a problem, it is required to find the value of some
unknown number or quantity, by means of certain given relations
existing hetween it and others, which are known.

ArT. 15, Algebra is a general method of solving problems and
demonstrating theorems, by means of figures, lelters, and signs.
The letters and signs are sometimes ealled symbols.

DEFINITION OF TERMS, AND EXPLANATION OF SIGNS.

— ArT. 16. Nnown quantitics are those whose numerical values
are given, or supposed to be known: unknown quantities are those
whose numerical values are not known.

.~ Arr. 17, Known quantities are gencrally represented by the -
first letters of the alphabct, as a, b, ¢, &c.; and unknown quantities
by the last letters, as x, ¥, 2.

Arr. 18. The following are the principal signs used in Algebra:

=, +y —_ X5 = ( )’ >’ N,‘

Each of these signs is the representative of certain words;

RevVIEW.—8. What is a unit? 9. What is numbor? 10. What does
an abstract number denote? What does a concrete number denote? 11. What
do the letters used in Algebra represent? 12. Ilow many kinds of ques-
tions are there in Algebra? What are they? 13. What is a theorem?
14. What is a problem? 15. What is Algebra? 16. What are known
quantities? What are unknown quantities? 17. By what are known quan-
titios represented? By what are unknown quantities represented? 18. Write
-on & slate, or a blackboard, the principal signe used in Algebra. What do
the signs yepresent? For what purpose are they used ?
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they are used for the purpose of expressing the various operations,
in the most clear and brief manner.

— Arr. 19. Thesign of equglity, =, is read equal to. It denotes that
the quantities between which it is placed are equal to each other.
Thus, a=3, denotes that the quantity represented by a is equal o 3.

- Arr. 20. The sign of addition, +, is read plus. It denotes that
the quantity to which it is prefixed, is to be added to some other
quantity.

Thus, a+b denotes that d is to be added to a. If a=2 and
=3, then a4-b6=2+3, which are =5.

—Art. 21, The sign of subtraction, —, is read minus. It denotes
that the quantity to which it is prefixed is to be subtracted. Thus,
a—>b denotes that bisto be subtracted from a. If a=5 and =3,
then 5—3=2.

Arr. 22. The signs 4 and — are called the signs; the former
is called the positive, and the latter the negative sign; they are
said to be conirary or opposite.

Arr. 23. Every quantity is supposed to be preceded by one or the
other of these signs. Quantities having the positive sign are called
positive; and those having the negative sign are called negative.
‘When a quantity has no sign prefixed to it, it is considered positive.

ARrT. 24. Quantities having the same sign are said to have like
signs; those having different signs are said to have unlike signs.
Thus, +a and 4, or —a and —b have like signs; while +¢ and
—d have unlike signs.

Art. 25. The sign of multiplication, X, is read into, or multi-
plied by. It denotes that the quantities between which it is placed,
are to be multiplied together.

A dot or point is sometimes used instead of the sign XX. Thus,
aXb apd a.b, both mean that b is to be multiplied by @. The dot
is not used to denote the multiplication of figures, because it is
used to separate whole numbers and decimals.

The product of two or more letters is generally denoted by
writing them in close succession. Thus, ab denotes the same as
aXb, or a.b; and abc means the same as a)bXec, or a.b.c.

REVIEW.—19. How is the sign of equality, =, read? What does it de-
note? 20. How is the sign 4~ read? What does it denote? 21. How is
the sign — read? What doos it denote? 22. What are the signs plus and
minus called, by way of distinction? Which is positive, and which nega-
tive? 23. When quantities are preceded by the sign plus, what are they
8aid to be? By the sign minus? When a quantity has no sign prefixed,
what sign is understood? 24. When do quantities bave like signs? When
unlike signs? 25. How is the sign X read, and what does it denote ? What
otber methode are there of representing multiplication, besides the xign X ?
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Arr. $6. Quantities that are to be multivlied together, are called
Jactors. Tho continued product of several factors, means that the
product of thd first and second is to be multiplied by the third, this
product by the fourth, and so on. Thus, the continued product of
a, b, and ¢, is expressed by aXbXec, or abe.

If a=2, b=3, and ¢=), then abc—2)(3>(5—6)(5—30

Arr. 8%, The sign of division, =, is read divided by. Itdenotes
that the quantity preceding it is to be divided by that following it.
The division of two quantities is more frequently represented, by
placing the dividend as the numerator, a.nd the divisor as the de-

nominator of a fraction. Thus, a-=b, or -, means, that a is to

b’
be divided by b. If a=12 and =3, then a-+-b0=12-+-3=4; or
a_ 12

b 3
Division is also represented thus, al_lﬁ where a denotes the

dividend, and b the divisor.

Art. 28. The sign >, is called the sign of mequal;ty It de-
notes that one of the two quantities between which it is placed, is
greater than the other, the opening of the sign being turned
towards the grealer quantity.

Thus, a>b denotes that @ is greater than b. It is read, a greater
than b. If a=5, and 0=3, then 5>3.

Also, ¢<d denotes that c is less than d. It is read, ¢ less than d.

If ¢==4 and d=7, then 4<7.

Art. 29. The sign o, denotes a quantity greater than any that

san be assigned ; that is, a quantity indefinitely great, or infinity.

ArT. 30. The numeral coéficient of a quantity is a number pre-
fixed to it, to show how often the quantity is to be taken. Thus,
if the quantity represented by a is to be added to itself several
times, as a+a-+a-+a, we write it hut once, and place a number
hefore it, to show how often it is taken.

Thus, a+-a-+a+a=4a; and ax+axz+ar=3azx.

Art. 81. The literal coéfficient of a quantity, is a quantity by
which it is multiplied. Thus, in the quantity ay, @ may be consid-
ered the coéfficient of ¥, or y may be considered the coéfficient of a.
The literal coéfficient is generally regarded as a known quantity.

RevVIEW.—206. What are factors? How many faetors in a? In ab?
In abc? In 5abc? 27. How is the sign - read, and what docs it denote ?
What other methods are there of representing the division of two quantitios ?
28. What does the sign of inequality, >, denote? Which quantity is placed,
at the opening? 29. What does the sign a0 denote? 30. What is the nu.
meral coéfficient of a quantity? How often is ax taken in the expression
8ox? Inbax? In 7ax? 31, Whatis the literal cocfficient of a quantity?
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Awrr. 32. The coéfficient of a quantity may consist of a number,
and nlso of a literal part. Thus, in the quantity 5ux, 5a may he re-
garded as the coéfficient of z. If =23, then 5a=10, and 5ax=10.

‘When no numeral coéfficient is prefixed to a quantity, its coéf-

" ficient is understood to be unity. Thus, @ is the same as lu, and
bz is the same as 1bz.

Art. 38. The power of a quantity is the product arising from
multiplying the quantity by itself one or more times. When the
quantity is taken twice as a factor, the product is called its square,
or second power; when three times, the cube, or third power; when
four times, the jfourth power, and so on.

Thus, a)Xa=aa, is the second power of a; aXaXa=aaa, is the
third power of a; aXaXaXa=aaaa,is the fourth power of a.

Instead of repeating the same quantity as a factor, a small
figure, called an exponent, is placed to the right, and a little above
it, to point out the number of times the quantity is taken as a .
factor. Thus, aa is written a?; aaa is written a®; aaaa is written
a*; aabbb is written a?®.

‘When a letter has no exponent, it is considered to be the first, or
simple power of the quantity, and unity is considered to be its expo-
nent. Thus, ais the same as !, each expressing the first power of a.

Arr. 84. To involve or raise a quantity to any given power, is
to find that power of the quantity.

Arr. 835. The roof of any quantity is snother quantity, some
power of which is equal to the given quantity. The root is called
the square root, cube root, fourth root, &c., according to the number
of times it must be taken as a factor to produce the given quantity.

Thus, since a)Xa=a? therefore a is the second root, or square
root of a%. In the same manner, z is the third root, or cube root
of a®, since X axXa=2>

Arr. 36. To extract any root of a quantity, is to find that root.

Art. 3%7. The sign y/, is called the radical sign. When placed
before a quantity it indicates that its root is to be extracted.

Tbus %/a, or 1/, denotes the square root of a; 3/a, denotes
the cube root of @; 4/a denotes the fourth root of a.

Arr. 838. The number placed over the radical sign is called the
index of the root. Thus, 2 is the index of the square root, 3 of the

REVIEW —32. When a quantity has no coéfficient written, what coef-
ficient is understood ? 33. What is the power of a quantity? What is meant
by the second pcwer of a? By the third power of a? What is an expo-
nent? For what is it used? How many times is = taken as a factor in x3?
Inz*? Ina'? Where no exponent is written, what exponent is under-
stood? 35. What is the root of o quantity? 387. What is the ngn Vv
called, and what does it denote?
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cube root, 4 of the fourth root, and soon. When the radieal has
no index over it, 2 is understood.

Thus, /9=3, /8=2, 4/16=2.

Art. 39. Every quantity written in algebraic language, that is,
by means of algebraic symbols, is called an algebraic quantity, or
an algebraic expression. Thus,

3a is the algebraic expression of 3 times the number a; 3a-—4b,
is the algebraic expression for 3 times the number @, diminished
by 4 times the number d; 2a?+3ab, is the algebraic expression for
twice the square of a, increased by 3 times the product of the
pumber a by the number b.

ARrT. 40. An algebraic quantity not united to any other by the sign
of addition or subtraction, is called a monomial, or & quantity of one
term, or simply a ferm. A monomial is sometimes called a simple
quantity. Thus, a, 3a, —a®, 2any?, are monomials, or simple
. quantities.

Art. 41, An algebraic expression composed of two or more
terms, is called a polynomial, or a compound quantity.

Thus, ¢4+2d—b is a polynomial.

ART. 42. A polynomial composed of two terms, is called a
binomial. Thus, a+b, a—D, and ¢>—d are binomials.

A binomial, in which the second term is regative, as a—D, is
sometimes called a residual quantity.

ART. 43. A polynomial consisting of three terms, is called a
{rinomial. Thus, a+b+c, and a—b—c are trinomials.

ArT. 44. The numerical value of an algebraic expression is the
number obtained, by giving particular values to the letters, and
then performing the operations indicated.

In the algebraic expression 2a+3d, if a=4, and b=>5, then
2a==8, and 30=15, and the numerical value is 8415=23.

ARrr. 43, The value of a polynomial is not affected by chang-
ing the order of the terms, provided each term retains its respec-
tive sign. Thus, a®42a+-b is the same as b+a’42a. This is
self-evident.

Arr. 46. Each of the literal factors of any simple quantity or
term is called a dimensivn of that term; and the degree of any
term depends on the number of its literal factors.

Thus, ax consists of two literal factors, a and z, and is of the
second degree. 'The quantity a?b contains three literal factors, a, a,

REVIEW.—38. What is the number placed over the radical sign called ?
39. What is an algebraic quantity? 40. What is a monomial? Whatis a
simple quantity ? 41. What is a polynomial? 42. A binomial? A residual
quantity? 43. A trinomial? 44. What is meant by the numerical valaue
of an algebraic expression?
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and b, and is of the third degree. 2a*2* contains five literal factors,
a, a, a, 2, and x, and is of the fiftk degree; and so on.

ARgT. 47+ A polynomial is said to be homogeneous, when each
of its terms is of the same degrec.

Thus, the quantity 2a—30+-c is of the first degrce, aud homo-
geueous ; a’+3bc+xy, is of the second degree, and homogencous ;
a3—8ay?® is of the third degree, and homogeneous; a®+z* is not
homogeneous. .

ARrr. 48. A parenthesis, ( ), is used to show that all the terms
of acompound quantity are to he considered together as a single
term.

Thus, 4(a—b) means that a—b is to Le multiplied by 4; (a+z)
(a—=) means that a+z is to be multiplied by a—=z; 10—(a+c)
means that a+c is to be subtracted from 10; (a—b)? means that
a—Db is to be raised to the second power; and so on.

ART. 49. A vinculum, , 18 sometimes used instead of a
parcenthesis. Thus, a—b)x means the same as (a—0)z. Some-
times the vinculum is placed vertically, it is then called a bar.

Thus, ay? has the same meaning as (¢«—zx+4)y%

—z
+4

ArT. 80. Similar, or like quantities are those composed of the
same letters, affected with the same exponcnts. Thus, 7ab and
—3ab, also 44%? and 7a’’ are similar terms. The quantitics
2a? and 2ab? are not similar, for, though they are composed of
the same letters, yet these letters have different exponents.

ARrT. 51. The reciprocal of a quantity, is unity divided by that

quantity. Thus, the reciprocal of 2 is %, and of @ is }‘

Art. 52. The same letter accented, is often used to denote
quantities which occupy similar positions in different equations or
investigations. Thus, a, @/, a”, a”, represent four different quan-
tities; of which a’ is read, @ prime; a” is read, a second; a” is
read, a third, and so on. .

EXAMPLES.

The following examples are intended to exercise the learner in

the use and meaning of the signs.

Review.—46. What is the dimension of a term? On what does the
degreo of a term depend? What is the degree of the term ay? Ofarys?
Of 2axy? 47. When is a polynomial said to be homogeneous? 48. For
what is a parenthesis used? 49. What is a vinculum, and for what is it
used? 50. What are similar, or like quantitics? 51. What is the recipro-
cal of a quantity? b52. When a letter, as a/, has one accent, what does it
represent, and how is it read? How is a with two accents read?
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Let the pupil copy each example on his slate, or on the black-
board, and then express it in common language.
Also, let the numerical value of each expression be found, on
the supposition that a=4, b=3, ¢=5, d=10, z=2, and y=6.
1. ¢+d-b. . . . Ans. 12. b+ec+d—z
2. 40—x.., ... .Aos 14, | & 5. .. Ans. 4

3 —38ax.. . . Ans. —24, ay cd

4. 6a%. ... Ans.192. | Ttz ¢+ - - Ans.33
S. 8a7+2cx1% . . Ans.41.
9

5. ﬁi——‘-’. v . .. Ans 3.

: b . a(a+d). . . . . Ans, 28.
‘\10a+b><a—b ................Ans.l&

C M1l (a+b)a—b). . . o e i e i e e e e e o Ans. T

\// 12. z’—3(a+x)(a—x)+2b e et e e e e . Ans. 4 )
/18, 3az— ”E“+’”;—4,/2ax. e Ane TR
l4(—x)‘ o 11774 N L T L 4

In case further exercises should be required to teach the pupils
the use of the signs, the following equivalent expressions may be
'\ employed, in which each letter may have any value whatever,
provided that the same value be attributed to the same letter
throughout the same expression,
, 18, 3(a+c)(a—c)=8a’—3c%
[ 16. 5(a—b)*=5a*>—10ad--5b

a‘l. _— x!

B A =a—a.
. g-kz
18. %J—‘=z’+x’y+xy’+y’.
. Examples in which words are to be converted into algebraio
symbols.

1. Three times a, plus b, minus four times ¢. Or, three into a,
plus b, minus 4 into c.
2. Five times a, divided by three times b.
3. @ minus b, into three times c.
4. a, minus three times b into e.
5. a plus b, divided by three c.
6. a, plus b divided by three c. )
7. 5 into a minus three into d, divided by ¢ minus d.
€. asquared, minus three a into b, plus 5 times c into d squared.
9. zcubed minus b cubed, divided byx squared minus b squared.
10. Five a squared, into a plus b, into ¢ minus d, minus three
times x fourth power.
11. a fifth power minus b fifth power, divided by ¢ minus
raised ta the fifth power.
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12. a squared plus b squared, divided by @ plus b, squared.
13. The square root of @, minus the square root of .

14. The square root of @, minus .

15. The square root of @ minus .

16. The square root of b squared minus four into « into e.

ANSWERS.
1. 3a+b—4e. 9 &P
2 E,_a . zz——ﬁo
30 10. 5a*(a+b)(c—d)—382*.
3. (a—b)3e. 1 ab—
4. a—3be. " (a—b)
at @402
5. 30 12. En
b 13. va—y/=.
6. otz 14. ya—z.
” 5a—3b 15. v/ (a—=x).
te—d © 16. v/ (V*—4ac).
8. a>—3ab+-5cd’.
ADDITION.

Arr. 53. ApprrioN in Algebra, is the process of collecting two
or more algebraic quantities into one expression, called their sum.

CASE I:
When the quantities are similar, and have the same sign.
1. James has 3 pockets, each containing apples; in the first he
has 3 apples, in the second 4 apples, and in third 5 apples.
In order to find how many apples he has, suppose he proceeds to
- find their sum in the following manner: 3 apples,
4 apples,
5 apples,
12 apples.
Suppose, however, that, instead of writing the word apples, he
should merely use the letter a, thus: 3a
4a
_5a
12a
REVIEW.—53. What is algebraic addition? When quantities are simi
lar, and have the same sign, how are they added together?
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It is evident that the sum of 3 times @, 4 times @, and 5 times
a, would be 12 times @, or 12a, whatever a might represent.
2. In the same manner the sum of —3a, —4a,and —5a| —3a

would be —12a. —4a
—Su
Hence, the - —1%a

. RULE,

FOR ADDING SIMILAR QUANTITIES WITH LIKE SIGNS.

Add together the coéfficients of the several quantities, and to their
sum annex the common letter, or letters, prefixing the common sign.

NotEe 1.—Let the pupil be reminded, that when a quantity has no coéf-
ficient prefixed, 1 is understood ; thus, a is the same as la.

Note 2.—Let the pupil also be reminded, that the sum of any number
of quantities is the same, in whatever order they are taken. This is self-
evident; but it may be illustrated by numbers in the following manner.
Suppose it is required to find the sum of the numbers 16, 25, and 34; in
adding these numbers together, they may be written in six different waya,
in each of which the sum is the rame. Thus:

16 16 25 25 34 34
25 34 16 34 16 25
34 25 34 16 25 16
75 75 75 75 75 75
EXAMPLES.
3. 4. 5. ' 6.

3a —Gxy 2a? —3a%

2a -y 3a? —4a%

Va —4zy 5a® —5a%

5a —3azy 7a? —2a%

Sum =11la —14axy 17a* —14a*

In the first example, we will suppose a=2, then 3a=3X2=6,
2a=2X2=4,a=2, 5a=5X2=10; theirsum is 6+4+2-+410=22.
But the sum, 22, is more easily found from the algvbraic sum,
11a, for 11a=11X2=22.
In the second example, let =3 and y=2, and tke value of its
terms will be Bey=6X3X2=36"
xy= 3X2%2= 6
4ry=4X3X2=24
Bxy=3X3X2=18 .
the sum of their values is =84
But this sum is more easily found from the algebraic sum; for
ReVIEW.—When severnl quantities are to be added together, is the
result affected by the order in which they are taken ?
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142y=14X3X2=84. As all these terms are negative, their sum
is —84.

In the fifth example let @ represent 3 feet, then
2a*>=2aa=2X3X3=18 square feet,
8a?=83aa=3xX3X3=_7 “
5a>=5aa=5X3X3=45 “
Ta*=Taa=TX3X3=63 « «

and their sum is 158 « “
Or the sum =17a*=17X3X8=153 square fcet.

Norx.—It is recommended to the learner, thus to exemplify the exam-
ples numerically, by assigning certain values to the letters; observing
throughout cach example, to adhere to the same numorical value for the
same lctter.

What is the sum |
7. Of 3b, 5b, 7b, and 9b? Ans. 24d.
8. Of 2abd, 5ab, 8ab, and 11ab? Ans. 26ab.
9. Of abe, 3abe, Tabe, and 12abe?  Ans. 23abe.
10. Of 5a dollars, 8a dollars, 11a dollars, and 13a dollars?
Ans, 37a dollars.
11. Of —3ax, —5ax, —7ax, and —4ax? Ans. —19az.
12. Of —by, —Rby, —bby, and —8by? Ans. —160y.

13. 14. 15.
Bay+7 8x—4y 3a*—2azx
ay+8 5z—3y - 5a*—3ax
2ay+4 Tz—6y Ta*—5ax
S5ay-+6 62—2y 4a*—4dax
CASE 11.

ARrT. 84. When quantities are alike, but have unlike signs.

1. If James receives from one man 6 cents, from another 9
cents, and from a third 10 cents; and then spends, for candy 4
cents, and for apples 3 cents, how much money will he have left?

If the quantities he received be considered positive, then those
ho spent may be considered negative; and the question is, to find
the sum of +4-6¢, +9c¢, +10¢, —4c and —3c¢, which may be written
thus: +6¢

+49¢  ere, it is evident, the true result will be found, by
+10c adding the positive quantities into one sum, and the

—4c negative quantities into another, and then taking

_—3c their difference. It is thus found that he recexved
F18¢ 25¢, and spent 7¢, which left 18c.

2. Suppese James should receive 5 cents, and then spend 7
oents, what sum would he have left?
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If we denote the 5¢ as positive, the 7c will be negative, and it is
required to find the sum of +5¢ and —7e.

In its present form, however, it is evident that the question is
impossible. But if we suppose that James had a certain sum of
money before he received the He¢, we may inquire how much less
money he had after the operation, than before it; or, in other words,
what effect the operation had upon his money. The answer, it is
obvious, would be, that his money was diminished 2 cents; this
would be indicated by the sum of 45¢ and —7¢, being —2c.

It is thus we say, that the sum of a positive'and negative quan-
tity is equal to the difference between the two; the object being to
find what the unifed efject of the two will be upon some third quan-
tity. This may be further illustrated by the following example.

3. A merchant has a certain capital; during the ycar it is in-
creased by 3a and 8a dollars, and diminisked by 2a and 5a dollars ;
how much will his capital be increased or diminished at the close
of the year? :

If we denote the gains as positive, the losses will be negative.
The sum of +3a, +8a, —2a, and —5a is 11a—7a, which is equal
to +4a. Hence, we say, that the merchant’s capital will be in-
creased by 4a dollars; and whatever the capital may have been,
the result will be the same to increase it by 4a dollars, as first tc
increase it by 3a and 8a dollars, and then to diminish it by 2a and
Sa dollars. Had the loss been greater than the gain, the effect
would be to diminish the capital; and this would be indicated, by
the sum of the gains and losses being negative.

If the gain and loss were equal, it is evident the capital would
neither be increased nor diminished; or, in other words, if the
amount of the positive quantities was equal to that of the negative,
their sum would be 0. Thus, +3a—83a=0. If a=4, +3a=+12
ard —3a=—12, and +12—12=0.

From this the pupil will perceive, that to add & negative quan-
tity is the same as to subtract a positive quantity. In such cases,
the process of addition is called algebraic addition, and the sum is
called the algebraic sum, to distinguish them from arithmetical
addition, and arithmetical sum. Hence, the

RULE
FOR THE ADDITION OF QUANTITIES WHICH ARE ALIKE, BUT HAVE UNLIKE SIGKS.
Find the sum of the coéfficients of the similar positive quantities ;
also, the sum of the coéfficients of the similar negative quantities,
Subtract the less sum from the grealer ; then, to the difference prefiz
the sign of the greater, and annex the common literal part.
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4. What is the sum of +3a, —ba, +9a, —3a, and +7a?
Here, the sum of the coéfficients of the positive terms, is
349+7=419
The sum of the coéficients of the negative terms, is
—5—6=—11
The difference between 19 and 11 is 8, to which, prefixing the
sign of the greater, and annexing the literal part, we have for the
required sum +-8a.
In practice, it is most convenient to write the 3a
different terms under each other. Thus, —ba
9a
—6a
_Ta
Sum==8a
Beginners, however, will sometimes find it easier 3a—5a
to arrange the positive quantities in one column, 92—6a
and the negative in another. The preceding ex- 7a
ample may be arranged as in the margin. 19a—11a=8a

EXAMPLES.
5. What is the sum of 8z and —5a? Ans. 3a.
6. What is the sum of 5¢ and —8a? Ans. —3a.
7. What is the sum of —7ax, 3azx, 6ax, and —ax? Ans. az,
8. What is the sum of Sabx, —7abz, 3abx, —abz, and 4abz?

Ans. 4abz.

9. Add together, 4ac, 5ac, —3ac, Tac,, —6ac, —2ac, Yac, and
--17ac. Ans. —3ac.
10. Fmd the sum of 6a—4b, 3a+2b, —7a—8b, and —a+9bd.
Ans. a—b.

11. Find the sum of 8ax—Rby, —2az+3dy, 3ax—4by, and
—Oaz+8by. Ans, 5by.
12. Find the sum of 3ab—10x, —3ab+7x, 3ab—6z, —ab+2z,
and -2abd+7x. Ans. 0.
13. Find the sum of 4a?—2b, —64*+2b, 2a*—30, —5a*—8b,
and —3a?+-95. Ans. —8a*—2b.
14. Find the sum of zy—ac, 3zy—9ac, —7Tzy+bac, 4xy+-6ac,
and —xy—2ac. Anps. —ac.

Norte.—The operation of collecting the similar terms in any algebraic
expression into one sum, as exemplified in this case, is sometimes called
the Reduction of Polynomials. The following are examples.

15. Reduce 3ab+4-5c—7ab+8c+8ab—14c—2ab+c to its sim-
plest form. Ans. 2ab.

ReEvirw.—54. How are qmtxtiu tddod together that are similar, but
have unlike signs?



38 RAY’S ALGEBRA, PART FIRST.

16. Reduce 5a’c— 3b*+ 4a’c+5b6*—8a’c+ 2b* to its simples;
form, Ans. a’c+4b.

CASE III.

ART. 38. When the quantities are unlike, or partly like and
partly unlike. -

1. Thomas has @ marbles in one hand, and b marbles in the
other ; what expression will represent the number in both? If a
is represented by 3, and b by 4, then the number in both would be

represented by 344, or 7.
*  In the same manner, the number in both would be represented
by a-+b; but unless the numerical values of @ and b are given, it
is evidently impossible to represent their sum more concisely, than
by a+b. * ‘

In the same manner, the sum of the quantities a+b and c+d, is
represented by a+-b-+c-d.

If, in any expression, there are two or more like quantities, it is
obvious, that they may be reduced to a single expression by the
preceding rules. Thus, the sum of 2a+-z and 3a+y, is equal to
2a-+3a-+z+y, which reduces to Sa+-z+y.

It is evident that this case embraces the two preceding cases;
hence, the

GENERAL RULE,
FOR THE ADDITION OF AlGEBRAIC QUANTITIES.

Write the quantities to be added, placing those that are similir
under each other ; then reduce the similar terms, and annex the other
terms with their proper signs.

REWARK.—If & reason is asked for placing similar terms under each
other, the reply is, that it is not absolutely necessary; but as we can only add
similar terms together, it is a matter of convenience, to place them under
each other.

BXAMPLEKS,
Add together

2. 6a—4c+3b, and —2a—3c¢—50. Ans. 4a—7¢—2b.

3. 2ab+-e, 4ax—R2c+14, 12—2ax, and 6ad+3c—=z.

. Ans. 8ab+2az+2¢+26—z.

4. 14a+t=, 13b—y, —11a+2y, and —2a—12b+-2. :

Ans. a+b- z+y+2.

5. a—b,2b—c, 2c—d, 2d—e, and 2¢+f. Ans.a+04 :+d+etf

6. —7b+3c, 4b—2¢+3x, 8b—3c, and 2c—2x. A as.z

7. 3(a+b), 5(a+d), and 7(a+d). Ans. 15(a-! ).

ReviEw.—55. What is the general rule for the ad«i.ivn of algebraic quan-
tities? In writing them, why are similar quantities pluced under each other?
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Norn.—The learner should be reminded, that the gquauntitics in the
parentheses are to be considered as one quantity; then it is evident, that
3 times, 5 times, and 7 times any guantity whatever, will bv equal to 15
times that quantity.

Add together
8. 3a(b+x), Sa(b+z), Ta(b+z), and —11a(b+=2).
Ans. 4a(b+x).
9. 2¢(a’—b*), —3c(a’—b?), 6¢c(a’—b?), and —4c(a’—b%).
Ans. ¢(a*- %),
10. 3az—4by—8, —2az+5by+6, 5az+6by—7, and —8az
—7by+5. Ans, —2az—4.

11. 8az—3cz? —bHax+5c2, ax+2c2? and —4azr—4cz®. Ans. 0.

12. 8a+b, 2a—b+e, —3a+5b+2d —6b—3c+3d, and —5a
+T7c—2d. Ans. 2a—b+5¢+3d.

18. 72—6y+52+3—g, —&—3y—8—g9,—x+y—3z—1+79,—2x
+8y+32—1—g, and x4-8y—521+94-4. Ans. 42+ 3y+2+59.

14. 24*+5ab—=zy, —7a*+3ab—3zy, —3a’—T7ab-+5zy, and 9a?
—ab—Rzxy. Ans. a®>—ay. -

15. 5a*0*—8a?W®+2ty+xy?, 42’ —Ta®h*—3xy* 4 62%y, 3a’H?
+-3a*b*—32%y+bzy?, and a’b*—a’?—3z*y—3xy®. Ans. a®P+z?y.

SUBTRACTION.

ARTt. 56 SunTRACTION in Algehra, is the process of finding the
simplest expression for the difference betwcen two algebraic
quantities.

In Algebra, as in Arithmetic, the quantity to be subtracted is
called the subfrakend. The quentity from which the subtraction
is to be made, is called the minuend. The quantity left, after the
subtraction is performed, is called the difference, or remainder.

REMARK.—The word subtrahend means, to be subtracted ; the word
minuond, to be diminisked.

1. Thomas has 5a cents; if he give 2a cents to his brother,
how many will he have left?

Since 5 times any quantity, diminished by 2 times the same
quantity, leaves 3 times the quantity, the answer is evidently 3a;
that is 5a—2a=3a.

Honce, to find the difference between two positive similar quan-
tities, we _find the difference between their coéfiicients, and prefiz it to
the common letler, or letiers.
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Let it be noted, that the'sign of the quantity to be subtrasted,
I8 changed from plus to minus.

2. 3. 4. 5.
From Hz Tab 8xy 1la%
Take 3x 3ab. Szy Ha’e
Remainder 2z 4ad 8zy Ga’x

6. From 9a,take4a.. . . « . v+ v .+ « + . . Ans. Sa.
7. From 115, take 115, . . . . . + . ¢« .. .. .Ans. O,
& From llaxy, take 8azy, + « « « « ¢« « « « . Ans. Sazxy.
9. From 12bcz, take 5bcz.. « « « o ¢« ¢« o« « « . Ans. Thex.

10. From 13%mp, take Qkmp. . + « + « « « . . . Ans.42mp.

11. From 3a% take2a% . . . « . « v« + + .+ . . . Ans.a?

12. From 70%y, take 4b%y. . . . . . . . . . . Ans. 3d%y.

Art. 57.—1. Thomas has a number of apples, represented by
a; if he give away a quantity, represented by b, what expression

_ will represent the number of apples he has left?

If a represents 6, and b 4, then the number left would be repre-
sented by 6—4, which is equal to 2; and whatever numbers @
and b represent, it is evident that their difference may be ex-
pressed in the same way, that is, by a—b.

Hence, to find the difference between two quantities that are not
similar, we place the sign minus before the quantity that is to be
subtracted.

Lot the puml here notice again, that the sign of the quantlty to
be subtracted, is changed from plus to minus.

" 2 Frome,taked. « v 4 v v 4 4 e v 0 s oo . . Ans c—d.
-3. From2m, take3n. . « v ¢ « ¢ ¢« + « « « o« Ans. 2m—8n,

4 From Db, take3c.c + « « « o o o o « o o« . Ans. 50—3c.

5. From ab, takeed. . . . o « s ¢ « « + ¢ o . Ans. ab—cd.

6. From a’r, takeaz’. . . . . . . . . . . . . ADs. a’z—azx’.

7. Froma? take . + o v « v o ¢« s o o » » o . Ans. 2%z,

8. Fromzy,takeyz. . . . . .+ . .+ . . . .ADs 2y—yaz.

Art. 38.—1. Let it be required to subtract 5+3 from 9.

. If we subtract 5 from 9, the remainder will be 9—5; but we
wish to subtract, not only 5, but also 3 ; hence, after we have sub-
tracted 5, we must also subtract 3; this gives for the remainder,
9—5—3, which is equal to 1.

REVIEW.—56. What is Subtraction in Algebra? What is the quantity
to be subtracted, called? What is the quantity called, from which the sub-
traction is to be made? What does subtrahend mean? What does minu-
end mean? How do you find the difference between two positive similar
quantities? 57. How do you find the difference between two quantities
that are not similar? .
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2. Again, suppose that it is required to subtract 5—3 from 9.
If we subtract 5 from 9, the remainder will be 9—5; but the
quantity to be subtracted is 3 less than 5, and we have, therefore,
subtracted 3 too much ; we must, therefore, add 3 to 9—5, which
gives for the true remainder, 9—5+3, which is equal to 7.

8. Let it now be required to subtract >—c¢ from a.

If we take b from g, the remainder is a—b; but, in doing this,
we have subtracted ¢ too much; hence, to obtain the true result,
we must add ¢. This gives, for the true remainder, a—b+-c..

If a=9, b=>5, and ¢=3, the operation and illustration by figures

would st.and thus: from a * from 9 =9
take b— take 5—3 _=_2
Remainder, - a—b+c Rem. 9—5+43 =7

The same principle may be further illustrated by the following
examples.

4. a—(c—a) =a—c+a =2a—c.

a—(a—c) =a—a+c =c.
a+b—(a—bd) =a+b—a+b =2b.

Let it be noted, that in the result in each of the preceding ex-
amples, the signs of the quantity to be subtracted have been
changed from plus to minus, and from minue to plus; hence, in
order to subtract a quantity, it is merely necessary to change the
signs and add it. Hence, tho

RULE,
FOR FINDING THE DIFFERENCE BETWEEN TWO ALGEBRAIC QUANTITIES.

Write the quatity to be subtracted under that from which it is to
be taken, placing similar terms under each other. Conceive the signs
of all the terms of the subtrakend to be changed, and then reduce the
resull lo ils simplest form.

Note.—It is a good plan with beginners, to direct them to write the
example a second time, and then actually change the signs, and add, as in
the following example. They should do this, however, only till they become
familiar with the rule.

From 5a-+3b—c¢ The same, with the 5a+-3b—c
Take 2a—2b—3c signs of the subtra- —Ra-{20+43c

Remain. 3a+55+2¢ hend changed. 3a+5b+2¢
EXAMPLES X
6. 7. 8.

From 8az—2y 4c*—3by? 8zyz+3az—8
Take 2az+3y 2cx —3by? Sxyz—3az+8
Remainder, az—5y dex*—2cx 3xyz-6az—16
4
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46.
47.

i 9. 10.° 11.
* From 7x+4y 3a—2b Bax—4y°+3
Take 6z—y 5a—3b 3ax—6y*+-2

. From 14, take @b—5. . . . . . ... . .Ans 19—ab.
, From a+b, takea. . . . . . e e s e s o oo o Ans. b
.Froma,takea+d. . . ¢ ¢« v v ¢ ¢ 0o e o . o Ans. —b

15. Fromz,take 2—5. . ¢ ¢« ¢ ¢ ¢« « ¢« ¢ ¢« ¢ ¢« « . ADns. §
16. From 3az, take 2az+7.. . « + « « « » . . Ans, ax—7.
17. From z+y, takez—y. . . . . . . v+« o o o Ans 2y
18. From z2—y, take z+y. . . . . e« o o v oo o Ans. —2y.
19. From z—y, take y—z. . . . . . . v« .+ . Ans 2z—2y.
‘0. From z+y+2, takez—y—2z.. . . , . . . . Ans. 2y4%z
21. From 5z+3y—z, take 4z+3y+z. . . . . . . Ans. x—2z.
22. Froma,take —@. .« « v o ¢ v 4 0 0 0 0 0 . . Ans. 2a
23 From8a,take —3a. . « ¢ ¢« ¢« ¢ ¢« v ¢ o o Ans. 11a.
24. From a, take —4a. . . . . . . . e e e e Ans. 5a.
25. From 50, take 1156. . . . . . . . e « + . . Ans. —6d.
26. Froma,take —b.. . . . . . . . . « « « o Ans. atb.
27. From 3a, take —2b. . . . . e o « o s o o Ans. 3a+20.
28. From —9q,take 83a. . . . . . . .. ... Ans., —12a.
.29. From —7a,take —7a. . « ¢ ¢ ¢ ¢ ¢ ¢ 0o o 4 . Ans. O,
80. From —19q, take —20a. . . . . . . . . ... Ans. a.
31. From —6a, take —Ha.. . . . .+ v . o . . . Ans. —a.
: 82. From —3a, take —5b. . . Ans —3a+5b or 50—3a.
33. From —13, take3. . . . . . . e e e e Ans. —16.
84. From —9,take—16. . . . . . .. ... ... Ans. 7.
85. From 12, take—8. . . . . .. . ... ... Ans. 20.
36. From —14,take —5. . . . . . . . . . . .. Ans. —9,
37. From 3a—2b+6, take 2a—70—3. . . Ans. a+56+9.

. From 13a—2b+49¢—3d, take 8a—6b+9¢——10d+12

Ans. 5a+4b+7d—12.

. From —7a-}+3m—8z, take —6a—5m—2x-+3d.

Ans. —a+8m—62—3d.

. From 32a+3b, take 5a-+-170. . . . . . Ans. 27a—1456.
. From 6a+5—3b, take —2a—96—S8. . . Ans. 8a+60+13. .
. From 3c—2l+5c, take 8I+7c—4l. . . . . . Ans. c—6L

From 3ax—2i? take —Haz—82%. . . . . . Ans. 8az+6y*

. From 222—3a%z?+9, take 2+ 5a%?—- 3. Ans.2>—8a%3+12. -

From 4z%*—5cz-+8m, take —cz+2a%yS—4cz.
Ans. 2 2%%4-8m,
From #*—11xyz+3a, take —6xyz+7—2a—bzyz.
Ans. 2*+5a—7
From 5(x+y), take 2(z+y). . . . . . . . Aps. 3(z4y).
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48. From 3a(z—2), take a(z—=2). . . . . . . . Ans. 2a(z—2).

49. From 7a*(c—z)—ab(c—d), take 5a*(c—z)—5ab(c—d).

Ans. 2a%(c—z)+4ab(c—d).

ARrrt. 59. It is sometimes convenient to indicate the subtraction
of a polynomial without actually performing the operation. This
may be dong, if it is a monomial, by placing the sign minus before
it; and, if it is a polynomial, by enclosing it in a parenthesis, and
then placing the sign minus before it.

Thus, to subtract a—b from 2a, we may write it 2a—(a—1),
which reduces to a+-b.

By this transformation, the same polynomial may be written in
several different forms ; thus:

a—b+c—d=a—b—(d—c)=a—d—(b—c)=a—(b—c-+d)

Let the pupil, in each of the following examples, introduce all
the quantities, except the first, into a parenthesis, and precede it
by the sign minus, without altering the value of the expression.
ca—bte . .. oo e i o v e o v o . Ans a—(b—c).
bte—d. . . . . v v o o e v o v o . . Ans b—(d—c).
B —Rxy+z. o o . v v e o o 0 o . . o Ans 2 —(22y—2).
. axt+be—ed+kh. . . . . . . . . . .Ans axz—(cd—bc—h).
M—R—2—8 « « v v v v o+« « . . Ans. m—(nt2+s).
. m—ntz+s. . .. e v e+« o« Ans. m—(n—z—s).

It will be found a useful exercise for the pupil, to take each of
the preceding polynomials, and without changing their values,
write them in all possible modes, by including either two ar more
terms in a parenthesis.

DU O

OBSERVATIONS ON ADDITION AND SUBTRACTION.

Arr. 60 It has been shown, that Algebraic Addition is the
process of collecting, into one, the quantities contained in two or
more expressions. The pupil has already learned, that these ex-
pressions may be all positive, or all negative, or partly positive and
partly negative. If they are either all positive, or all negative,
the sum will be greater than either of the individual quantities;
but, if some of the quantities are positive and others negative, the
aggregate may be less than either of them, or, it may even be

ReviEw.—In subtracting b—c from a, after taking away l, have we
subtracted too much, or too little? What must be added, to obtain the
true result? Why? What is the general rule for finding the difference
between two algebraic quantities? 59. How can the subtraction of an
algebraic quantity be indicated?
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nothing. . Thus, the sum of 44a and —3a, is a; while that of
-+a and —a, is zero, or 0. -

As the pupil should have clear views of the use and meaning of
the various expressions employed, it may be asked, what idea is he
to attach to the operations of algebraic addition and subtraction.

Agrr. 61. In common or arithmetical addition, when we say,
that the sum of 5 and 3 is 8, we mean, that their sum is 8 greater
than 0. In algebra, when we say that 5 and —3 are equal to 2,
we mean, that the aggregate effect of adding 5 and subtracting 3,
is the same as that of adding 2. 'When we say, that the sum of
—5 and 43, is —2, we mean, that the result of subtracting 5,
and adding 3, is the same as that of subtracting 2. Some alge-
braists say, that numbers with a positive sign represent quantities
greater than 0, while those with a negative sign, such as —3,
represent quantities less than nothing. The phrase, less than noth-
ing, however, can not convey an intelligible idea, with any signifi-
cation that would be attached to it in the ordinary use of language ;
but, if wo are to understand by it, that any negative quantity, when
added to a positive quantity, will produce a result less than if
nothing had been added to it; or, that a negative quantity, when
subtracted from a positive quantity, will produce a result greater
than if nothing had been taken from i, then the phrase has a cor-
rect meaning. The idea, however, would be properly expressed,
by saying, that negative quantities are relatively less than zero.
Thus, if we take any number, for instance 10, and add to it the

" numbers 3, 2, 1, 0, —1, —2, and —3, we see, that adding a
negative number produces a less result than adding zero.
10 10 10 - 10 10 10 10
3 2 1 0 1 -2 3
13 12 11 10 9 8 7

From this, we also see, that adding a negative number, produces
the same result, as subtracting an equal positive number.

Again, if we take any number, for example 10, and subtract
from it the numbers 3, 2, 1, 0, —1, —2, and —3, we see, that
subtracting a negative number produces a greafer result than
subtracting zero:

’ 10 10 10 10 10 10 10
202 10 a1 =2 =3
7 8 9 10 11 12 13
From this, we also see, that subtracting a negative number, pro-
duces the same result, as adding an equal positive number.

REviEW.—60. When is the sum of two algebraic quantities less than
sither of them? When is the sum equal to zero?
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Agxt. 62. In consequence of the results they produce, it is cus-
tomary to say, of two negative algebraic quantities, that the least
is that which contains the greafest number of units. Thus, —3
is said to be less than —2. But, of two negative quantities, that
which contains the greatest number of units is said to be nwmers-
cally the greatest; thus, —3 is numerically greater than —2.

ART. 83+ A correct idea of the nature of the addition of pusi-
tive and negative quantities, may be gained by the consideration
of such questions as the following:

Suppose the sums of money put into a drawer to be positive
quantities, and those taken out to be negative; how will the
money in the drawer be affected, if, in one day, there are 20 dol-
lars taken out, afterwards 15 dollars put in, after this 8 dollars
taken out, and then 10 dollars put in? Or, in other words, what
is the sum of —20, +15, —8, and +10? The answer, evidently,
is —3; that is, the result of the whole operation diminishes the
amount of money in the drawer 3 dollars. liad the sum of the
quantities been positive, the result of the operation would have
been, an increase of the amount of money in the drawer.

Again, suppose latitude north of the equator to be reckoned -,
and that south, — ; and that the degrees over which a ship sails
north, are designated by +, while those she sails over south, are
designated by —, and that we have the following question: A
ship, in latitude 10 degrees north, sails 5 degrees south, then 7
degrees north, then 9 degrees south, and then 3 degrees north;
what is her present latitude?

This question is the same as to find the sum of the quantities
+10, —5, 47, —9, and +3; this is evidently +6; that is, tho
ship is in 6 degrees north latitude. Had the sum of the negative
numbers been the greater, it follows, that the ship would have
been found in south latitude.

Other questions of a similar nature may be used by the instructor,
to illustrate the subject.

Art. 64. Subtraction, in arithmetic, shows the method of find-
ing the excees of one quantity over another of the same kind. In
this case, the number to be subtracted must be less than that from
which it is to be taken ; and, as they are considered without refer-

REvVIEW.—61. What is meant, by saying that the sum of 4-5 and —3,
is equal to 4-2? What is meant, by saying that the sum of —5 and -3,
1s equal to —2? Is it correct to say, that any quantity is less than noth-
ing? What is the effect of adding a positive quantity? Of adding a nega-
tive quantity? Of subtracting a positive quantity? Of subtracting a
negative quantity? 62. In comparing two negative algebraic quantitied,
whieh is called tho least? Which is numerically tho greatest?
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ence to sign, it is equivalent to regarding them of the same sign.
Algebraic Subtraction shows the method of finding the difference
between two quantities which have either the same or unlike signs,
and it frequently happens, that this difference is greater than
either of the quantities. To understand this properly, requires a
knowledge of the nature of positive and negative quantities.

All quantities are to be regarded as positive, unless, for somo
special reason, they are otherwise designated. Negative quanti-
ties embrace those that are, in their nature, the opposite of positive
quantities,

Thus, if & merchant’s gains are positive, his losses are negative;
if latitudo north of the equator is reckoned -+, that south, would
be —; if distance to the right of a certain line is reckoned --,
then distance to the left would be — ; if elevation above a certain
point, or plane, is regarded as -, then distance below would be
—; if time after a certain hour is 4, then time before that hour
is —; if motion in one direction is 4-, then motion in an opposite
direction would be —; and 8o on.

With this knowledge of the meaning of the sign minus, it is
eagy to see how the difference of two quantities having the same
sign, is equal to their difference; and also, how the difference of
two quantities having different signs, is equal to their sum.

1. One place is situated 10, and another 6 degrees north of the
equator, what is their difference of latitude?

Here we are required to find the difference between +10 and
+6, which is evidently +4; by which we are to understand
that the first place is 4 degrees farther north than the second.

2. Two places are situated, one in 10, and the other in 6 degrees
south latitude ; what is the difference of latitude?

Here we are required to find the difference between —6 and —10,
which is evidently —4, by which we learn, that the first place is
4 degrees farther south than the second.

3. One place is situated in 10 degrees north, and another in 6
degrees south latitude ; what is their difference of latitude?

Here we are required to find the difference between +10 and —8,
or to take -—6 from 410, which, by the rule for subtraction, leaves
416 ; which is evidently the difference of their latitudes, and from
which we learn, that the first place is 16 degrees farther north
than the other.

1t is thus, when properly understood, the results aro always
capable of a satisfactory explanation.

REVIEW.—64. In what respects does algebraic differ from arithmetica)
Subtraction? In what respect do negative quantities differ from positive?
Tlustrate the difference by examples,
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MULTIPLICATION.

Arr. 65. MULTIPLICATION, in Algebra, is the process of taking
one algebraic expression, as often as there are units in another.

In Algebra, as in Arithmetic, the quantity to be multiplied is
called the multiplicand ; the quantity by which we multiply, the
multiplier, and the result of the operation, the product. The mul-
tiplicand and multiplier are generally called factors.

ART. 66. Since the quantity a, taken once, is represented by a,
when taken twice, by ata, or 2a, when taken three times, by
a-t+a+-a, or 3a, it is evident, that to multiply a literal quantity by
a number, it is only necessary to write the multiplier as the coéfficient
of the literal quantity.

1. If 1 lemon costs a cents, how many cents will 5 lemons cost ?
- If one lemon costs a cents, five lemons will cost five times as
much, that is 5a cents.

2. If 1 orange costs ¢ cents, how many cents will 6 oranges cost?

3. A merchant bought a pieces of cloth, each containing b yards,
at ¢ dollars per yard ; how many dollars did the whole cost?

In a picces, the number of yards would be represented by ab,
or ba, and the cost of ab yards at ¢ dollars per yard, would be
represented by ¢ taken ab times, that is, by abXXc, which is repre-
sented by abe.

Arr. 67. It is shown in “Ray’s Arithmetic,” Part III, Art. 44,
that the product of two factors is the same, whichever be made
the multiplier; we will, however, demonstrate the principle here.

Suppose we have a sash containing @ vertical, and b horizontal
rows; there will be @ panes in each horizontal row, and b panes
in each vertical row; it is required to find the number of panes in
the window.

It is evident, that the whole number of panes in the window
will be equal to the number in one row, taken as many times as
there are rows. Then, since there are a vertical rows, and &

- panes in each row, the whole number of panes will be represented
by b taken a times, that is, by ab.

Again, since there are b horizontal rows, and @ panes in each
row, the whole number of panes will be represented by a taken b
times, that is, by da. But, since either of the expressions, ba or

REvVIEWw.—685. What is Multiplication in Algebra? What is the multi-
plicand? The multiplier? The produet? What are the multiplicand and
multiplier generally called? 66, How do you maultiply & literal quantity
by a number?
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ab, represents the whole number of panes in the window, they are
equal to each other, that is, ab is equal to ba. Hence, it follows,
that the product of two factors is the same, whichever be made the
multiplier.

By taking a=3 and b=4, the figure in the margin may
be used to illustrate the principle in a particular case.
- In the same manner, the product of three or more
quantities is the same, in whatever order they are taken.
Thus, 2X3X4=3X2X4=4X2X3, since the product
in each case is 24.

1. What will 2 boxes, each containing a lemons, cost at b cents
per lemon ?

One box will cost ab cents, and 2 boxes will cost twice as much
a8 1 box, that is, 2ad cents.

2. What is the product of 25, multiplied by 3a?

The product will be represented by 26)X3a, or by 3aXX2b, or by
2X3Xab, since the product is the same, in whatever order the
factors are placed. But 2)X3 is equal to 6, hence the product
20X 3a is equal to Gab.

Hence, we see, that in multiplying one monomial by another,
the coéfficient of the product is obtained by multiplying together the
coéfficients of the multiplicand and multiplier. This is termed, ke
rule of the coéfficients.

ARrrt. 8. Since the product of two or more factors is the same,
in whatever order they are written, if we take the product of any
two factors, as 23, and multiply it by any number, as 5, the
product may be written 5X2X3, or 5X3X2, that is, 10X3, or
15X2, either of which is equal to 30. From which we see, that
when either of the factors of a product is multiplied, the pradud
dtself is multiplied.

Art. 69.—1. What is the product of a by a?

The product of b by a is written ab, hence, the product of a by
a would be written aa; but this, (Art. 33,) for the sake of brevity,
is written a®.

2. What is the product of a® by a?

Since a® may be written thus, aa, the product of a? by a may be

RBview.—67. Prove that 3 times 4 is the same a3 4 times 3. Prove
that a times b is the same as b times a. Is the product of any number of
factors changed by alterirz their arrangement? In multiplying one mono-
mial by another, how is the coéfficient of the product obtained? 68. If you
multiply one of the factors of a produet, how does it affect the product?
69. How may the prodnot of g by a be written? How way the product of
at by a be written?
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expressed thus, aaXa, or aaa, which, for the sake of brevity, is
written a®. Hence, the exponent of a letier in the product, is equal
to the sum of its exponents in the two factors. This is termed, the
rule of the exponents.
3. What is the product of a® by @?. ... Ans. aaaa, or a*.
4. What is the product of ¢’ by ab? . . Ans. aaald, or a®b
5. What is the product of 2ab* by 3ab? Ans. Gaabbd, or 6%

Hence, the
‘RULE,

FOR MULTIPLYING ONE POSITIVE MONOMIAL BY ANOTHER.

Multiply the coéfficients of the two terms together, and to their pro-
duct annex all the lellers in both quantities, giving to each leller an
exponent equal to the sum of its exponents in the two factors.

Nore.—It is customary to write the letters in the order of thé alphabet.
Thus, abXe is generally written abe.

6. Multiplyabbyz. . . . . . . ... ... ..Anpsamw
7. Multiply 2bcbymn.. . . . . . .. ... Ans 20cmn.
8. Multiply 4ab by Say. . . . . . . . . . . Ans 20abay.
9. Multiply 7ax by 4ed. . . . . . . . . . . Anbs. 28acdz.

10. Multiply 6y by 3az. . . . . . . . . . . Ans. 18abay.
11. Multiply 3a®b by 4ab. . . . . . . . . . . Ans. 124%%
12. Multiply 2zy? by 3z%. . . . . . . . . . . Ans 63
13. Multiply 4ab’z by ..)a:c’f e v o o v . Ans. 20a%0%7%.

- 14. What is the product of 3a’b‘c by 5ab*3? . . Ans. 15at*ct.
15. What is the product of 7xy®% by 8x%2z? . . Ans. 562%%2
N otEe.—The learner must be careful to distinguish between the coeffi-

cient and the exponent. Thus, 2a is different from a® To fix this in his
mind, let him answer such questions as the following: '

‘What is 2a—a? equal to, whenais1? . . . . . . Ans. 1.

What is a>—2a equal to, whenais 5? . . . . . . Ans. 15.

What is a>—3a equal to, when ais 4? . . . . . . Ans. 52.

What is a*—4a equal to, whenais3? . . . . . . Ans. 69.

ART. 70.—1. Suppose you purchase 5 oranges at 4 cents na
piece, and pay for them, and then purchase 2 lemons at the same
price; what will be the cost of the whole?

5 oranges, at 4 cents each, will cost 20 cents; 2 lemons, at 4
cents each, will cost 8 cents, and the cost of the whole will be
20-1-8=28 cents,

The work may be written thus: 542

4

20+_§=28 cents.
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If you purchase a oranges at ¢ cents a piece, and 0 lemons at ¢
cents a piece, what will be the cost of the whole?

The cost of a oranges, at ¢ cents each, will be ac cents; the
cost of b lemons, at ¢ cents each, will be bc cents, and the whole
oost will be acbec cents. :

The work may be written thus: a-+b

¢
ac+be

Ilence, when the sign of each term is positive, we have the
following

RULE,
FOR MULTIPLYING A POLYNOMIAL BY A MONOMIAL.

Multiply cach term of the muliiplicand by the multiplier.
EXAMPLES.

. Multiply a4+d byd. . . . . ... ... .Ans abtbd
. Multiply ac4-de byd.. . . . . . . . . . Ans. acd+tbed
. Multiply 42+5y by 3a. . . . . . . . Ans. 12az+15ay
. Multiply 2x+32by 2b.. . . . . . . . . Ans. 4bx{6bz.
. Multiply m+2nby3n. . . . . . . . . Ans. 3mn{6a2
. Multiply a+ybyax. . . . . . ... . .Ans ar’tazy.
. Multiply *4+3*byxy.. . . . . . . . . .Ans 2fy+tayl.
. Multiply 2245y by abz. . . . . . . Ans. 2abz’+5abzxy.
10. Multiply 32*4-2xz by 2x2. . . . . . . . Ans. G2’2{4a%2
11. Multiply 3a+20+4-5¢ by 44. . . . Ans. 12ad+-8bd+20cd.
12. Multiply be+af+mz by 3az. . Ans. 3abez+3a?fr+3amad,
13. Multiply ab+az+axy by abzy. . Ans. a’bxy-+abxty+abxiy®.
ARrT. 71.—1. Let it be required to find the product of x4y by
a+b. Here the multiplicand is to be taken as many times as
there are units in a+bd, and the whole product will evidently be
equal to the sum of the two partial products. Thus,
z+y
a+b
az-+ay=the multiplicand taken a times.
bz+by=the multiplicand taken b times.
ar+ay+bz+by=the multiplicand taken (a-b) times.

If z=5, y=6, a=2, and #=3, the multiplication may be arranged
thus: 546

CHICC W ON

243
10+412=the multiplicand taken 2 times.
154 18=the multiplicand taken 3 times. .

10+4-27+418=55==the multiplicand taken 5 times.
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lence, when all the terms in each are positive, we have the
following
RULE,

FOR MULTIPLYING ONE POLYNOMIAL BY ANOTHER.

Multiply each term of the multiplicand by each term of the multi-
plier, and add the products together.

2. 3.
a+b a*d+-cd
at+bd ab+-cd?
a’*+ab a*b*+4-abed
ab4-b* +atbed*+-cd®
a?+2ab+-b* a*b*+abed*+abed+c*d®

4. Multiply a+dbye+d. . . . . . . Ans. dctad-+be+bd
5. Multiply 2z-+3y by 3a+2b. . . Ans. 6az+9ay-+4bz+6by.
6. Multiply 2a+3b by 8c+d. . . Ans. Gac+9bc+2ad+30d.
7. Muliply m+n by z+z.. . . . . . Ans. me+-nz-+mz+na.
8. Multiply 4a+30 by 2a+b. . . . . Ans. 8a’+10ab+-30%
9. Multiply 4x+ 5y by 2a+3z. Ans.8ax+10ay+1222+15ay.
10. Multiply 3z+2y by 22+3y.. . . . Ans. 622+13xy+6y2
11. Multiply a?+b0*bya+d,. . . . . . Ans. a®+a%b+ab?+-0%
12. Multiply 3a?+420* by 2a*430% . . Ans. 6a*+13a%*+ 604,
13. Multiply a*+ab+0? by a+b. . . Ans. a®42a%+2ab*+4-1%.
14. Multiply A+@ by c+d.. . . . . . Ans. e tedP+c*d+db,
15. Multiply 2?+42zy+4-y* by z+y. . . Ans. 234-32%+ 3y’ 4.

ARrT. 72. In the preceding examples, it was assumed that the
product of two positive quantities, is also positive. It may, how-
ever, be shown as follows:

1st. Let it be required to find the product of +b by a.

The quantity b, taken once, is +b; taken twice, is evidently,
42b; taken 3 times, is +3b, and so on. Therefore, taken a times,
it is +ab. Ilence, the product of two positive quantities is posi-
tive; or, as it may be more briefly expressed, plus multiplied by
plus, gives plus.

2d. Let it be required to find the product of —b by a.

RevieEw.—To what is the exponent of a letter in the product equal?
What is the rule for multiplying one positive monomial by another! 70,
What is the product of a plus b, by ¢c? When all the terms in each are posi-
tive, how do you multiply a polynomial by a monomial? 71. When all
the terms in each are positive, how do you find the product of two poly-
pomials ?
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The quantity —b, taken once, is —b; taken twice, is —2b;
taken 3 times, is —30; and hence, taken « times, is —ab; that is,
& negalive quantity multiplied by a positive quantity, gives a nega-
tive product. This is generally expressed, by saying, that minus
multiplied by plus, gives minus.

3d. Let it be required to multiply b by —a.

Since, when two quantities are to be multiplied together, either
may be made the multiplier (Art. 67), this is the same as to multi-
ply —a by b, which gives —ab. That is, a positive quantity mul-
tiplied by a negative quantity, gives a negative product ; or, more
briefly, plus multiplied by minus, gives minus. -

4th. Let it be required to multiply —3 by —2.

The negative multiplier signifies, that the multiplicand is to be
taken positively, as many times as there are units in the multi-
plier, and then subtracted. The product of —3 by +2 is —6,
then, changing the sign to subtract, the —6 becomes 4-6; and, in
the same manner, the product of —b by —a is +4-ab.

Hence, the product of two negative quantities is positive; or,
more briefly, minus multiplied by minus, gives plus.

Nore.—The following proof of the last principle, that the product of
two negative quantities is positive, is generally regarded by mathematicians
as more satisfactory than the preceding, though it is not quite so simple.
The instructor ean use either method.

5th. To find the product of two negative quantities.

To do this, let us find the product of e—d by a—>.

Here it is required to take c—d as many tiines as there are units in a—&.
It is obvious that this will be done by taking c—d as many times as there
are units in a, and then subtracting from this product, c—d taken as many
times as there are units in &.

Sinco plus multiplied by plus gives plus, and minus multiplied by plus
gives minus, the product of c—d by a, is ac—ad.

In the same manner, the product of e—d by b, is be—bd; changing the
signs of the last product to subtract it, it becomes —be-+-bd; hence the pro-
duct of c—d by a—b, is ac—ad—bc+-bd.

But the last term, +bd, is the product of —d by —b, hence the product
of two nogative quantities is positive ; or, more briefly, minus multiplied by
minus produces plus. .

The multiplication of e—d by a—b may be written thus:
o—d
a—b
ac—ad==c—d taken a times.
—bctbd==c—d taken b times, and then subtracted.
ac—ad—be+-bd
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The operation may be illustrated by figures; thus, let it be required to
find the product of 7—4 by 5—3.

7—4 We first take 5 times 7—4; this gives a product too
5—3 great, by 3 times 7—4, or 21—12, which, being sabtracted
35—20 from the first product, gives for the true result,35—414-12,

—214-12 which reduces to 4-6. This is evidently correct, for 7—4
85—41+4+12 =3, and 5—3=2, and the product of 3 by 2 is 6.

From the preceding illustrations, we derive the following

GENERAL RULE,
FOR THE SIGNS.

Plus multiplied by plus, or minus multiplied by minus, gives plus.
Plus multiplied by minus, or minus multiplied by plus, gives minus.
Or, the product of like signs gives plus, and of unlike signs gives minus.

From all the preceding, we derive the

GENERAL RULE,
FOR THE MULTIPLICATION OF ALGEBRAIC QUANTITIES.

Multiply every term of the multiplicand, by each term of the mul-
tiplier.  Observing,

1st. That the coéfficient of any term is equal to the product of the
coéfficients of its factors.

2d. That the exponent of any letter in the product is equal to the
sum of s exponents tn the two factors.

3d. That the product of like signs, gives plus in the product, and
unlike signs, gives minus. Then, add the several partial products

NUMERICAL EXAMPLES,
TO VERIFY THE RULE OF THE BIGNS.

1. Multiply 8—3 by 5. . . . . . . Ans. 40—15=25=>5X5.
2. Multiply 20—13 by 4. . . . . . Ans. 80—52=28=7X4.
3. Multiply 13—7 by 11—8 . Ans. 143—181+456=18=6)X3.
4. Multiply 1043 by 3—5.

Ans. 30—41—156=—26=13X—2.
5. Multiply 9—5 by 8—2. . . Ans.72—58+410=24=4X86.
6. Multiply 8—7 by 5—3. . . . Ans. 40—59421=2=1X2.

REvVIEW.—72, What is the product of 4-b by +a? Why? What is the
product of —b by a? Why? What is the product of b by —a? Why?
What is the product of —3 by —2? What does a negative multiplier sig.
nify? What does minus maultiplied by minus produce? What is the gen-
eral rule for the signs? What is the general rule for the multiplication of
algebraio quantities?” )



54 RAY'S ALGEBRA, PART FIRST.

GENERAL EXAMPLES.

1. Multiply 3a’xy by Taxy®. . 0 . . . . .. Ans. 21a*2%A.
2. Multiply —5a®b by 3al®. . . . . . . .. Ans. —154%%
3. Multiply =5 by —5zy®. . . . . . . . . Ans. 25233,
4. Multiply 3a—2bby4e. . . ... . . . . Ans. 12ac—8be.
5. Multiply 3z4+2y by —22. . . . . . .. Ans. —6z*—4xy.
6. Multiply a+bbyz—y. . . . . . . Ans. ax—ay+bx—by.
7. Multiply a—bbya—bd. . . . . . . . Ans a’—2ab+02%
8. Multiply a>+-ac+c*bya—ec. . . . . . . « . Ans. a*—%.
9. Multiply m4+nbym—n. . . .. .. ... Ans. m*—n?,
10. Multiply a®>—2ab+b* by a+bd. . . . Ans.a®—a’b—ab®4-b2.
. 11. Multiply 3z*y—Rzy*+y* by 2xy+y
Ans. Gxty’+ 32 —4xhr 418
12. Multiply a’+2ab+-b* by a®>—2ab+b%. . Ans. a*—2a%?+b*
13. Multiply #*—y+1byy+1. . . . . . . .. Ans. i’ +1.
14. Multiply a®+»* by a®—3% . . . . . . . .. Ans. z*—A,
15. Multiply a>-3a+8 bya+3. . . . . . Ans a*—a+24.
16. Multiply 2z2—3ay+y* by «*—5zy.

Ans. 22*—132%y+162%2—5z38.
. Multiply 3a+5b by 3a—5b.. . . . . . Ans. 9a*—2502,
. Multiply 2a’>—4az+22* by 3a—3x.
. : Ans. 6a®—18a%+18ax?—0xs.
. Multiply 555433® by 52°—3.. . . . . Ans, 255—0.85,
. Multiply 2a*+2a%+2ax?4-21* by 3a—3z. . Ans. Ga*—6zt,
. Multiply 3a*+3ax+32?by 2a>—2ax. . . Ans. 6a*—6ax®.
. Multiply 3a*+5ax—22* by 2a —z.
Ans. 6ul+7a*z—9arx?4-223,
. Multiply +z*+2? by 2?—1.. . . . . . . . Ans. 282’
. Multiply £’ +2y+y* by 2*—=zy+y®. . . Anps. 2'+a%y?+yh
. Multiply a*4-a*b+ab*4-0* by a—bd. . . . . Ans. a*—b.
In the following examples, let the pupil perform the multipli-
cations indicated, by multiplying together the quantities contained
in the parentheses.

P
[o ]

E ] bt
sE8s

W W
G W

26. (z—3)(z—3)(z—3). . . . . .. Ans. 22—9234-27x—- 27.
7. (x-4)(z—5)(x+4)(z+5). . . . . . Aps. 2*—41224400.
28. (a+c)(a—c)(atec)(a—c). . « . . . .. Ans. a*—2a’c*+-ct,

29. (a*+b*=-c2—ab—ac—bc)(a+b+-c). . Ans. a®+b*4-—3abde.
30. (n*4-n+1)(n*4+n+41)(n—1)(n—1). . . Ans. n®—2n%41.
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DIVISION.

ARrr. '73. Division in Algebra, is the process of finding how
often one algebraic quantity is contained in another.

Or, it may he defined thus: Iaving the product of two factors, and
one of them given, Division teaches the method of finding the other.

The number by which we divide, is called the divisor; the num-
ber to be divided, is called the dividend; the number of times the
divisor is contained in the dividend, is called the quoticnt.

Art. 74. Since Division is the reverse of Multiplication, the
quotient, multiplied by the divisor, must produce the dividend.

The usual method of indicating Division, is to write the divisor
under the dividend in the form of a fraction. Thus, to indicate

that ab is to be divided by @, we write, %. Algebraic Division,

however, is sometimes indicated, like that of whole numbers, thus,
a)ab; where a is the divisor, and ab the dividend.

NorTE 1o TEACHERS.—In solving the following examples, lct the
pupil give the reason for the answer, as in the solution to the first question.
Although the examples can be solved mentally, it will be found nmost advan-
tageous, to work them on the slate, or blackboard; as the learner, by this
means, will be preparing for the performance of more difficult operations.

1. How often is « contained in 4x? . . . . . . Ans. ‘—4;:—::4.
This solution is to be given by the pupil, thus: 4z divided by,
is equal to 4, becuuse the product of 4 by z is 4z.
2. Ilow often is a containedin 62? . . . . . . . . Ans. 6.
3. Iow often is a contained’'inad? . . . . . . . . Ans. &
4. How often is b contained in3ab? . . . . . . Ans. 3a.
5. Ilow often is a contained inabx? . . .. . . Ans. br.
6. How often is @ contained in 5abz? . . . . . . Ans. 50z
7. How often is 2 containedin4a? . . . . . . . Ans. 2¢
8. Iow often is 2a contained in 4ab?. . . . . . Ans. 20.
9. ‘Ilow often is @ contained ina?? . . . . . . . . Ans. a.
10. How often is a containedina®? . . . . . . . . Ans. a%
11. ow often is @ contained in3a?? . . . . . . Ans. 3a.
12. IIow often is ab contained in 5a%? . . . . . Ans. 5a.

REVIEW.—73. What is Algebraic Division? What is the divisor? The
dividend? The quotient? 74. To what is the product of the quotient and
the divisor equal? Why? What is the usual method of indicating divi-
sion?
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13. How often is 2a contained in 10a%?. . . . . Ans. 5a’
14. How often is 3a? contained in 12¢%? . . . . Ans. 4ab.
15. How often is 4ab? contained in 124¢%0%? . . Ans. 3a%be.
16. How often i3 2¢* contained in 6a%?

. 6a%h 6, o
Solution, G0l b=3a%.
In obtaining this quotient, we readily see,

Ist. The coéfficient of the quotient, must be such a number,
that when multiplied by £, it shall produce 6; hence, to obtain it,
we divide 6 by 2. ’

2d. The exponent of @ must be such a number, that when 2, the
exponent of « in the divisor, is added to it, the sum shall be 5;
henee, to obtain it, we must subtract 2 from 5; that is, 5—2is.
equal to 3, the exponent of @ in the quotient.

3d. The letter b, which is a factor of the dividend, but not of
the divisor, must be found in the quotient, in order that the product
of the divisor and quotient may equal the dividend.

Arr. 75, It remains to ascertain the rule for the signs.

Since --a multiplied by +b=-ab, therefore, -—I-_I_L:=+a; hence,
plus divided by plus, gives plus.

Since —a multiplied by +b=—ab, therefore, i%?= * hence,
minus divided by plus, gives minus.

Since 4-a multiplied by —b=—ab, therefore, —_—?=+a; hence,
minus divided by minus, gives plus.

Since —a multiplied by —b=--ab, therefore, i_qb—b=—~a; hence,
plus divided by minus, gives minus.

From this, we see, that in Division, like signs give plus, and
unlike signs give minus.

Hence the

RULE,
FOR DIVIDING ONE MONOMIAL BY ANOTHER.

Divide the coéflicient of the dividend, by that of the divisor; observ
ing, that like signs give plus, and unlike signs give minus.

Afler the coéfficient, write the letiers common to both divisor and
dividend, giving to cach an exponent, equal to the exeess of the expo- -
nent of the same letter in the dividend, over that in the divisor.

In the quotient, wrile the letlers with their respective exponents, that
are found in the dividend, but not in the divisor.
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N ore.—The pupil must recollect, that when a letter has no exponent
exprossed, 1 is understood ; thus, a, is the same as a'.

EXAMPLES.
17. Divide 15a%c by 8a®. . . . . . . . . . .. Ans. Sae.
18. Divide 272%* by —3xy. . . . . . .. .. Ans. -—Yzy.
19. Divide —18¢’x by —6ax. . . . . . . . . . . Ans. 3d%.
20. Divide 25abxy by Say. . . . . . . . . « « . Ans. Sz,
21. Divide a*2® by a%. . . . . . . . v e o+ . . Ans o’
22. Divide —4a’2* by 2¢%. . . . . . . o o o o Ans. —2a%z,

23. Divide —12¢%%° by —4ctxy®. . . . . . . . Ans. 3a%5
24. Divide —24a'a®y® by 4a%zyv. . . . . . . Ans. —6a2c%y.
25. Divide Bacz®fv by 3ax®ye. . . . . . . . . .Ans 2c
26. Divide —10c¢%y® by —2¢cy*v. . . . . . . . Ans. Scz’y.

27. Divide 60a’2%" by 12a%°. . . . . . « o« Ans. da’xyr.
28. Divide —18a*Pr*t® by —6a'c®®. . . . . . . Ans. 3%t
29. Divide —R28ac®®y*? by 1daz®h . . . . . Ans. —2¢%%03,

30. Divide 30ac'e's*y® by —2aex* . . . . . Ans. —15c'"

NorEe.—Although the method of operation in each of tho following ex-
amples is the same as in the preceding, they may be passed over, until the
book is reviewed.

31. Divide (x+y)* by (z+%). . . . . . . . . Ans (z+ty).
32. Divide (a+b)* by (a+0)%. . . . . . . . . . Ans. (a+d).
33. Divide (a+b)* by (a+b). . . . . . . . . .Ans (a+D)*
34. Divide 6(m+n)® by 2(m+=n). . . . . . .Ans. 3(m+n)
35. Divide a?(b+-c)* by a(b+c). . . . . . . . Ans. a(b+c).
36. Divide 6a®(x+y)® by 2ab(x+y)%. . . . . Ans. 3a(z+y).
37. Divide (z+y)(a—0)® by (a—Db). . . . Ans. (x4y)(a—0)%
38. Divide (z—y)}(m—-n)? by (x—y)*(m—n)%. . . Ans. (z—-y).

ART. 76. 1t is evident, that one monomial cannot be divided
by another, in the following cases.

1st. When the coéfficient of the dividend is not exactly divisible
by the coéfficient of the divisor.

2d. When the same literal factor has a greater exponent in the
divisor than in the dividend.

8d. When the divisor contains one or move literal factors, not
found in the dividend.

In each of these cases, the division is to be indicated by writing
the divisor under the dividend, in the form of a fraction. The

RE view.—75. When the signs of the dividend and divisor are alike,
what will be the sign of the quotient? Why? When the signs of the divi-
dend and divisor are unlike, what will be the sign of the quotient? Why?
What is the rule for dividing one monomial by another?
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fraction thus found, may often be reduced to lower terms. For
the method of doing this, see Art. 129,

Art. 77. It has been shown, in Art. 68, that any product is
multiplied, by multiplying either of its factors; hence, conversely,
any dividend will be divided, by dividing either of its factors.

4%6
2

Or, %:4)(3:12, by dividing the factor 6.

=2X6=12, by dividing the factor 4.

Thus,

DIVISION OF A POLYNOMIAL BY A MONOMIAL.

Arr. 78. Since, in multiplying a polynomial by a monomial,
we multiply each term of the multiplicand by the multiplier;
therefore, we have the following

RULE
FOR DIVIDING A POLYNOMIAL BY A MONOMIAL.

Divide each term of the dividend, by the divisor, according to the
rule for the division of monomials.

EXAMPLES.

1. Divide 6x+12y by 3. . . . . . . . . . . Ans. 2z+4y.
2. Divide 152—20bby5.. . . . . . . . . . Ans. 3z—4b.
3. Divide 21a+35b by —7.. . . . . . . . Ans.--3a—5b.
4. Divide 6ax+9Quy by 3a. . . . . . .. . .. Ans. 2x+3y.
5. Divide ab+acbya. . . . . . .. .. .. . Ans bite
6. Divide abe—acfbyac. . . « . . « . . . . . Aps. b—f
7. Divide 12ay—8ac by —4a. . . . . . . Ans. —3y42c.
8. Divide 10uz—15ay by —5a. . . . . . . Ans. —2x+3y.
9. Divide 1202—182by 6x. . . . . . . . . Ans 20—3z.
10. Divide a’0*—2al’z by ab. . . . . . « « + Auvs. ad—20%.
11. Divide 12a%c—9acx*+6ab’e by —3ac.

Ans. —4ab+3z>—20%,

. Divide 15a%%—21a%%? by 3a®c. . . . Ans. 5a®b—T7b%.
. Divide 6a®bc+2a%bc*—4 a0’ by 2a%. . Ans. 3ab+bc—2c.
Note.~-The following examples may be omitted until the book is reviewed.
14. Divide 6(a+-c)-+9(a+=z) by 3. . . Ans, 2(a+c)+3(a-}=).
15. Divide a(z+y)—10a*(x—y) by Sa. Ans. (x+y) —2a(z—y).
16. Divide a’(c+d)+-ab’(c>—d) by ab. Ans. a(c+d)+b(c*—d).
Review.—76. In what case is the exact division of one monomial by

another impossible? 78. What is the rule for dividing a polynomial by s
monomial ?

bt ek
LN
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17 Divide ac(m+n)—bc(m+n) by m+n. . . . . Ans. ac—be.
18. Divide 12(a—0)*+06c(a—0)® by 2(a—0).
. Ans. 6(a—0)+3c(a—b)%
19. Divide 2a%(x+y)*+2ac*(z+y)* by Rac(z+y)%
Ans. a(z+y)+c(z+y)t
20. Divide (m+n)(z+y)*+(m+n)(z—y)* by m+n.
Ans. (z4y)*+(xz—y)"

DIVISION OF ONE POLYNOMIAL BY ANOTHER.

ARrt. 79. To explain the method of dividing one polynomial hy
another, we may regard the lividend as a product, of which the
divisor and the quotient are tie two factors. We shall examine
the method of forming this product, and then, by a reverse opera-
tion, explain the process of division.

Multiplication, or férmatlou of & product. Division, or decomporition of a product.

a*—ab 2u*—3u’b+altia—b

_a=b a®—2ath 2a*—ab

Qud—u*b TS T
—9attap? 1st. rem. —%ﬁlé«

203 —3u*b+-ab? 24. rem.

If we multiply 2a>—abd by a—b, and arrange the terms according
to the powers of a, we shall find the product to be 2ua*—3u*b+al?.

In this multiplication we remark,

1st. Since each term in the multiplicand is multiplied by each
term in the multiplier, if no reductivn takes place in adding the
several partial products together, the number of terms in the final
product will be equal to the number produced by multiplying to-
‘gether the number of terms in the two factora. Thus, if one fac-
tor have 3 terms, and the other 2, the number of terms in the
product will be six. Frequently, however, a reduction takes place,
by which the number of terms is lessened. Thus, in the above
example, two terms being added together, there are only 3 terms
in the product.

2d. In every case of multiplication, there are two terms which
can never be united with any other. These are, first: that term
which is the product of the two terms in the factors, which contain
the highest power of the same letter; and second: the term which
is the product of the two terms in the factors, which contain the
lowest power of the same letter.

From the last principle it follows, that if the term containing
the highest power of any letter in the dividend, be divided by the
term containing the highest power of the same letterin the divisor-
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the result will be the term of the quotient containing the high-
est puwer of that letter.  1ence, if 2a® be divided by @, the result,
2a?, will be the term containing the highest power of @, in the
quotient. .

The dividend expresses the sum of the partial products of the
divisor, by the diff:rent terms of the quotient. If, then, we form
the product of the divisor by the first term, 2a? of the quotient,
and subtract it from the dividend, the remainder, —a?--ab?, will
be the sum of the otber partial products of the divisor, by the
remaining terms of the quotient.

Now, since this remainder is produced, by multiplying tke divi-
sor by the remaining terms of the quotient, it follows, as in the
method of obtaining the first term of the quotient, that if the term
containing the Aighest power of a particular letter in this remain-
der, be divided by the term containing the highest power of the
same letter in the divisor, the quotient will be the term containing
the highest power of that letter in the remaining terms of the
quotient.

Hence, if —a* he divided by a, the quotient, —ab, will be an-
other term of the quotient. Multiplying the divisor by this second
term, and subtracting, we find the second remainder is 0; hence,
the exact quotient is 2a>—ab. Ilad there been a second remain-
der, the third term of the quotient would have been obtained from
it in the same manner as the second term was obtained from the
first remainder.

Since each term of the quotient is found, by dividing that term
of the dividend containing the highest power of a particular letter,
by the term of the divisor containing the highest power of the same
letter, it is more convenient to place the terms of the dividend and
the divisor, so that the exponents of the same letter shall either
increase regularly, or diminish regularly, from the left to the right.
This is termed, arranging the dividend and divisor, with reference to
a certain letter. The letter with reference to which a quantity is
arranged, is called tke letter of arrangement.

The divisor is placed on the right of the dividend, because it is
more easily multiplied by the respective terms of the quotient, as
they are found.

From the preceding, we derive the

RULE,
FOR THE DIVISION OF ONE POLYNOMIAL BY ANOTHER.

Arrange the dividend and divisor, with reference to a certawn letter,
and place the divisor on the right of the dividend.

.
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Divide the first term of the dividend by the first term of the divisor,
the result will be the first tcrm of the quotient.  Multiply the divisor
by this term, and subtract the product from the dividend

Divide the first term of the remainder by the first term of the divi-
sor, the result will be the second term of the quotient. Multiply the
divisor by this lerm, and subtract the product from the last re-
mainder.

" Proceed in the same manner, and if you obtain O for a remainder,
the division is said to be exact.

REMARKS.—Ist. It is not absolutely necessary to arrange the dividend
and divisor with reference to a certain letter; it should always be done,
however, as a matter of convenience. -~

2d. The divisor may be placed on the left of the dividend, instead of the
right, as directed in the rule. When the divisor is a monomial, it is more
convenient to place it on the left; but, when it is a polynomial, to place it
ou the right.

3d. If there are more than two terms in the quotient, it is not necessary
to bring down any more terms of the remainder, at each successive subtrac-
tion, than have corresponding terms in the quantity to be subtracted. .

4th. It is a useful exercise for the learner, to perform the same example
in two different ways. First, by arranging the dividend and divisor, so
that tho powers of the same letter shall diminish from left to right; and,
secondly, so that the powers of the samo letter shall increase from left to
right.

5th. It is evident, that the exact division of one polynomial by another
will be impossible, when the first term of the arranged dividend is not
exactly divisible by the first term of the arranged divisor; or, when the first
term of any of the remainders is not divisible by the first term of tho
divisor.

1. Divide 6a’—13az+62* by 2a—3z.
6a'—13az+-62%|2a—3z
6a*—9ax 3a—2z Quotient.

—4azx+-62°
—dazt+62'
2. Divide 2»—3* by z—. 3. Divide a*+42® by a+z.
2—ylz—y a*+atatz
2*—zy z+y Quotient. a*+4-a% a’*—ax+2* Quot
xy—y? ' 1 —a’x+a*
zy—y? —a’x—ax?

+ax*+a?
e’ 42
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4. Divide Sa%x+5ax*+a’+2® by dax+a’+22.
a’+5a?x+5ax2+z3|aﬁ-4ax+_§’
a*+4«*x+ax? atx Quotient.'
a’x+4ax’+a®
ax+-4dax*+a®
In this example, neither divisor nor dividend being arranged
with reference to either a or «, we arrange them with reference to

a, and then proceed to perform the division.
5. Divide a’>+a*—5a*+3a® by a—a’.

Division performed, by arranging
both quantities according to the as-
cending powers of a.

a’+4-a’—5at4-3a’ja—a?
a?--a® a+2a*—3a®
+2a3—5at Quotient.
2a%>—2at
—3a*+3a®
—3a*+3a®

Division performed, by arranging
both quantities according to the de-
scending powers of a.

3a*—5a*+a*+a?—a’+a

3a*—3at —3a*+-2a'+4-a
—2(;‘_-{:; Quotient.
—2a4+2a?
— —ata
__al+al

The pupil will perceive that the two quoticnts are the same, but differently
arranged.

EXAMPLES.

6. Divide 4a®>—8ax+42* by 2a—22. . . . . . Ans. 2a——2x.
7. Divide 22?4+ 7zy+6y* by z+2y.. . . . . . Ans. 2z+3y.
8. Divide 2mz+3nz+10mn+151* by +5n. . Ans. 2m+3n.

. 9. Divide 24+ 2zxy+y*byx+y. . . . .« . .. Ams.zty. .
/ 10. Divide 8a*—8x* by 2¢*—2s% . . . . . . Ans. 4a*++4a2%
i 11. Divide ac+bc—ad—bd by a+b. Ans. c—d.
-f—l2 Divide 2438+ 5xy*+52%y by a?+4xy+3°. . . Ans. z4-y.
\ 13. Divide a*—9a*427a—27 by a—3. . . . Ans. a>—06a+49.
\ 14. Divide 4a*—5a’2*4-z* by 2a’—3ax+a®. Ans. 2a*+3azta?
\ 15. Divide #*—y* by z—y. . . . . . . Ans. a®+a’ytaxy*+y>

REview.—79. In multiplying one polynomial by another, what terms
in the product cannot be added together? How is the term of the quotient
found, which contains the highest power of any particular letter? After
obtaining the first remainder, how is the second term of the quotient found ?
What is understood by arranging the dividend and divisor with reference
to a cortain letter? What is the letter of arrangement? Why is the
divisor placed on the right of the quotient? What is the rule for the
division of one polynomial by another? When is the exact division of one
polynomial by another impossible ?

e e e s e
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16.

17.
18.
19.

20.

921,

202.

3 24.

Divide a®—0* by a®+ab+0%. . . . . . . ... Ans. a—b.
Divide 2*—*+3xy*—3uy by z—y. . . Ans. a?--Zxy+y
Divide 4x*—064 by 2z—4. . . . Ans. 2°+4x*+8c+106.

Divide a’—5a‘z+10a*2>—10a%2*+ Sazt—2° by a’—2az+ 4>,

. Anps. a®*3a*x+3ax’—a?,
Divide 4a*—25a%¢*+20as*—42* by 2a*—5ax’+22°,
Ans. 2a*+5ax*—22,
Divide *4+1 by y+1. . . . « Ans y'—y+1.
Divide 6a‘+4a’z—9a’z’——3a.t’+2.:‘ by 2a*+4-2ax—z3.
Ans. 3a*—ar—2z%.

. Divide 3a*—8a®*+3a’*+50'—3b%? by a’—b.

Ans. 3a*—5b*4-3¢.

Divide z‘—3a:‘y’+3z’y‘—y‘ by £*—3zy+3zy*—y*.
Ans. 22432y +3xy*+ 3.

- MISCELLANEOUS EXERCISES.

. 3a+5z—98c-+7d+50—3z—3d—(da+22—8e+4d)—what?

Ans. 4a—ec. ]\

. Gab—3cz+5d—ab+5cx—8d—(3ab+cx—3d)=what?
Anps. 2ab+ezx. X

. a+b—(2a—36) (5a+7b) (—13a+2b)=what?

Ans. Ta—5b. =\
. (a+b)(a+b)+(a—b)(a--b)—whnt? « « + o Ans. 2a74+20% /
. (z42)(z+2)—(x—2)(x—2z)=what?. . . . . . Ans. 4xz. -
(a’+a*+a%)(a*—1)—(a*+-a)(a*—a)=what? . . . Ans. 0.\

. (a*+ a2’ +2*)= (a’—az+2*)—(a+2)(a—2z)=what ? A. uz+222.
. (—14a®8)+(—14-an)+(l4+an)(l—an)=what? A. 24 an.
. (@®+ab—al’—b)=-(a—b)—(a—0V)(a—b)=what? Ans. 4ab.

CHAPTER II.

ALGEBRAIC THEOREMS.
DERIVED FROM MULTIPLICATION AND DIVISION.

ART. 80.—If we square a-D, that is, multiply a+b by itself,
the product will be a’4-2ab+4-b*; thus: a+d

a+b
a*+abd
+ab+d'
. a*+2ab+-b?
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But @b is the sum of the quantities, @ and b; hence
THEOREM I. .

The squure of the sum of two quantities, is equal to the square of
the first, phis twice the product of the first by the sccond, plus the
square of the secord.

EXAMPLES.

Nore.—The instructor should read each of the following examples
aloud, and require the pupil, hy applying the theorem, to write at once the
result on a slate, or blackboard. The examples may be enunciated thus:
What is the square of 2a—--b7?

1. (243)*=4+12+4-9=25..
2. (2a+b)*=4a*+4ab+d%
(3. (2+3y)=42"4-12zy4-9y*.
4. (ab+cd)’=a?*+2abed+-c*d>.
kﬁ. (2 xy ) t=at 4 2ady+x%y2
6. (2u*+3ax)’=4a*+12a%z+9a%>.
Axr. 81.—If we square a—b, that is, multiply a—b by itself,
the product will be a>—2ab-+b%. Thus: a—b
a—b
a’—ab
a4
a’—2ab{ b?
But a—b is the difference of the quantities aAanii b; hence

THEOREM 11,

The square of the difference of two quantities, is equal to the
square of the first, minus twice the product of the first by the second,
plus the square of the second.

EXAMPLES. ¢
. (6—4)=25—40416=1.
. (Ra—b)=4a>—4ab+b>.
. (Bz—Ry)?=9x*—12xy+4y2.
. (B —y) =2,
5. (ax—2?)=a’'—Rax’ ot

6. (5a*—b*)*=25a*—10a?*-+b%

Azr. 82— If we multiply a+b by 6—b5, the product will he
@*—b*. Thus: a+bd

a—b

a’*+-ab
—ab—b®

a’__bﬂ

0O A e
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But a+b represents the sum of two quantities, and a—b, their

difference ; hence,
THEOREM 1I11.

T ke product of the sumn and dlﬂ'erence of two quantities, 13 equal

to the difference of their squares.
EXAMPLES.

1. (543)(5—3)=R5—9=16=8X2.

2. (2a+0b)(2a—b)=4d’—0

3. (2z +3y)(22—3y)=42"—9.

4. (Da+40)(5a—4b)=25a*—160"

5. (a40%)(a?—V*)=at—0*.

6. (2am+-3bn)(2am—3in)=4a’m*—9l**. .

Art. 83.—If we divide a® by a5 since the rule for the exponents
requires that the exponent of the givisor should be subtracted
from that of the dividend, we have %:a“‘:a".

But, since the value of a fraction is not altered by dividing hoth
terms by the same quantity, (Art. 127), if we divide both numer

ator and denominator by a® we have £=%.

a’
Hence a ¢lz, , since each equals 1'
In the same manner by aubtractmg the exponcnts,

o

" Or, by dividing both terms by a™, 9,-‘_ !

an—m’ .

Hence, . . . . . . .. a"*"‘=‘~l——. Therefore,

THEOREM 1V,
The reciprocal of a quantity is equal to the same quantity with the
eign of ils exponent changed.
Thus, since 1_ is the reciprocal of a™ (Art. 51); _1'_".=a—"'.
am a

1

L. 1 .. .. . —m
kY H ., 3 m
Aoti sinee —-—-— is the reciprocal of « —
b c=m P ’ -

Also. . . . Za;=ab""‘; %,’.:..ambw;
2 b |
b—ab ; = i

From this we see, that any factor may be transferred from ome
term of a _fraction to the other, if, at the same time, the sign of its -
exponent be changed.

6 .
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. 8 b1,

Thus: . . . =T = o=
b L aas 1 i
Ed?—abc-d a0 a—-t

Agt. 84.—Let it be required to divide a? by a>. By the rule

2
for the exponents, (Artc 73), gz—=a"&a°; but since any quantity
f 2
is contained in itself once, g,—:] .
.. am o a™ o .
Similarly, E;_:a"“':a ; but a—"‘=l’ therefore a%=1 since each

. am
is equal to pr Hence,

THEOREM V.
Any quantity whose exponent is 0 is equal to unity.

This notation is used, when we wish to preserve the trace of a
letter, which has disappearcd in the operation of division. Thus,
if it is required to divide m?a* by mn? the quotient will be

2,,3
T—'Z:-nz"‘n“":m%ﬁ:m, since n>=1  Now, the quotient is cor-

ni
rectly expressed either by m'a’ or m, since both have the same

value. The first form is used, when it is necessary to show that »
originally entered as a factor into the dividend and divisor.

Arrt. 83.—1. If we divide a>—)? by a—b, the quotient will be
a+b.
2. If we divide a®>—b® by a—b, the quotient will be a®+ab+53.
In the same manner, we would find, by trial, that the difference
of the same powers of two quantities, is always divisible by the
difference of the quantities. The direct proof of this theorem is
as follows.
Let us divide a™—b™ by a—b.
a™—b™a—b
a™—a™ b b
B I“'“ R
=b(a™'—b™') Remainder.

In performing this division, we see that the first term of the
quotient is a™~!, and that the first remainder is b(a™'—b™1).

The remainder consists of two factors, b and a™'—b™'. Now,
it is evident, that if the second of these factors is divisible by
a—b, then will the quantity a™—0™ be divisible by a—b. Thus,
if a—b is contained ¢ times in a™1—b™), the whole quotient of
a®- b, divided by a—D, would be a™'+{-be.

n-1__¢m—1
(@ ) Quotient.
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From this, we see that 1r a™'—b™! is divisible by a—b, then
will a™~b™ be also divisible by it. That is, 1F the difference of the
same powers of two quantities is divisible by the difference of the
quantities themselves, then will the difference of the next hiyher powers
of the same quantities, be divisible by the difference of the quantities.
But we have seen, already, that a>—0? is divisible by a—b; hence,
it follows, that a®>—0® is also divisible by a—b. Then, since a®—b°
is divisible by a—b, it again follows, that a*—b* is divisible by it;
and s0 on, without limit. IIence, we have

THEOREM VI.

The drﬁbrence of the same powers of two quantities, is always
divisible by the difference of the quantities.

The quotients obtained by dividing the difference of the same
powers of two quantities, by the difference of those quantities,
follow a simple law. Thus:

(a*—b?) = (a—b)=a-+b.

(a®—0b%) =+ (a—D)=a’4-ab+-D%

(a*—b*)=- (a—b)=a’+a’b+ab’+-b%.
(a®*—0%) = (a—bd)=a‘*+-a®b+-a*b*+al®+ bt

The exponent of the first letter decreases by unity, while that
of the second increases by unity.

Art. 86.—Since a™—b™ is always divisible by a—b, if we put
—c for b, then a—b will become a--¢, and, since o™ will become
¢™, when m is even, as 2, 4, 8, &c., and —c™, when m is 0dd, as 3,
5, 7, &c., therefore, a™—b™ will become a™—c™, when m is even,
and a™4-c™, when m is odd, because a™—bm=a™—(—c™)=a™+c™;
therefore, a™—c™ is always divisible by a+4-¢, when m is even, and
a™+-c™ is always divisible by a-+c when m is odd. These truths
are exprossed in the following theorems.

THEOREM VII.

The difference of the even powers of the same degree of two quan-
tities, is always divisible by the sum of the quantities.

Thus: (a’>—b*)--(a+b)=a—d.

(a*—b*)=(a+b)=a’—a’b+-ab™—b"..
(a®—0%) = (a+-b)=ab—a*d+a’b*—a?D>+ab'—b%.

REvieEw.—S80. To what is the square of the sum of two quantities
equal? 81. To what is the square of the difference of two quantities equal ?
82. To what is the product of the sum and difference of two quantities
equal? 83. 1low may the reciprocal of any quantity be expressed? Iow
may any factor be transferred from one term of a fraction to the other?
In what other form may a™ be written? a—™? 84. What is the value of

any quantity whose exponent is zero?
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THEOREM VIII. .
The sum of the odd powers of the same degree of two gquaniities,
18 always divisible by the sum of the quantities.
Thus: (a*4b%)-+(a-+b)=a’>—ad+d%
(a®+-b%) =+ (a+b)=0a*—a®b+a*b*—abs+-bt
(a74-0") =+ (a+b)=a*—a’b+-a't*>—a®tP+a%bt . abP+4-08.

FACTORING.
FACTORS, AND DIVISORS OF ALGEBRAIC QUANTITIES.

ARrr. 87.—A divisor or measure of a quantity, is any quantity
that divides it without a remainder, or that is exactly contained
in it. Thus, 2 is a divisor of 6; and a? is a divisor or measure
of a’r.

Arr. 88.—A prime number is one which has mo divisors except
itself and unity.

A composite number, is one which has one or more divisors
besides itself and unity. '

Iience all numbers are either prime or composite; and every
composite number is the product of two or more prime numbers.

The following is a list of the prime numbers under 100:

1,2,8,5,7,11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47, 53,
59, 61, 67, 71, 73, 79, 83, 89, 97.

The composite numbers are, 4, 6, 8, 9, 10, 12, &e.

RULE,
FOR RESOLVING ANY COMPOSITE NUMBER INTO ITS PRIME FACTORS.

Dizide by any prime number that will exactly divide it; divide the
quotient again in the same manner; and so continue to ‘divide, uutil
a quoticnt is obtained, which is @ prime wumber; then, the lust quo-
tient and the several divisors, will constitute ihe prime fuactors of the
given number.

R ru A rK.—The reason of this rule is evident, from tho nature of prime
and composite numbers. It will be found most convenient to divide first
by the smallest prime number that is a factor.—See Ray’s Arithmotic, Part
I1L., FACTORING.

REVIEW.—85. By what is the difference of the same powers of two quan-
tities always divisible? 86. By what is the difference of the even powers
of the same degree of two quantities always divisible? By what is the
sum of the odd powers of the same degree of two quantities always
divisible?
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EXAMPLES.
1. The composite numhers under 100, that is, 4, 6, 8, &c.,
may be given as examples. Every pupil should learn to give the
factors of these quantities readily.

2. What are the prime factors of 105?. . . . . Ans. 3, 5, 7.

3. What are the prime factors of 210?. . . Ans. 2, 3,5, 7.

4. Resolve 4290 into its prime factors. . Ans. 2, 3, 5, 11, 13.

ART. 89.—A prime quantity, in Algebra, is one which is exactly
divisible only by itself and by unity. Thus, a, b, and b+4c are
prime quantities; while ab and ab-ac are not prime.

Art. 90.—Two quantities, like two numbers, are said to be
prime to each other, or relatively prime, when no quantity except
unity will exactly divide them both. Thus, ab and c¢d are prime
to each other.

ART. 91.—A composite number, or & composile quantity, is oue
which is the product of two or more factors, neither of which is
unity. Thus, ax is a composite quantity, of which the factors are
a and z.

REMARK.— A monomial may be a composite quantity, ag ax; and a
polynomial may not be a composite quantity, as a34-a2

ArT. 92.—To scparate a monomial into its prime factors.
RULE.

Resolve the coéfficient into its prime factors; then these, with the
literal factors of the monomials, will form the prime factors of the
given quantity. The reason of this rule is self-evident.

Find the prime factors of the following nominals:

1. 15a%ec. . . . . . . . ... ... . . Ans. 3X5.a.a.b.c.
2.2labd. . . ... .. ... .....Ans 3X7.abbd.
3.8%abc%x.. . . .. ... ... ... Ans 5X7.alb.ccxz.
4. 3%*mn. . . . . .. .. .. . . Ans. 3X13.a.a.m.m.n.

Art. 98.—To separate a polynomial into its factors, when one
of them is a monomial and the other a polynomial.

REVIEW.—87. What is the divisor of a quantity? 88. What is a prime
number? - What is a composite number? Name sev<ral of the prime num-
bers, beginning with unity. Name several of the composite numbers,
boginning with 4. What is tho rule for resolving any composite number
into its prime factors? 89. What is a prime quantity? Give an example.
90. When are two quantities primo to each other? Give an example. 1.
‘What is a composite quantity? Give an example. 92. What is the rale
for separating a monomial into its prime fuctors?
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RULE.

Divide the given quantity by the greatest monomial that will exactly
divide each of ils terms. Then the monomial divisor will be one face
tor; and the quotient the other. The reason of this rule is self+'
evident.

Separate the following expressions into factors:

-',l.x-{-ax. e e e e e e e e e e e e . . Ans z(140).
s 2.amtac.. . ... et v . Ans a{mitc)
3.0 bed. . . ... o oo v oo o .. Ans be(e+d).
4. 4246xy. . . . o v v v v o e v o o . Ans. 22(2x43y).
‘5. Bax’y+90xy*—12cx’y. . . . . Ans. 3xy(2ax+3by—4cx).
6. 5ar*—35axy+5a’y. . . . . . Ans. Sax*(1—Txy+axy)
\ 7. 148°2%y+4-21a%%*—35a%y2. . Ans. Ta*zry(2azx+3zy—5Say)

8. 6bctx—15bc*—3b%%. . . . . . . . Ans. 3bc*(2x—5¢—10).
\9. a’enfalc*m*—atem®. . . . . . . . Ans. a’em®(atc—m).

Art. 94.—To separate a quantity which is the product of two
or more polynomials, into its prime factors.,.

e
o

No general rule can be given, for this case. When the given quantity
does not consist of more than three terms, the pupil .will generally be able
to accomplish it, if he ia familiar with the theorems in the preceding section,

1st. Any trinomial can be separated into two binomial factors,
when the extremes are squares and positive, and the middle term
is twice the product of the square roots of the extremes. See
Articles 79 and 80.

Thus: a*4-2ab+b*=(a+0)(a+0).

a>—Rab-+b*=(a—bd)(a—b).

2d. Any binomial, which is the difference of two squares, cyn
be separated into two factors, one of which is the sum, and the
other the difference of the roots. See Art. 81.

Thus: a*—b*=(a+b)(a—D).

3d. When any expression consists of the difference of the
same powers of two quantities, it can be separated into at least
two factors, one of which is the difference of the quantities. See
Art. 84.

Thus: a™--d™=(a—bd)(a™'+a™% . . . . . 4ab™3+bm™7),
where a, b, and m, may be any quantities whatever.

In this case, one of the factors being the difference of the quan-
tities, the other will be found by dividing the given expression by
this difference. Thus, to find the other factor of a®—?® divide by
a—b, the quotient will be found to be a’+ab +b?; hence, @®—I?
=(a- b)(a*+ab+b?).
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In a similar manner, a®*—b*=(a—b)(a*+a*b+a*b*+al®-+b*).

4th. When any expression consists of the difference of the even
powers of two quantities, higher than the second degree, it can
be separated into at least three factors, one of which is the sum,
and another the difference of the quantities. See Articles 85
and 86.

Thus, a*—b* is exactly divisible by a-}-b, according to Article
86; and, according to Article 85, it is exactly divisible by a—b;
hence, it is exactly divisible by both a+b and a—b; and the other
factor will be found by dividing by their product. Or, it may be
eeparated into factors, according to paragraph 2d, above, thus:

a'—b*=(a*+%)(a*—b*)=(a’+b*) (a4-b) (a—D).

5th. When any expression consists of the sum of the odd pow-
ers of two quantities, it may be separated into at least two factors,
one of which is the sum of the quantities (Sec Art. 86). The
other factor will be found, by dividing the given expression by
this sum. Thus, we know that a®+0?, is exactly divisible by a+b,
and by division, we find the other factor to be a®>—al-+-0*; hence,
@+ 1P=(a+b)(a*—ad+d?).

/Sepa.rate the following expressions into their simplest factors.

1. 24+ 2axy+y2 7 9. a’b’—c“d’
/ 2. 9a*+12ab4-4b% - 10.72%=
/8. 441224922 1L
4. m*-2mn+nd. 12. *+1.
. 5. a®—2abx+-b%3. 13. &—1.
1 6. 422 —20xz4-2521. 14. 84*—271.
\ 7. —y2 15. a®405.
8. 9m*—16n2. 16. a*—0t.
ANSWERS.
1. wty)(ety). 10, ¥ata) (a2
. (3a+20)(3a+20). 11 (@97 (27— %) = («*+-b%)
. (24+3x)(2+3=). (x+0)(x—Dd),
(m—n)(m—n). 12. (y+1)(y*—y+1).

. (a—bx)(a—dz).

. (x—52)(Rx—52).
- (@+9)(z—y).

. (3m+4n)(3m—4n).
9 ab+cd)(ab—cd).

e N N )

13. (z—1)(=*+=z+1).

14. (2a—30)(44*4-6ab+9b%)

15. (a+0b) (a*—a0+a?b*—al®
+04).

16. (a*+8%) (a®—b*)=(a%+-b%) (a—D)(a?+ab+- 7).
=(a+b)(a*—ab+b*)(a—b)(a*+ab4-b%).
=(ua+0b)(a—D>)(a*—adb+-b?) (a’-«i—ab-l—b’)

=(a?—b%)(a*4-at*+-bY).
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Art. 95.—To separate a quadratic trinomial into its factors.

A quadratic trinomial is of the form, z*+axz-b, in which the
signs of the second and third terms may be either plus or minus.
When thig operation is practicable, the method of doing it, may
be learned by observing the relation that exists between two bino-
mial fuctors and their product.

1. (z+a)(x+40)=2’+(a+b)x+ab.
2. (z—a)(z—b)=z"—(a-+b)x+ab.
3. (z+a)(x—b)=a*+(a—b)z—al. .
4. (z—a)(z+0)=2"4(b—a)x—abd.

From the preceding, we see, that when the first term of & quad-
ratic trinomial is a square, with the coéfficient of its second term
equal to the sum of any two quantities, which, being multiplied
together, will produce the third term, it may be resolved into two
binomial factors by inspection.

Decompose each of the following trinomials into two binomial
factors.

LS e46. L L s Auns. (2+42)(z+3).
L@ Ta+12. 0. L L L e+ o o o o Ans (a+3)(a+4).
c2—bx4+6. .. ... ... ... . Abps (2—2)(x—3).
L2 —9z+20. . . . . . . ... . . . . ADs. (z—4) a:—5).
2 4e—6. . .. .0 000 ... LA (243)(x
a——6. . .. ... ... ... .ADs (2—3)
caHe—2. . . 0. o0 e e o e . Ans. (24R)(x —1)
2?—13z+40. . . .. ... ... .Ad‘s (z—8)(z—5).
L —Tz—8. ... ... ... . . Ans. (z—8)(z+1).
10 224-7x—18. . . . . .. .. ... .A¢ds (z49)(x—2).
11 a%—2—30. . .. ... ... ... Auns, (z—6)(z+5).

In the same manner, we may often separate other trinomials
into factors, by first taking out the monomial factor common to
each term.

Thus, Saz’—1 Oa:c—40a=5a(x’—2a:——8)=5a(x—4) (x+2).

12, 32*4+122—15. . . . . . .. .. . Ans. 3(z+5)(xz—1).

13. a’ac’—()a’x-l—Ma2 ......... Ans. o¥(z—7)(x—2).

14. 2abs>—14abz—60ab. . . . . . Ans. 2al(z—10)(z+3).

15, 2r*—4a2—30x. . . . . .. . . . Ans 2z(z—5)(z+3).

REVIEW.—93. What is the rule for separating a polynomial into its
prime factors, when one of them is a monomial, and the other a polyno-
mial? 94. When can a trinomiul be separated into two binomial factors?
What are the factors of m2{-2mn—+n2? Of ¢2—2cd+d?? When can a bi-
nomial bo separated into two binomial factors? What are the factors of
22—y?? Of 9a3—16562? What is one of the factors of a>—b2? Of a®—332
Of 4?2 What are two of tho factors of at—bt? Of af—06?

O DD U A N -
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Art, 96. —The principal use of factoring, is to shorten the
work, and simplify the results of algebraic operations. Thus,
when it is required to multiply and divide by algzebraic express-
ions, if the multiplier and divisor contain & common factor, it may
be canceled, or left out in both, without affecting the value of tho
result. Thus, if it is required to multiply any quantity by a’>—2?,
and then to divide the product by a+b, the result will be the same
as to multiply at once by a—b.

Whenever there is an opportunity of canceling common factors,

- the operations to be performed should be merely indicated, as the
common factors will then be more easily discovered. The pupil
will see the application of this principle, hy solving the following
examples.

1. Multiply a—b by 2?42xy+3?, and divide the product by z-+-y.

(a—b) @+ 2ey+57) _(a—b)(a+y)(x+)

pawy Y =(a—0)(z+y)
=ax+ay—bx—1Uy.
2. Multnply z—3 by #’—1, and divide the product by z—1, by
factoring. Ans. 2—22—3.
3. Divide z*+1 by z-+1, and multiply the quotient by 2>—1, by
factoring. Ans. 2—2%4-z—1.
4. D1v1de 6a’c —12abc{-6b% by 2ac—2be, by factoring.
Ans. 3(a—d).
5. Multiply 8az4-9ay by 4x>—93? and divide the product by
427+ 12zy+9y? by factoring. Ans. 3a(22—3y).
6. Multiply 2?—52+6 by 2?—7z+12, and divide the quotient
by 2*—6x-+9, by factoring. Ans, (x—2)(x—4).

Other examples in which the principle may be applied, will be
found in the multiplication and division of fractions.

GREATEST COMMON DIVISOR.

ART. 97.—ANY quantity that will exactly divide two or more
quantities, is called a common divisor, or common measure, of those
quantities. Thus, 2 is a common divisor of 8 and 12; and a is
a common divisor of ab and a%. .

RE ¥ ARK.—Two quantities may sometimes have more than one com-
mon divisor. Thus, 8 and 12 have two common divisors, 2 and 4.

REVIEW.—94. What is one of the factors of a34-23? What is one of
the factors of «84-y5? 95. What is a quadratic trinomial?
7
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Art. 98.—That common divisor of two quantities, which is the
greatest, Loth with regard to the coéfficients and exponents, is
called their greatest common divisor, or greatest common measure.
Thus, the greatest common divisor of 4a%cy and Ba’z*? is 2a%ry.

Art. 99.- Quautities that have a common divisor, are said to
be zommensurable; and those that have no common divisor, are
said to be incommensurable. Incommensurable quantities are also

said to be prime to each other, or relatively prime.

ARrt. 100.—To find the greatest common divisor of two or more
monomials.

1. Let it be required to find the greatest common divisor of the
two monomials, 6ad and 15a’.

By separating each quantity into its prime factors, we have
6a0=2X3abd, 15a’*c=3X5aac.

Iere we see, that 3 and a are the only factors common to both
terms; hence, both the quantities can be exactly divided, either
by 3 or @, or by their product 3a, and by no other quantity
whatever; consequently, 3a is their greatest common divisor.
Hence, the .

RULE,
FOR FINDING THE GREATEST COMMON DIVISOR OF TWO OR MORE
MONOMIALS.

Resolve the quantities into their prime factors; then, the product
of those factors that are common to each of the terms, will form the
greatest common divisor.

Nore.—The greatest common divisor of the literal parts of the guan-
tities, may generally be more ecasily found by inspection, by taking each
letter with the highest power, that is common to all the quantities.

2. Find the greatest common divisor of 4a*?®, 6a®2? and 10atz.
4a%P=2X2a*3 Here we see, that 2, a? and z are the only
0a’r’=2X3a®z* factors common to all the quantities; hence,
10a'2=2X5a*c 2a’ is the greatest common divisor.

Find the greatest common divisor of the following quantities.

3.4a%* and 10a2®. . . . . ... .......Ans2d

4, 9abS, and 120c¢%e. . . . . . . . . ..o ... Ans. 3bc.
5. 4a%0%5y% and Babc®% . . . L L L L. . .. Ans. 4a®z%y
6. 3a'y®, 6a%%P, and 9afyfz. . . . . . . ... Ans. 3a%s.
7. Baa¥yfs, 12258 and a2 . . . . . . . . . Ans, 42%?

8. Ba%y?, 12a%*5, Oa’c*yt, and 24a®%. . . . . Ans. 3a%*

Arr. 101.—To find the greatest common divisor of two poly-
nomials,

First. Let AD and BD be either two monomials, or polynomials,
of which D is a common divisor; and let AD be greater than BD,
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Divide AD by BD; then, if it gives an exact quotient, BD must
be the greatest common divisor, since no BD)AD(Q
quantity can have a divisor greater than BDQ

itself. But, if BD is not contained an exact T
number of times in AD, suppose it is con- AD—BLQ=R
tained Q times with & remainder, which may be called R. Then,
wince the remainder is found, By subtracting the product of the
divisor by the quotient, from the dividend, we have R=AD—BDQ.

Dividing both sides by D, we get %=A—BQ; But A and BQ are

each entire quantities; hence %, which is equal to their difference,

must be an entire quantity. Hence, it follows, that any common
divisor of two quantities, will always exactly divide their remainder
afier division. And, since tho greatest common divisor is @ com-
mon divisor, it follows that the greatest common divisor of twe
quantities, will always exactly divide their remainder after division.

RExARK.—In the above article, we have used two axioms, which may
be new to some pupils. They are, first: If twco equal quantities be divided
By the same quantity, their quotients will be equal. And, second: The
difference of two entire quantitice is also an entire quantity. The pupil can
easily see, that the sum, or difference of two whole numbers must also be
a whole number; and, that tho same is likewise true of two entire quan-
tities. This, and the next article will both be better understood by the
pupil, after he has studied simple equations.

ARrt. 102.—Second. Suppose, now, that it is required to find
the greatest common divisor of two polynomials, A and B, of
which A is the greater.

If we divide A by B, and there is no B)A(Q
remainder, B is, evidently, the greatest BQ
common divisor, since it can have no di- ——
visor greater than itself. A—BQ=R, lst Rem.

Dividing A by B, and calling the quo- R)B(Q
tient Q, if there is a remainder R, it is Ry
evidently less than either of the quanti- —T——==, o,
ties A and B; and, by the preceding the B—RQ=R, 2 Rem.
orcm, it is also exactly divisible by the A_BQ4R  Since the
greatestcommondivisor; hence, the great- B—RQ/+R’ dividend is
est common divisor must divide A, B, and equal to the
R, and can not be greater than R. But product of the divisor by
if R will exnctly divide B, it will also ex- the quotient, plus the re-
actly divide A, since A=BQ-+R, and will ®*inder-
be the greatest common divisor sought.
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Suppose, however, that when we divide R into B, to ascertain
if it will exactly divide it, we find that the quotient is Q', with a
remainder, R’. Now, it has been shown, that whatever exactly
divides two quantities, will divide their remainder after division;
then, since the greatest common divisor of A and B, has been
shown to divide B and R, it will also divide their remainder R,
and ean not be greater than R’. And, if R’ exactly divides R, it
will also divide B, since B=RQ'+R’; and whatever exactly divides
B and R, will also exactly divide A, since A=BQ+R; therefore,
if R’ exactly divides R, it will exactly divide both A and B, and
will be their greatest common divisor.

In the same manner, by continuing to divide the last divisor by
the last remainder, it may always be shown, that the greatest com-
mon divisor of A and B will exactly divide every new remainder,
and, of course, can not be greater than either of them. It may,
also, always be shown, as above, in the case of R’, that any
remainder, which exactly divides the preceding divisor, will also
exactly divide A and B. Then, since the greatest common divisor
of A and B can not be greater than this remainder, and, as this
remainder is a common divisor of A and B, it will be their great-
est common divisor sought.

To illustrate the same principle by numbers, let it be required
to find the greatest common divisor of 14 and 20.

If we divide 20 by 14, and there is no remain- 14)20(1

der, 14 is, evidently, the greatest common divisor, 14

since it can have no divisor greater than itself. ?)14(2
Dividing 20 by 14, we find the quotient is 1, and 12

the remainder 6, which is, necessarily, less than —2)6(3
either of the quantities, 20 and 14; and by the 6

theorem, Article 98, it is exactly divisible by their —
greatest common divisor; hence, the greatest common divisor
must divide 20, 14, and 6, and cannot be greater than 6. Now,
if 6 will exactly divide 14, it will also exactly divide 20, since
20=14+-6, and will be the greatest common divisor sought.

But when we divide 6 into 14, to ascertain if it will exactly
divide it, we find that the quotient is 2, with a remainder, 2; then,

REViEW.—95. When can a quadratic trinomial be separated into bino-
mial factors? 96. What is the principal use of factoring? 97. What is a
common divisor of two or more quantities? Give an examplo. 9S. What
is the greatest common divisor of two quantities? Give an example. 99.
When are quantities commensurable? When are quantities incommen-
surable? 100. How do you find the greatest common divisor of two or
more monomials? 101. Prove that any common divisor of two quantities
will always exactly divide their remainder, after division.
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by the preceding theorem, the greatest common divisor of 14 :nd
6 will also divide 2, and therefore, can not be greater than 2.
Now, if 2 will exactly divide 6, it will, also, exactly divide 14,
since 14=6X242; and whatever will exactly divide 6 and 14,
will also divide 20. But 2 exactly divides 6; hence it is the
greatest common divisor of 14 and 20.

ARrr. 108—When the remainders decrease to unity, or when
we arrive at a remainder which does not contain the letter of
arrangement, we conclude that there is no common divisor to the
quantities.

ArTt. 104.—If one of the quantities contains a factor not found
in the other, it may be canceled without affecting the common
divisor (sce example 3); and if both quantities contain a common
factor, it may be set aside as a factor of the common divisor; and
we may proceed to find the greatest common divisor of the other
factors of the given quantities. This is self-evident. See Ex-
ample 2.

ArTt. 105.—We may multiply either quantity, by a factor not
found in the other, without aﬁ'ectinv the greatest common divisor.

Thus, in the fraction ;—— % the greatest common divisor of the

2ab:

3abe’
two terms, is evidently ab. Ilcre, we may cancel the factors 2
and z in the numerator, or 3 and ¢ in the denominator, wit.houl:

affecting the common divisor ; for the common divisor of 5—— 3 ab , OF

of Ra ba:’ is still ab.
ab

If we multiply the dividend by 4, a factor not found in the divi-

_BOT, We lm.ve?3 Z , of which the common divisor is still ad.

In the same manner we may multiply the divisor by any factor
not found in the dividend, and the common divisor will still remain
the samo.

If, however, we multiply the numerator by 3, which is a factor

of the denominator, the result is g z , of which the greateat com-

mon divisor is 3ab, and not abd as before. Ilence, we see, that the
greatest common divisor will be changed, by multiplying one of
the quantities by a factor of the other.

REview.—102. Show, that by dividing the last divisor by the last
remainder, the greatest common divisor of two polynomials will exactly
divide both the first and second remainders after division.
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Art. 106.—In the general demonstration, Art. 101, it has been
shown, that the greatest common divisor of two quantities, also
exactly divides each of the successive remainders; hence, the pre-
ceding principles apply to the successive remainders that arise, in
the course of the operations necessary to find the greatest common
divisor. .

The preceding principles will be illustrated by some examples.

1. Find the greatest common divisor of 2*—y® and s*—a?y3.

Here the second quantity contains z* as a factor, but it is not a
factor of the first; we may, therefore, cancel it, and the second
quantity becomes x—3*. Divide the first by it.

After dividing, we find that y? is a factor of the
remainder, but not of x*—y3, the dividend. Hence,
by canceling it, the divisor becomes @—y ; then, di-
viding by this, we find there is no remainder ; there- xy—yt
fore x—y is the greatest common divisor. or, (z—y)y*

@y |z—y
22—y

RAY’S AI.GEBRA, PART FIRST.

-

Py Pyt

*—zxy (=

(z+y
Ty—y
Y=y
2. Find the greatest common divisor of #*-a%® and a*—a%x2.

The factor a2 is common to both these quantitics ;

it therefore forms part of the greatest common divi- z‘+a: Ix’i

gor, and may be taken out and reserved. Doing £—u’z (=

this, the quantities become at<{~adz and x?—a3, a’x+ab

The first quantity still contains a common factor, x, or, (z-i-a)a’

which the latter does not; canceling this, it be- g2_g2 |z4-a

comes x*-}-a®. Then, proceeding as in the first T

example, we find the greatest common divisor is z_’j:aa:_s_(x—a
—axr—a
—az—a®

o3(x+-a).

8. Find the greatest common divisor of 5a°+10a'z-+5a%' and
a*x+2a%*4-2ax -2t

Here 5a8 is a factor of the first

2.

quantity only, and x, of the second :.‘+§a:z+2f+x3_'a_+2_aﬁ4_'.za
only. Suppressing theso factors, and L‘”‘*‘“__ (a
proceeding as in the previous exam- ax’4-2*
ples, we find af= is the greatest or, (a+=x)a*
common divisor.

a'2ax+z* |at=x

a'+azx (a+=

" az+x®

azx+a?
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4. Find the greatest eommon divisor of 2a*—a’s*—6z* and
4a°+6a’c—2a’*—35.

In solving thisexample, 4a’+6a’r>—Ra%’—3x® |2a'—a%?—6z*

there are two instances in 4,5 9,8,2 19,44 (2a
which it is y to —
multiply the dividend, in 8a’z*—2a"c*+12ax'—3a®

order that the coéficientof 0T (8a*—Ra’z+12a2*—3%)x?

-the first term may be ex- )

aotly divisible by the di- 2@'—a’&’—Gct

visor. Sce Art. 105. The 4

greatest common divisor Bgt—4q2x2—244 iSa’-——Qa’x 4-12ax*—82
18 found to be 2a34-3x2. S8at—2a%x +12¢%3az (a

Ra’z—16a2?4-3ax*—24x!
4

8a’r—64a%?+12ax’—96a*(x
8ar— 2a%?4-12axr*— 3t

—620%—— 932t
or, —312*(2a*+3a?)

8a*'—2a'zr+12ax’—3z%2a%+3x?

8a* +12ax? (4a—z
—2a%—3a°
—at—31*

From the preceding demonstrations and examples, we derive the

RULE,
FOR FINDING THE GREATEST COMMON DIVISOR OF TWO POLYNOMIALS.

1st. Divide the greater polynomial by the less, and if there is no
remainder, the less quantity will be the divisor sought.

2d. If there is a remainder, divide the first divisor by it, and con-
tinue to divide the last divisor by the last remainder, until a divisor
is obtained, which leaves no remainder; this will be the greatest com-
mon divisor of the two given polynomials.

REMARKS—102. Explain the principles -used, in finding the greatest
common divisor, by finding it for the numbera 14 and 20. 103. When do
we conclude that there is no common divisor to two quantities? 104. How
is the common divisor of two quantities affected, by canceling a factor in
one of them, not found in the other? When both quantities contain a com-
mon factor, how may it be treated? 105. How is the greatest common
divisor of two quantities affected, by multiplying either of them by a factor
not found in the other? What is the rule for finding the greatest common
divisor of two polynomials? Howdo you find the greatest common divisor
of three or more quantities?
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Notes.—1. When the highest power of the leading lotter is the same
in bLoth, it is immaterial which of the quantities is made the dividend.

2. If both quantities contain a common factor, let it be set aside, as form-
ing a factor of the commou divisor, and proceed to find the greatest com.-
mon divisor of the remaining factors, as in Example 2.

3. If either quantity contains a factor not found in the other, it may he
canceled, before commencing the operation, as in Example 3. See Art. 10+,

4. Whenever it becomes necessary, the dividend may be multiplied by
any jyuantity which will render the first term exact.ly divisible by the disi-
ser. See Art. 105,

5. If, in any case, the remainder doéds not contain the leading letter, that
is, if it is independent of that letter, there is no common divisor.

6. To find the greatest common divisor of three or more quantities, firct
find the greatest common divisor of two of them; then, of that divisor and
one of the other quantities, and so on. The last divisor thus found, will be
the greatest common divisor sought.

7. Since the greatest common divisor of two or more quantities contains
all the factors common to these quantities, it may be found most easily by
separating the quantitics into factors, where this can be done, by means of
the rules in the preceding articlo.

Find the greatest common divisor of the following quantities.

5. Ha*+daxanda®—z% . . . . . v e o . . . Ans atz.
6. % —axanda®—ad. . . . .00 0 e e e e .Ans. z—a.
7. %—cxxand a®+2cx+c% ¢ v ¢ v ¢ o o . . Ans. z+te.
8. z?+2x—3 and 2*+52+6. . e ¢ o« o« o« Ans. 243,
9. 6a*+11ax+32? and 6a’+7a.1:—3:’ e « . Ans 2a+43z.
10. a*—z* and a®+a%c—az®—2% . . . . . . . . Aps a2
11. a>—5ax+4a® and a’—a’x+3az’—3a.‘ e e« . . Ans.a--z.
12. ¢’z*—a%fand >+2%2% . . . . . . . . . . Aps. 2y
18. #—2fanda®—= . ... ... ..... Aps ez

LEAST COMMON MULTIPLE.

Arr. 107.—A multiple of a quantity is that which contains it
exactly. Thus, 6 is a multiple of 2, or of 3; and 24 is a multis
ple of 2, 3, 4, &c.; also, 84%° is a multiple of 2a, of 2a?, of 2a%,
&e.; and 4(a—=)y? is a mudtiple of (a—z), of 2y, of 4y, &e.

Art. 108.—A quantity that contains two or more quantities
exactly, is a common multiple of thera. Thus, 12 is a common
multiple of 2 and 3; and 6ax is & common multiple of 2, 3, @,
and z.
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Art. 109.—The least common multiple of two or more quanti-
tics, is the least quantity that will contain themn exactly. Thus,
6 is the least common multiple of 2 and 3; and 10zy is the least
common multiple of 2x and 5y.

REMARK.—Two or more quantities can have but one least commou

multiple, while they may have an unlimited number of common multiples,

.Thus, while 6 is the least common multiple of 2 and 3, any wmultiple of 6,
for instance, 12, 18, 24, &c., will be & common multiple of these numbers,

Art. 110.—To find the least common multiple of two or more
cuantities.

It is evident, that one quantity will not contain another cxactly,
unless it contains the same prime factors. Thus, 30 does not ex- -
actly contain 14, because 30=2X3<5, and 14=2X7; the prime
factor 7, not being one of the prime factors of 30.

Art. 111.—Any quantity will contain another cxactly, if it
contains all the prime factors of that quantity. Thus, 30 con-
taing 6 exactly, because 30=2X3X5, and 6=2X3; the prime
factors 2 and 3 of the divisor, being also factors of the dividend.
Hence, in order that one quantity shall contain another exactly, it
is only necessary that it should contain all the prime factors of
that quantity. Moreover, in order that any quantity shall exactly
contain two or more quantities, it must contain all the different
prime factors of those quantities. And, to be the least quantity
that shall exactly contain them, it should contain these different
prime factors only once, and no other factors besides. Ilence,
- the least common multiple of two or more quantities, contains all the
different prime factors of these quantities once, and does not contain
any other factor.

Thus, the least common multiple of @%c and acz, is a®bcx, since
it contains all the factors in each of these quantities, and does not
contain any other factor.

‘With this principle, let us find the least common multiple of az,
bz, and abe.

alax bz abe Arranging the quantities as in the margin, we
2| 7 bz be| 5@ that a is a factor common to two of the

—————————| terms; hence it must be a factor of the least
b1 b ¥ common multiple, and we place it on the left
11 ¢ of the quantities. We then. cancel this factor
in each of the quantities in which it is found, which is done by
dividing by it. By examining the remaining factors, it is seen
that « is & common factor in the first and second terms. We then
place it on the left, and cancel it in those terms in which it is
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found. We next see, that b is a factor common to two of the quan-
tities; hience, as hefore, we place it on the left, and cancel it in
those terms in which it is found. We thus find, that a, «, b, and
¢, are all the prime factors in the given quantities ; therefore, their
product, abcz, will be the least common multiple of these quanti-
ties. IHence, the.

RULE,

FOR FINDING THE LEAST COMMON MULTIPLE OF TWO OR MORE
QUANTITIES.

1st. Amrange the quantities in a horizonial line, and divide them
by any prime factor that will divide two or more of them withgut a
remainder, and set the quotients, together with the undivided quanti-
ties, in a line bencath.

2d. Coutinue dividing as befuie, until no prime faclor, except
wnity, will divide tico or more of" the quantities, without @ remainder.

3d. Multiply the divisors and the quantities in the last line together,
and the product will be the least common multiple required.

Or, separate the given quantities into their prime factors, and then
multiply together, such of those fuclors as are necessary to form a
product that will contuin all the prime fuctors in each quantity ; this
product will be the least common multiple required.

Arr. 112.—Since the greatest common divisor of two quan-
tities, contains all the factors common to them, it follows, that if
we divide the product of two quantities, by their greatest common
divisor, the quotient will be their least common multiple. .

Find the least common multiple in each of the following ex-
amples.

1. 402 3%, and Gax®?®. . . . . . . . . . . . Ans. 12a%%3
2. 12a%32 6a®, and 822 . . . . . . . . . .Ans 24a%242
8. 6cnz? Ontz, and 12¢%0%°. . . . . . . . . . Ans. 36cnt5.
4. 15, 622, 9x%*, and 18c2® . . . . . . . . . Ans. 90cx%*.
5. Ba'z’, and 8a’(a+x). . . . . . . . Ans. 24a%2%(a+tx).
6. 4a*(a—=), and Gaxt(a’—=?). . . . . . Ans. 1%a%*(a*—a?).
7. 82 (xz—y), 3a's? and 12axy®. . . . . Ans. 24at2?y*(z—y).
8. 10a%*(z—y), 152%(z+y), and 12(x? —y?). A. 60a%5(z*—y*).

Review.—107. What is a multiple of a quantity? @ive an example
108. What is a common multiple of two or more quantities? Give an ex-
ample. 109. What is the least common multiple of two or more quantities ?
Give an example. How many common multiples may a quantity have?
110. When is one quantity not contained exactly in another? Give an ex-
ample. 111. When is one quantity contained in another exactly? Give
an example. What is necessary, in order that one quantity may exactly
contain two or more quantities ?
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CHAPTER III.

ALGEBRAIC FRACTIONS.
DEFINITIONS AND FUNDAMENTAL PROPOSITIONS.

Art. 113.—IF a unit, or whole thing, is divided into any nuw-
ber of ecqual parts, one of the parts, or any number of them, is
called a fraction.

Thus, if the line 4 B be supposed c d e
to represent one foot, and be divided A e emmms| e c—| B
into four equal parts, one of those parts, as Ac, is called one
fourth (1) ; two of them, as Ad, are called two fourths ($); and
three of them, as Ae, are called three fourths (3).

In the algebraic fraction l, if ¢=4 and 1 denotes 1 foot, then—

1 l
4

denotes one fourth of a foot. In the fraction b if a=3 a.nd

of a foot, then 2 2 represents three fourths () of a foot.

Art. 114.—Every quantity not expressed under the form of a
fraction, is called an entire algebraic quantity. Thus, axz+b is an
entire quantity.

Arr. 115.—Every quantity composed partly of an entire quan-
tity and partly of a fraction, is called a mixed quantity. Thus,

a+;, is & mixed quantity.

ARt. 116.—An dinproper algebraic fraction is one whose nu-
merator can be divided by the denominator, either with or without

& remainder. Tlms, ab , and i:_-é, are improper fractions.

Art. 117.—A smgle expression, as:%, g, or f—i, is called a simple

Jfraction. It may be either proper or improper.

REVIEW.—111. What is necessary, in order that any quantity may be
the least, that shall contain two or more quantities exactly? What fac-
tors does the least common multiple of two or more quantities contain?
What is the rule for finding the least common multiple of two or more
quantities? How may the least common multiple of two or more quantities
be found, by separating them into factors? 112. If the product of two
quantities be divided by their greatest common divisor, what will the quo-
tient be? 113. What is a fraction? 114. What is an entire algebraic
quantity? €ive an example. 115. What is a mixed quantity? Givean
example. 116. What is an improper algebraic fraction? @ive an example,
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. . 1 .2 m ,a .
. Art. 118.—A fraction of a fraction, as ‘ZOf 3 or W of ¥ is
called a compound fraction.
Anrrt. 119.—When a fraction has a fraction, either in its numera-

tor, or in its denominator, or in both of them, it is called a complex

21 3! a,—i-é> a+é
. 292 “Te c .
Jraction.  Thus, T T I and o are complex fractions.
23 e+;;

Arr. 120.—Algebraic fractions are represented in the same
maimer as common fractions in Arithmetic. The number or
quantity below the line, is called the denominalor, because it de-
nominates, or shows the number of parts into which the unit is
divided ; and the number or quantity above the line, is called the
numeralor, because it numbers, or shows how many parts are taken.

Thus, in the fraction, £, the denominator, 4, shows, that the unit
(for instance, 1 foot,) is divided into 4 equal parts, and the nume-
rator, 3, shows, that 3 of these parts are taken.. Again, in the

fraction :—", the denominator ¢, shows, that a unit is divided into ¢

squal parts, and @ shows, that a of these pa;rts are taken.

The numerator and denominator, are called the terms of a
fraction.

Art. 121.—In the preceding definitions of numerator and de-
nominator, reference is had to a unit only. This is the simplest
method of considering a fraction; but there is another point of
view, in which it is proper to examine it. :

If it be required to divide 3 apples equally, between 4 boys, it
can be effected, by dividing each of the 3 apples into 4 equal
parts, and then giving to each boy 3 of those parts, expressed by
§. Now, the parts being equal to each other in size, it will be the
eame, for an individual to receive 3 parts from 1 apple, or 1 part
from each of the 3 apples; that is, § of one apple, is the same as
1 of 3 apples; or, § of 1 unit, is the same as 4 of 3 units. Thus,
% may be regarded ns expressing two fifths of one thing, or one

" fifth of two things.

REVIEW.—117. What is a simple fraction? Give an example. 118,
What is a compound fraction? Give an example. 119. Whatisa complex
fraction? Give an example. 120. In Algebraic Fractions, what is ths
quantity below the line called? Why? Above the line? Why? Qive
an example. What do you understand by the terms of a fraction?
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So, —:ﬁ is either the fraction 1_1} of one unit taken m times, or it

18 the nth of n units. Ilence, the numerator may be regarded, as
showing the number of units to be divided ; and the denominator,
a8 showing the divisor, or what part is taken from each.
Note 1o TEACHERS.—Although it is important that the pupil should
* be perfectly familiar with the principles contained in the following proposi-
tions, the demonstrations may be omitted, especially by the younger cliss
of pupils, until the book is reviewed.

PROPOSITION I.
Arr. 122.—If we multiply the numerator of a fraction, without
changing the denominator, the value of the fraction is increased as
many times as there are units in the multiplier.

If we multiply the numerator of the fraction 3 by 3. without
changing the denominator, we get $. Thus:
2%X3_6
7 "7
Now, 2 and § have the same denominator, and, therefore ex-
press parts of the same size; but the second fraction, §, has three
times as large a numerator as the first, %; it ther cfore expresses
three times as many of those equal parts as the first, and is, con-
sequently, three times as large. And the same may be shown of
any fraction whatever.

PROPOSITION II.
Arrt. 123. —If we divide the numerator of a fraction, without
changing the denominator, the value of the fraction is diminished,
as many times as there are units in the divisor.

If we take the fraction £, and divide the numerator by 2, with-
out changing the denominator, we get . Thus:
42 2
5 75
Now, # and # have the same denominator, and, therefore, ex-
press purts of the same size; but the numerator of the second
fraction,. 3 %, is only one half as large as the numerator of the first,
4; it therefore expresses only one half as many of those equal
parts as the first, and is, consequently, only one half as large.
~And the same may be shown of other fractions.

RevIEW.—121. In what two different points of view may every fraction
be regarded? Give examples. 122. How is the value of a fraction affected
by multiplying the numerator only? How is this proposition proved? 123.
How is the value of a fraction affected by dividing the numerator only ?
How is thie proposition proved ?
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PROPOSITION III.

Arrt. 124.—If we multiply the denominator of a fraction, with-
out changing the numerator, the value of the fraction is diminished,
a8 many times as there are units in the multiplier.

If we take the fraction §, and multiply the denominator by 2,
without changing the numerator, we get §. Thus:

3 3
4x278

Now, each of the fractions, § and §, have the same numerator,
and, therefore, express the same number of parts; but, in the
second, the parts are only one half the size of those in the first:
consequently, the whole value of the second ftraction, is only one
half that of the first. And the same may be shown of any frac-

tion whatever.
PROPOSITION 1V.

ArTt. 123.—If we divide the denominator of a fraction, without
changing the numeralor, the value of the fraction is increased as
many times as there are units in the divisor.

If we take the fraction %, and divide the demominator by 3,
without changing the numergtor, we get 3. Thus:
D 0

9+3 3
Now, each of the fractions, Z and %, have the same numerator,
and, therefore, express the same number of parts; but, in the
second, the parts are three times the size of those of the first;
consequently, the whole value of the second fraction is three times
that of the first. And the same may be shown of other fractions.

PROPOSITION V.

Art. 128.—Multiplying both terms of a fraction by the same
number or quantity, chanyes the form of the fraction, but does not
alter its value.

If we multiply the numerator of a fraction by any number, its
value (by Prop. I.) is increased, as many times as there are units
in the multiplier; and, if we multiply the denominator, the value
(by Prop. I11.) is decrcased, as many times as there are units in
the multiplier. Ilence, if both terms of a fraction are multiplied
by the same number, the increase from multiplying the numerator,

ReviEW.—124. How is the value of a fraction affected by multiplying
only the denominator? Hew is this proposition proved? 125. How is the
value of a fraction affected by dividing the denominator only? How is this
proposition proved ? 126. How is the value of a fraction affected by mul-
tiplying both terms by the samo quantity? Why?
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is equal to the decrease from multiplying the denominator; con-
sequently, the value remains unchanged.

PROPOSITION VI.

Art, 129.—Dividing both terms of a fraction by the same num-
ber or quantity, changes the form of the fraction, but does not alter
its value.

If we divide the numerator of a fraction by any number, its
value (by Prop. IL) is decreased, as many times as there are units
in the divisor; and if we divide the denominator, the value (by
Prop. IV.) is tncreased, as many times as there are units in the
divisor. Ience, if both terms of a fraction are divided by the
same number, the decrease from dividing the numerator is equal
to the increase from dividing the denominator; consequently, the
value remains unchanged.

CASE I.
TO REDUCE A FRACTION TO ITS LOWEST TERMS.
Art. 128.—Since the value of a fraction is not changed by

dividing both terms by the same quantity (See Art. 127), we have

the following RULE

Divide both terms by their greatest common divisor.
Or, Resolve the numeralor and denominator into their prime fao-
tors, and then cancel those factors common to both terms.

R E M ARK.—The last rule will be found wmost convenient, when one or
both terms are monomials.

2
1. Reduce dab to its lowest terms.
6bx?

4ab® _ 2abX2b_Rab
T Bba? T 3atX2b 327
Reduce the following fractions to their lowest terms.

Ans.

2. e L2 ane 22
3. g%:g. . « . . Ans %z 7. ’1%{%& Ans. iﬁ?—‘iz-_c'
4. S‘ff_% Ans. %? 8. 2LEAT  pne. etl,
5. %2—:7 . . . Ans. % 9. gaa—zcb—i:%. . Ans. gs.

Review.—127. How is the value of a fraction affected by dividing both-
terms by the same quantity? Why? 128. How do you reduce a fraction
to its lowest terms?
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H56r%y Tz
10. §~1’.C"'_l/—10,tyz e e e e s s e e e e s s o Ans. 3?_?1,
6ac 1
l li ‘lm—m' * o o o e * o o o ¢ s o Anﬂ. mz.:
12 _]:l,r"’//—-l Sary? 2.1:——{11{
St vy SN NI S 3y

Nore.—In the preceding examples, the greatest common divisor in each
is a monomial; in those which follow, it is & polynomial; but, by separating
the quantities into factors, or by the rule (Art. 106,) the greatest common
divisor is readily found.

3a® —3ab? .. ‘
* 5abiEp This is equal to
3a(2’—1?) _3a(a+b)(a—b) _3a(a—b)
56(atb) . 5bat+d) 56
32—24z+ 9 3 a’+-b* 1
14. '42‘_—322_*_—1;2. Ans. '4. 19. a‘_b‘. Ans. a’—b"
Sa*+Hax 5a z'—y? zt+y
15. '—¢?—_-:;‘—-. Ans. t-l:;. 20: z_“—Q_.cy-i-y" Ans, Z—y‘
n—2n+1 n—1 B—ax? F
16. nz_—_l—- An m 21. mﬁ. Ans. z—_&.
14a*—7ad 7a 2r—06z 2z
17. m-_—s—b;. Ans 50_ 22. m. Ana. ;——FTZ'
Bs—axy? x 224+2x—15 —3
18. ;‘__y‘ 8. m 23. W&I_Hg. ADS. m.

Art. 129.—Exercises in Division (See Art. 76,) in which the
quotient is a fraction, and capable of being reduced to lower terms.
S5z

1. Divide 52’y by 3xy® . . . . . . . . . . .. Ans 3
2. Divide 15a%% by 25a%¢.. . . . . . . . . . Ans. ?,—2‘
3. Divide 25abe by 5ac®. . . . . . . . . ... Ans '-"c”
4. Divide amn*byam®a. . . . . . . . ... Ang. a_?n'

In a similar manner, when one polynomial can not be exactly divided by
another, the division may be indicated, and the result reduced to its most
simple form. 5

.. : z
5. Divide 25a2? by 5aa®—Saxy. . . . . . . . Ans =
1

. . Ans. 5

zy

a

6. Divide 3m*+3n® by 15m*4-15a%. . . . . . .
‘7. Divide 2®y*+=z%* by ax’yt-axy®. . . . . . . .

. Ans.
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8. Divide 4a-+4b by 24*~28 . . . . . . .. Ans —>.
a—b

. . o3 . n?
9. Divide n*—2n*byn*—4n+4. . . . . . .. .Ans.u_2.
10. Divide 242:—3 by #4+52+6. . . . . . . . Ans. :—E—;

CASE 11.
TO REDUCE A FRACTION TO AN ENTIRE OR MIXED QUANTITY.

Agrt. 180.~-Since the numerator of the fraction may be re-
garded as a dividend, and the denominator as a divisor, this is
merely a case of division. Hence, the

RULE.

Divide the numerator by the denominator, for the entire part, and,
if there be a remainder, place it over the denominator for the frac-
tional part.

Norx.—The fractional part should be reduced to its lowest terms.
Sax+0b*

1. Reduce g too mixed quantity.
3az4b* o O
— — =da+_.. Ans,

B;adueo the following fractions to entire or mixed quantities.

2. B Ans. 540,
8.9 ... Amed
] ,
4.aa-*_-:’................Ans.a+x+£.
5. 252 . A2l
B.E’Zi——:—a........../.... Ans.a—z+$.
7. 2T A2
B.G:iaz.....v .........{Lns.a—ﬁ.
9. a'-l;:'.:a:‘ e e e e o e o Ans. a’—-aa:-l—x’:- -a"%.
10'&%‘—_%& ............  Ane.34+- 3
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CASE III.
TO REDUCE A MIXED QUANTITY TO THE FORM OF A FRACTION.

Agr. 181.—1. In 2} how many thirds?
In 1 unit there are 3 thirds; hence, in 2 units, there are twice
as many, that is, 6; then, 8 thirds plus 1 third, are equal to 7

thirds; that is, 2 are equal to . In the same manner, a+z is

equal to —+— which is equal to —— +b

Hence, the
RULE,

FOR REDUCING A MIXED QUANTITY TO THE FORM OF A FRACTION.

Multiply the entire part by the denominalor of the fraction; then
add the numerator with its proper sign to the product, and place the
result over the denominator.

R EMARK.—Cases II. and IIL., are the reverse of, and mutually prove
each other.

Before proceeding further, it is important for the learner to
consider

THE SIGNS OF FRACTIONS.

Art. 132.—1It has been already stated (See Art. 121,) that in
every fraction the numerator is a dividend, the denominator a
divisor, and the value of the fraction the quotient. The signs pre-
fixed to the terms of a fraction, affect only those terms; and the
sign placed before a fraction, affects its whole value. Thus, in the

2 p3

fraction — a___x +Z , the sign of @? the first term of the numerator,
is plus; of the second, 3% minus; while the sign of each term of
the denominator, is plus. But the sign of the fraction, taken as
a whole, is minus.

By the rule for the signs in Division, Art. 75, we have

+ab
Fa

Bat, if we change the sign of the numerator, we have T[.'a_b:—b'

+b or, changing the signs of both terms, j—;——-}-b

And, if we change the sign of the denominator, we have -_'-—:b=—b.

Hence, the signs of both terms of a fraction may be changed,
without altering its value, or changing its sign; but, if the sign of
either term of a fraction be changed, and not that qf the other, the
gign of the fraction will be changed.



REDUCTION OF FRACTIONS. o1

From this, it also follows, that the signs of either term of a frac-
tion may be changed, without allering its value, if the sign of the
Sraction be changed at the same time.
az—z' _~ ax—a® 2'—az

Thus . . . . .
c . —c )
And, . . . a—q—;’i=a a;__:=a+T.
’ EXAMPLES.
1. Reduce 3a+ax:a to a fractional form.
3a=§gf a.nd3-:—r Jra:t;':—a_3aat-}-a:r:‘r:-—a, 4a:;-—a' Ans.

2. Reduce 4a,—a3;cb to a fractional form.

_12ac 12ac a—b 12ac—(a—b) 12ac—a-+b

4a =3 ™3 T3 3¢ - 3¢ Ans,

RExARK.—In solving this example, the learner should observe, that

?;cb is to be subtracted from 4a. We reduce 4a to a quantity whose de-
nominator is 3¢c; then make the subtraction, and write the result over the
common denominator, 3c.
Reduce the following quantities to improper fractions.
a—b 10cz+a—0
. o e v e e v e e s e e e e Ans ———.
3. 5et 22 2

a—b 10cz—a+b
4.5c——g...............Ans.—ﬂ-—.

c—d v ' 3z +c—d
53z+zy ] s p

—_ 2
-5 e. e o Ans. 112°+5

6.3:0—53............ 55
3a—y? ' 39y*4+-3a

7.8 e e e e s e e e s e e s s s Ans.———
y+ 5y x’s2 5yz

8'x+y+z_-tg;' e e e e Ans.-—%ﬁz.

1—2 2P—z
9.z--l+1—+—z.................Ans.m.

REview.—130. How do you reduce a fraction to an entire or mixed
quantity? 131. How do you reduce a mixed quantity to the form of a
fraction? 132. What do the signs prefixed to the terms of a fraction
affect? What does the sign placed before the whole fraction, affect? What
effect does it have upon the value of a fraction, or upon its sign, to change
the signs of both terms ? To change the sign or signs of one term, and not
of the other? To change the sign of the fraction, and one of its terms?
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. 4y—10x—52
102_3:_-{—-—-5"""'.....AM' 2x+z.
11.3-250—6................Ans.5cg45.
12.3@:-“—”":"&. vl . Am 2EHE

x
a+x’ 2a?
l3.¢++ o----.o.c.poo-hﬂoH.

l4.xy’—x’—y’;——y'.............--..Ans.'g

a-{-x‘ . 2t
15 ,+x’ e o o o 0 0 8 0 0 0 » Ans, —m
2 2__| 2__
16. a—4+“+"x5 Ans2:+z5
atat P
17. a*—a%+az*—a®— otz ottt . Ans, “ate
CASE 1V,

TO REDUCE FRACTIONS OF DIFFERENT DENOMINATORS TO EQUIVALENT
FRACTIONS, HAVING A COMMON DENOMINATOR.

Art, 188.—1. Reduce % and f—i to a common denominator.

If we multiply both terms of the first fraction, %, by d, the de-

a a)(d ad, .
nominator of the second, we shall have > 5= bX id and, if we

multiply both terms of the second fraction, < P by b, the denomina-~

¢_cxb_be
d dxb ud

In this solution we observe; first, the values of the fractions
are not changed, since, in each fraction, both terms are multiplied
by the same qua.ntity, and, second, the denominators in each
must be the same, since they consist of the product of the same
quantities.

tor of the first, we shall have -

a b ¢ .
2. Reduce o and 7 to a common denominator.

Here, we are at liberty to multiply both terms of each fraction,
by the same quantity, since this (See Art. 126) will not change
its value. Now, if we multiply both terms of each fraction, by
the denominators of the other two fractions, the new denomina-
tors in each will be the same, since, in each case, they will consist
of the product of the same factors, that is, of all the denominators.

A
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Thus,. . . . ... .»a)(n)(r__ln_r
mXnXr mnr
EXmXr_bmr
aXmXr mnr
g_)(m)(n_ﬁzlz
rXmXn~ mnr
It is evident, that the value of each fraction is not changed, and
that they have the same denominators. Ience, the

RULE,
FOR REDUCING FRACTIONS TO A COMMON DENOMINATOR.
Multiply both terms of each fraction by the product of all the
denominators, except its own.

~ RxEmarx.—S8ince each denominator of the new fractions, will consist
of the product of all the denominators of the given fractions, it is unneo-
essary to perform the same multiplication more than once.

EXAMPLES.

Reduce the following fractions, in each example, to others,
having a common denominator.

ac 1 . 2ad 2be bd
3. 5, E, and §. e et e s e e e e . Ans '2—ba, m, and 553'
4.f,andx+-—a. e et e e e e e e e . Ans.ci,andx—yj_ﬂ.
g3 ) 8b 9bcy 12 clyQ
a =y ) Jadb 2ex—1<y
5.3 pamd =5 - oo .. Ane o papnd T
2z 3z 10zz 9xy 15ay2z
6. 3—11, 5_5’ anda. . ... .. . Ans m;, 1—5.1/;, an —l?yz—'
7. g,f,a.nd"—/. e e e e e e e Ans.ﬂ/f,—x—zz—,an y—’.
zy z xyz ayz xYz
1 22 42 3z+3z 2224232 6z°+62*
8.y god o - A g Gave: ™ e
zty o~y 42y +y* o 2P—Ray
9- r, lﬁd x—_i-_?. « s e » A.ns. P T and zz_y, .
3b ac 3b cd 5¢
10. a, ?, d, and5. . . . ... .. Ans ?, ?, —c‘, and ?.

REvIe w.—=133. How do you reduce fractions of different denominators
to equivalent fractions having the same denominator? Why is the value
of each fraction not changed by this process? Why does this process give
0 each fraction the same demominater ?
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2d. Divide the least common multiple, by the first of the given
denominators, and mulliply the quotient by the first of the given
numerators; the product will be the first of the required mumerators.

3d. Proceed, in a mmdar munner, to find eack of the other
numeralors.

Nore.—Each fraction should be in its lowest terms, before commencing
the operation.

Reduce the following fractions, in each example, to equivalent
fractions, having the least common denominator.

g 22 3z a5 5. dad 18tz 4 ey
“ 3o @ ¥ 6oa 0 AT Ehed Goed ™ Gied
3. ™ ® and—r- Yledm _acdn_ q v
@ e 2’ aved M aied
4, TV Y z:—{-y_: . . Ans. (H"JZ, (70‘—7/2 and X7

z—y =ty &y F—y'’ xt—y a—y!

Other exercises will be found in the addition of fractions.

" Nore.—The two following Articles depend on the same principle as the
two preceding, and are, therefore, introduced here. They will both be
found of frequent use, particularly in completing the square, in the solution
of equations of the second degreo.

Arr. 135.—To reduce an entire quantity to the form of a frac-
tion having a given denominator.

1. Let it be required to reduce a to a fraction havmg b for its
denominator.

Since-any quantity may be reduced to the form of a fraction,

by writing 1 beneath it, a is the samé as ‘—ll; if we multiply both
terms by b, which will not change its value (See Art. 126), we

have 2 for the required fraction. Hence, the

=%
1%’
RULE,

FOR REDUCING AN ENTIRE QUANTITY TO THE FORM OF A FRACTION
HAVING A GIVEN DENOMINATOR.

Multiply the entire quantity by the given denominator, and wrile
the product over it.
EXAMPLES.
2. Reduce « to a fraction, whose denominator is 4.  Ans. E:
3. Reduce m to a fraction, whose denominator is 9a2.
Ans 9a’m
: N
REvIEW.—134. How do you reduce fractions of different denominators
to equivalent fractions, having the least common demominator?
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4. Reduce 8c+5 to a fraction whose denominator is 16¢*
ns 48c*+-80c*
CTTea
5. Reduce a-b to a fraction, whose denominator is-a?—2al—+-b2.
Ans a*—3a’h+3ab’—b*  (a—b)?
) a*—2ab+b* (a—b)*
Art. 136.—To convert a fraction to an equivalent one, having
a denominator equal to some multiple of the denominator of the

given fraction.

a, . . .
1. Reduce ploa fraction, whose denominator is be.

1t is evident, that the terms must be multiplied by the same
quantity, so as not to change the value of the fraction. It isthen
required to find, what the denominator, b, must be multiplied by,
that the product shall become bc; but, it is evident, this malti-
ple will be found, by dividing bc by b, which gives the quotient, c.

Then, multiplying both terms of the fraction 2 by ¢, the result is

:—ﬁ-, which is equal to the given fraction o ¥ and has, for its denom~
inator bc. Hence, the
RULE,
FOR CONVERTING A FRACTION TO AN EQUIVALENT ONE, HAVING A
GIVEN DENOMINATOR.

Divide the given denominator by the denominator of the given
JSraction, and multiply both terms by the quotient.

R xu A RK.—This rule is perfectly general, but it is never applied, excopt
where the required denominator is a multiple of tho given one. In other
onses, it would produce a complex fraction. Thus, if it is required to con-

vert § into an equivalent fraction, whose denominator is 5, the numerator
of the new fraction would be 23.

2. Convert 3 to an eqmvalent fraction, having the denomina-

6 12
tor 1 Ans. 6
3. Convert 2 to an equivalent fraction, having the denomina-
3 . 3a
tor 9. © Ans, 9
4. Convert g tq an equivalent fraction, having the denomina-

2
tor @’ Ans. g;f;c.

Revinw.—134. If each fraction is not in its lowest terms, before com-
mencing the operation, what is to be done? 135. How do you reduce an
entire quantity to the form ¢f a fraction baving a given denomiuator?
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5. Convert ‘—+— to an equivalent fraction, having the denoml-

_mn
m—2mntnT
6. Convert ;— to an equivalent fraction, having the denomi-
nator a’(b+c)’b+ Ans, ———% @(b+c) .
CASE V. “a}(b+c)

ADDITION AND SUBTRACTION OF FRACTIONS.

Arr. 137.—1. Let it be required to find the sum of § and §.

Here, both parts being of the same kind, that iy, fifths, we may
add them together, and the sum is 6 fifths, (§).

2. Let it be required to find the sum of % and -mk

Here, the parts being of the same kind, that is, mths, we may,
a8 in the first case, add the numerators, and write the result over
the common denominator.

b a+d

a
Thus,. PR R TR SR ;;"‘;:T.

3. Again, let it be required to find the sum of % and :

Here, the parts not being of the same kind, that is, the denom-
inators being different, we can not add the numerators together,
and call them by the same name. We may, however, reduce them
to a common denominator, and then add them together.

nator m’-—2mn+n’ Ans.

an c cm an cm ant+cm
Thus, 2=, C_™ ppq 80, cm_antom
m mn n mn mn mn mn
Hence, the
RULE

FOR THE ADDITION OF FRACTIONS.

Reduce the fractions, if necessary, to a common denominator ;
add the numerators together, and place their sum over the common
denominator.

Arr. 138.—Itis obvious, that the same principles would apply,
if it were required to find the difference between two fractions;
that is, if their denominators were the same, the numerators might
be subtracted; but, if their denominators were different, it would
be necessary to reduce them to the same denominator, before per-
forming the subtraction. Hence, the

RULE,
FOR THE SUBTRACTION OF FRACTIONS.

Reduce the fractions, if necessary, to a common denominator;
then subtract the numerator of the fraction to be subtracted from the
numeralor of the other, and place the remainder over the common
denominator.
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KEXAMPLES IN ADDITION OF FRACTIONS.

4 Add g, g, and :‘3’ together. . . . . e e e .. Ans.a
2'3
10
bc+ac+ab

T x x
5. Add 3,;),and6together.. e e e s e e o o . Ans.

6 Add 1, }’, andi—together.. v« . Ans

7. Add Q’ ﬁ’ and -ztogether. e s o e s . Ans w

12
3z 4z 5z 143z
8. Add — o and — 3 together. . . Ans. 60" -—2:c+ 60"

9. Add a::;y and 2ytogcther. e v e e e v .. Ansaz
1 1  2a
10. Add — andz:—btogether. e e e e .Ans.—b;

a+b °
z y 2ty
11. Add praw and —!;together. « e o o o o Ans. o

12. Add 232,32 14 2 together. . . Ans. l—w.
6 3ay

Y ay
ad b_c,and—together. e+ «.. AnsO.
1 z 1

ab’ be
T 1= ,and 1+ together. . . . . Ans. 1=
When entire quuntmes and fractions are to be added together,
they may be connected by the sign of addition, or the entire quan-
tities and the fractions may be reduced to & common denominator,
and the addition then performed

13. Add

14. Add

15. Add 2z, 324 5 and 4% together. . ! Ans. 82450

16. Add 5::+T and 4:&:—2—§ together.

Sz
Ans. 9z+-5z.—_115‘f—i-9
~ 2a 3a 2z
17. Add 3-[-;, 5— , and ‘7+——- together.
Ans, 15— -%—"
a+b a—b 4a?
18. Add pRRs , and 2 together. . . . . . . Ans. P 3

Review.—138. How do you convert a fraction to an equivalent one,
having a given denominator? Explain the operation by an example. 137,
When fractions have the same denominator, how do you add them together?
When fractions have different denominatcrs, how do you add them together?
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EXAMPLES IN SUBTRACTION OF FRACTIONS.

l.Fromgtakeg..... ...... e e Ans.g
3x 2z x
2. From Z take '3— ..... e o e« o o o s o o @ Ans. 1—2
I e
2ax Sax 1llaz
4. From —g* take —2-. e o @ o o “ e o o Ans.—--—G—
3 5 3z—10a
5. From 4_0 take Q.? « o 8 o 6 o s e e o ® Ans. _4";—
. 3a 4z 9a’>—16a?
6. From@takeﬁz. e o o s s s e o o @ .Ana.. -—1271——.
7. From “ 1Y take 2, . . . . e e o s oo o Ans :lxy_’
—Y z+y =y
8 mea+axmkea’;a§” e e e Ans2azz+2;lz§,
%ats, . Bers “I2h
a+b a—b b—a
9. From Be take Te « o e o o o o o o @ A.I!S. —3~5c—
10. From 52+ take 20—2=2. . . . Ans, 822X L
1 1 26
ll. From aTb take ;—f-_b. s o o o 8 o s o e o Ans. Etb—r
2, 2
12. From a-+b take %+%. e e .Ana.ab+azb a—b
13.F&omi'—ty‘—take£—_i'........ Ans%—y——l_%cy—’
=y, ;+y’ z’—i' \
+a —a ‘ a
14. From T_—a—, take m;. « s o e o v o o Ans. 'l—__—a—‘.
2(a*+0?) a—b a+b
15. Fl'om b take a—'*'-.b. e e e o o o s o . Ans m.
1 z—2 3
16. me;ﬁ take m. T R S S A Ans, mn
. 1 2 2—22+3 .
17. From z+a—=_—l take ;‘T’T. e e e e o o cAns, T—T—.
. 2_
18. From 2a—32+ 2% take a—5c+2-%. A.a+2e+2 2,
19. From a+x+ :c’-i 7 take a—x-{-;_—}_—y. . Ans 2z4 z’—{ s

REVIEW.—138. If two fractions have the same denominator, how do
you find their difference? When two fractions have different denominators,

how do you find their difference?
826647 A
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CABE VI,
TO MULTIPLY ONE FRACTIONAL QUANTITY BY ANOTHER.

Art. 139.—To multiply a fraction by an entire quantity, or
an entire quantity by a fraction.

It is evident, from Prop. I., Art. 122, that in multiplying the
aumerator of a fraction by an entire quantity, the fraction is
increased as many times as there are units in the multiplier.

Thus, g taken twice, is 2{; and taken m times, is %

Again, when two quantities are to be multiplied together,
either may be made the multiplier (Art. 67); to multiply 4 by %,

is the same as to multiply # by 4. Or, to multiply m by %, is the
same as to multiply % by m. Hence, the

RULE,

FOR THE MULTIPLICATION OF A FRACTION BY AN mlkl QUANTITY,
OR OF AN ENTIRE QUANTITY BY A FRACTION.

Multiply the numerator by the entire quantity, and write the pro-
duct over the denominator.

Since (See Art. 125,) dividing the denominator of a fraction
increases the value of the fraction, as many times as there are
anits in the divisor, it is evident, that any fraction will be multi-
plied by an entire quantity, if the denominator of the fraction be
divided by the entire quantity. Thus, in multiplying § by 2, we
may divide the denominator by 2, and the result will be §, which
is the same as to multiply by 2, and reduce the resulting fraction
to its lowest terms. Ience, in mulliplying a fraction and an entire
quantity together, we should always divide the denominatorof the frac-
tion by the entire quantity, when it can be done without a remainder.

RE ¥ AR K.—The expression, “ What is two thirds of 6 ?” has the same
mepning, as “ What is the product of 6 multiplied by $?”” The reason of
the rule for the multiplication of an entire quantity by a fraction, may be

shown otherwise, thus: one third of a is %; two thirds is twice as much as
one third, that is, two thirds of a is 2a, Also, :—. of a isg, and the :—:pm
ma 8
of ais —,
n
‘REvVIEW.—139. How do you multiply a fraction by an entire quantity,
or an entire quantity by & fraction? When the denominator of the frac-

tion is a multiple of the entire quantity, what is the shortest method of
finding their product?
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EXAMPLES. '
A) 24
L. Multiply 2 byad. . . . .. . .. co. An T
2. Multiply iby.'sy. e e e e e m_‘.’f_’/‘:';ﬂ
3. Multiply 22° +° Byb—e. ... ... .. Am 227
4.Mnltxply3 AL oA T
5. Mulhplya—2bby£c_§ .. Ans. 4%18%.
— LV 3.3
6. Multiply a—p by c 2, Ans. 316—31'2%’:‘—@.
7. Multxply bte byate.. . .. .. mab+a;ifc+c1
. — e e e
9. Multiply 2“+3"' byab. . ...... Ans %a—:”f.
. 5bc 3tz 5bc+3ba
10. Mulhply wz'—yil'w by w- o o o Anl.sT—i;x‘—;
e abe b
11 Multiply gr—g by &% - . . . . Ans.s(:,_c_y,)
. Multiply —221% . .. .Ans 2=t
12. Multiply 1@t (@) by 2(a—b) Ans. Iatb)

5c+4d
a—b)(c*—d?)
14. Multiply gby v e Ans. %E=a, or 3¢

Hence, we see, that if a fraction is multiplied by a quantity
qualtoitcdenwninator,mprodudwiubequal o the numerator

Ans. a—b

5c+4d

|
&

by 5(a—b)(c+d). Ans, 2122

e 2 e o s o

15. Mu]tlply + d by e+d. . ...

16. Multiply 7 2 +5 * by 245y, . . . . ... Ads mion?
Arr. 140.,—To multiply a fraction by a fraction.
1. Let it be required to find the product of # multiplied by $
Smce % is the same as 2 multiplied by 4, it is reqmred to mul-
tiply 4 by 2, and take 4 of the product. Now, § multiplied by2,
is equal to -E and § of §,is equal to % (since, to take } is to
divide by 8, and any fraction is divided, by multiplyin g its denom-
inator, by Art. 124.) Ience, the product of 4 and § is 5.
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In the same manner, if it were required to multiply g by %;

since —,—:-=m)(!, we would multiply 2 by m, and take }‘of the

ma 1 _ma ma
product. Thus, -Xm——e—, and ~ of = Hence, the

'RULE,
FOR THE MULTIPLICATION OF A FRACTION BY A FRACTION.

Multiply the numeralors together, for a new numerator; and the
denominators together, for a new denominalor.

ReEMARKS.—1st. If eithor of the factors is & mixed quantity, it is
best to reduce it to an improper fraction, before commencing the operation.

2d. The expression, “ What is one third of one fourth,” has the same
meaning as “ What is the product of } multiplied by 3.” Also, the expres-
sion, “ What is two thirds of three fourths,” has the same meaning as
¢ What is the product of 2 multiplied by 3.”

3d. When the numerators and denominators have common factors, it is
best to indicate the multiplication, and then cancel the factors commen to
both terms, after which, the remaining terms may be multiplied together.

Thus, i?,ixm ¢§§>{>§%de 322
Also, a’—b’xaj;b zagﬁz;{zlb)—mf—b)'

EXAMPLES.
1. Multxplyiabyasz Y P 4
2Ml.11t.1plyr byg: ..,..........'Ans.;—:.
8Mulhply23aby5 Y e Y.

4.Multiply13—0— byg;.. c t e e e s e e s Ans.%.

5. Multiply (+")b N T
6. Multxply2z+3 yl—,(;f. Y T 4’:*_62.

REview.—140. How do you multiply one fraction by another? Explain
the reason of the rule, by analyzing an example. When one of the factors
is a mixed quantity, what ought to be done? *What is the meaning of the
expression, ‘“ What is one third of one fourth?” How may the work be
shortened, when the numerator and denominator have common factors ?
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2y, a(z—y)
7Mult1ply byx_,_y..........Ans. 5
8 Multiply ¥ ‘+y‘ "ﬁ'.. e ... Aml
9. Multlply = +b e e v e e Anps agx_%.
10. Maltipl o Ans. %

. tlpy? bya,—_;,. P e e e e e ns.m.
2,
11. Multiply %, a_;acj’ and a%i’ togother. . . . Ans. g.
12. Mulhply :c’+y T +y’ and a together. . Ans. a(2*4y?).
13. Multiply Tb’—’2—b” and a+b together. . . . Anps. 1.
o @yt z—y _ZHy
14. Multiply P by Yoy Ans. Ty
., a—b. 152425 3245
15. Multiply ——5—by g Ans. P
>—zx? . c’(c+x)
16. Multxplyc—l— bya:+l « . e+« . .Ans e ol
CASE VIIL. -

TO DIVIDE ONE FRACTIONAL QUANTITY BY ANOTHER.
Arr. 141.—To divide a fraction by an entire quantity. -
It has been shown, in Art. 123 and Art. 124, that a fraction is
divided by an entire quantity, by dividing its numerator, or multx- '
plying its denominator. Thus, }dmded by 2,0r % of §,is

8 .. . 32 . a l
7 divided by 3, or § of > is T ¥ givided by m, or - of
ma . a

=, is -.

n n

Or, by multiplying the denominator ; -g divided by 2, is equal to
1%, since the number of parts in the numerator is the same, but
only balf as large as before, 1% heing the half of }. Hence, the

RULE,
FOR DIVIDING A FRACTION BY AN ENTIRE QUANTITY.

Divide the numerator by the divisor, if it can be done without a
remainder; if not, mulliply the denominator by the entire quantity,
and write the numerator over the result.

Norte.—If the numerator of the fraction and the entire quantity, con-

tain common factors, it is best to indicate the operation, and cancel the
common factors; the result found thus will be in its lowest terms.
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The preceding rule may be derived in another manner, thus:
To divide a number by 2, is to take § of it, or to multiply it by 1;
to divide by 3, is to take } of it, or to multiply it by 3. Inthe

same manner, to divide a quantity by m, is to take % of it, or to
multiply it by —:; Hence, to divide a fraction by an entire quan-

tity, we write the divisor in the form of a fraction (thus, m=zl‘-).
and invert if, and then proceed as in multiplication. of fractions.

EXAMPLES.

1. Divide%a#by{%ab ...... e e e e e Ans.%.
2. Divide 2% by swe. L. Ans, 5%
3. Divide Iﬁi;’"by Tacwd, . . e ... Amif—fy
4. Divide X% by 5. ... ... ... Am. A
5. Divide %’}f-;gbya.. e Ansé%;
6. Divide Tt pyopa. L., Ane.l
7. Divide %ﬂ'bﬂﬂ. e fiz
8. Divide%:—g,%bya—b. e .m.%.
9. Divide &f’_“:—%by 3a+5. ... .. Ans.2:'_;“.
10. Divideeib;f:df—sby 42423, . ... Ans. ﬁ%}
11 Divide:%‘byb ...... R e -4
12 Divideﬁ%bybd. e .Am.Wibﬁ

3+5a 3+5a

13. Divide

a—b bya+b........... --az—_-b—,.

REvIE w.—141, How do you divide a fraction by an entire quantity?
Explain the reason of the rule, by analyzing an example. How may the
work be abbreviated, when the numerators of the fraction and the entire
_quantity contain common factors ?
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14. Divide 35 byay. ... L. A L
15. Divide 3aid);b 22—3y. .. ..... A —;'Z—jg;,
16. Divide azf;ﬁu bya—b. .. ...... Anms 570
17. Divide :c‘—zxy-i—y byz+% « « « v « o . . Ans 5—};;
18. Divide mbya+az+z‘ . Ans.m
19. Divide 2 b+ b GFUC o v o v e e e e .Ans.ﬁ;.
20. Dividel‘r’“TI:f'ﬂby 3a%. ...... Ans &5—;’1—“:;
21. Divide mzz’ byem—an. . . . . . . . . Ans. :lti::c'
22. Divide %’{ by @b o o v e e m%}j‘r%?
23.D1v1dex28y’byz’—¢y e v e s s e s+ . Ans f;;:

a—b

24. Divide 2 ba by a™+adb4b. ... ... .. Ans —

ARrr. 149.—-To divide an integral or fractional quantity by a
fraction.

1. How often is 2 contained in 4, or what is the quotient of 4
divided by %?

4 is equal to =17, and 2 thirds (}), is contained in 12 thirds

(%), as often as 2 is contained in 12, that is, 6 times.
2. How often is 1% contained in a?

aisequaleo‘—;=n7‘-a,md'%iscontainedinnfu often as m is

contained in na, that is ;_a times. Or,;l; is contained in a, na
times; hence, m)(}‘, or '—:—- is contained —:; as many times, that is,
N4 \imes.

m

3. How often is § contained in §?

Here, } '3—]"1, and §=1%, and 8 twelfths (%) is contamed in9
twelfths (%), as often as 8 is contained in 9, that is, §==15 times.
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.. m . . a
4. How often is » contained in E? :

Reducing these fractions to a common denominator, %=ﬁc and

nc’
na me , . . na . . .
=5 now, — is contained in e 28 often a8 mec is contained in

SR

na, that is, ::—Z times. This is the same result as that produced by

multiplying — by — inverted, that is -X——:—‘Z

An examination of each of these examples, will show that the
process consists in reducing the quantities to a common denomina-
tor, and then dividing the numerator of the dividend, by the nume-
rator of the divisor. But, as the common denominator of the
fraction is not used i performing the division, the result will be
the same as if we invert the divisor, and proceed as in multiplica-
tion. Hence, the

RULE,
FOR DIVIDING AN INTEGRAL OR FRACTIONAL QUANTITY BY A FRACTION.
" Reduce both dividend and divisor to the form of a fraction; then
tnvert the terms of the divisor, and multiply the numerators together

Jor a new numerator, and the denominators together for a new
denominator.

Nore.—After inverting the divisor, the work may be abbreviated, by
eanceling all the factors common to both terms of the result.

BX AMPLES.
L Dividedby & . . ... ....... ... Am 22
2. Divide 4 by 3. Am%a
3. Divideaby s ... ............A’eds
4. Divido abiby 20 . ... ... e A%
5. Divide a®>—b* by —5—= 2(a+b) o 0o .'. . A.ns.sLa;'b—)
6. Divide 5 by2......'...... Ansgz

REVIEW.—142. How do you divide an integral or fractional quantity
by a fraction? Explain the reason of this rule, by analyzing an example.
When, and how, can the work be abbreviated ?
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3a Oa

7.D1v1de—by3 e e s e e e e e e e .Ans.g.

a

S.Dlwde-gbyz;’. e e e e et e eie e An;bi

. o /4 v =

9. Dmdega— by et e e e LI Ans.3ay.

10 Diide 2 py 2L A D

Sa¥x . 3ax® 2a

11. Divide —=—— g byl4 ............Ans.?.

12. Divide 1 == by ‘l’; ....... v+ ... Ans 12

13. Divide 6’;4 by %‘i? ..... e A

- +"1’> a(a—l?)

14. Divide “x= by <12, . . . .. .« . .Ans )
3.

15. Dividef—g—“by”-—;-g-. ....... ... . Ans, ’ig.

16. Dmdez’ 2‘w+y, by C . AR Y

. 3
17. Divide 3" by ﬂg—“’l e v... Ans.2m—2n.
a+1 ' a

18. Dl“de bya—l « s e e e s s Ans mi'.

.. 4a+l2 3449 8b

19. Divide 9 by =45 8 "t . Ans. 3

20, Divide 23 py 10415 L. Ane. T

. +3/ al—y? b

21. Divide o ... Anms.l.

+bbym :

22. Divide 3(a —(Cz) by (a+z). e e 3(a 2az+x’).

a—z P27
x 2z
23. D1v1de F-rz—, by a—_'_—z. ...... . Ans. a’_;_—z-i.

Arr. 143.—To reduce a complex fraction to a simple one.
This may be regarded as a case of division, in which the divi-
dend and the divisor are either fractions or mixed quantities.

Thus, gj. is the same as to divide 2} by 3}.
)

a+—
Also, —w is the same as to divide a+— by m+'—‘ .
m-+-—

r
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7.7 7.2 2
A=y =}y
by . n ac+bd mr+n_ac+b , r _ acr+br
(a+; ) - ( mtz ) c - r c er+n cmr—+on
In the same manner, let the following examples be solved.
a
b . . ad
1. Reduoe?wammplefmchon. s e e s s o« o« Ans e
d
8 21
2. Reduce — to a simple fraction. . . . . . . . . Ans. =~
a 2a
3
: .
m . . r
8. Reduce — to a simple fraction. . . . . . . . Ans. —.
n mn
4.Rednce7;—toasimpleﬁ'action. c e e e e e Ans;?
n
a+—
5. Reducw——toasxmple fraction. . . . . . Ans.%--l-
. . cm
6. Reduce m to a simple fraction. ., . . . . Ans pran g
c

A complex fraction may also be reduced to a simple one, by
multiplying both terms by the least common multiple of the denom-
inators of the fractional parts of each term. Thus, we may

reduce‘; to a simple fraction, by multiplying both terms by 6,

the least common multiple of 2 and 3; the result is $§. In some
cases this is a shorter method, than by division. Either method
may be used.

Art. 144.—Resolution of fractions into series.

An infinite series comsists of an unlimited number of terms,
which observe the same law.

The law of a series is a relation existing between its terms, so
that when some of them are known, the succeeding terms may be
easily derived.

REviEw.—143. How do you reduce a complex fraction to a simple one,
by division? How, by multiplication ?
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Thus, in the infinite series, l1—ax+a’z’—a’z®+a's!, &e., any
term may be found, by multiplying the preceding term by —ax.

Any proper algebraic fraction, whose denominator is a polyno-
mial, can, by division, be resolved into an infinite series; for, the
numerator is & dividend, and the denominator a divisor, so related
to each other, that the process of division never can terminate,
and the quotient will, therefore, be an infinite series. After a few
of the terms of the quoticnt are found, the law of the series will,
in general, be easily seen, so that the succeeding terms may be
found without continuing the division.

EXAMPLES.

1. Convert the fraction —ll—x into an infinite series.

1 1—=
1—= I 1+z+@+2+, &ec.  The law of this series evidently
=z is, that each term is equal to the
tr—a? preceding term, multiplied by +z.
+a?
e
1=

From this, it appears, that the fraction l—l?c’ is equal to the infi-

nite series, 14-z+423+a2t+a+, &e.
In a similar manner, let each of the following fractions be
resolved into an infinite series, by division.

2. = + ——=1—a+2'—a?ta*—, &c., to infinity.
2 2 2t
3~ —=Z + + ag+ ag+:

a—x

\

4. l+” 1422+ 224+ 25+, &o.

5. };‘” 1—2¢+20—22%+, &
z42 1 1,1
Tt te e

Rxview.—144. Whatisan infinite series? WWhat is the law of & series?
Give an example. Why can any proper algebraic fraction, whose denom-
inator is a polynemial,be resolved into an infinite series, by division?

6.
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CHAPTER IV.

EQUATIONS OF THE FIRST DEGREE.
DEFINITIONS AND ELEMENTARY PRINCIPLES.

Art. 145.—The most uscful part of Algebra, is that which
relates to the solution of problems. This is performed by means
of equations.

An equation is an Algebraic expression, stating the equality
between two quantities.

Thus, x—3=4, is an equation, stating, that if 3 be subtracted
from z, the remainder will be equal to 4.

ARrT. 146.—Every question is composed of two parts, separated
from each other by the sign of equality. The quantity on the left
of the sign of equality, is called the first member, or side of the
equation. The quantity on the right, is called the second member,
or side. The members or quantities are each composed of one or
more terms.

ARrt. 147.—Thcre are generally two classes of quantities in an
equation, the Anown and the unknown. The known quantities are
represented either by numbers, or the first letters of the alphabet,
a8 a, b, ¢, &c.; and the unknown quantities by the last letters of
the alphabet, as z, y, 2, &c.

ARrT. 148.—Equations are divided into degreces, called firse,
second, third, and so on. The degree of an equation, depends on
the highest power of the unknown quantity which it contains.

An cquation which contains no power of the unknown quantity
higher than the first, is called an equation of the first degree.

Thus, 2x+5=9, and ax+-b=c, are equations of the first degree.
Equations of the first degree are usually called Simple Equations.

An equation in which the highest power of the unknown quan-
tity is of the second degree, that is, a square, is called an equution
of the second degree, or a quadratic equation.

ReviEW.—145. What is an equation? Give an example. 146. Of how

many parts is every equation composed? How are they separated? What

is the quantity on the left of the sign of equality called? On the right? Of
what is each member composed? 147. How many classes of quantities aro
there in an equation? How are the known quaptities represented? How
are the unknown quantities represented ?  148. How are equations divided ?
On what does the degree of an equation depend? What is an equation of
the first degree? Give an example. What are equations of the first degree
usually called? What ie an equation of the second degree? Give an exam-
ple. What are equations of the second degree usually called.

— et e ——
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Thus, 422—7 =29, and ax’+4bz=c, are equations of the second
degree.

In a similar manner, we have equations of the Zkird degree,
Jourth degree, &c.; the degree of the equation being always the
same as the highest power of the unknown quantity which it
contains.

‘When any equation contains more than one unknown quantity,
its degree is equal to the greatest sum of the exponents of the
unknown quantities in any of its terms.

Thus, zy-+az+by=c, is an equation of the second degree.

2’y+a* +cx=aq, is an equation of the third degree.

Arr. 149.—An identical equation, is one in which the two mem-
bers are identical ; or, one in which one of the members is the
result of the operations indicated in the other.

Thus, 2z—1=2z—1, 5z+43x2=8x, and (z+2)(z—2)=z—4,
are identical equations.

Equations are also distinguished as numerical and literal. A
numerical equation is one in which all the known quantities are
expressed by numbers. -

Thus, 2*42z=3z+7, is a numerical equation.

A literal equation is one in which the known quantities are rep-
resented by letters, or by letters and numbers.

Thus, az—b=cz+d, and ax’4ba=2z—Db, are literal equations.

ARrT. 130.—Every equation is to be regarded as the statement,
in algebraic language, of a particular question.

Thus, z—3=4, may be regarded as the statement of the follow-
ing question: To find a number, from which, if 3 be subtracted,
the remainder will be equal to 4.

If we add 3 to each member, we shall have 2—3+43=4+3, or
z=7.

An equation is said to be verified, when the value of the unknown
quantity being substituted for it, the two members are rendered
equal to each other.

Thus, in the equation z—3=4, if 7, the value of z, be substi-
tuted instead of it, we have 7—3=4, or, 4=4.

To solve an equation, is o find the value of the unknown quantity ;
or, to find a number, which being substituted for the unknown
quantity, will render the two members identical.

RE ViEW.—148. When an equation contains more than one unknown
quantity, to what is its degree equal? Give an example. 149. What is an
identical equation? Give examples. What is a numerical equation? Give
an example. Whatis a literal equation? Give an example. 150. How is
every equation to be regarded? Give an example. When is an equation
said to be verified? What do you understand, by solving an equation?
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Arr. 151.—The value of the unknown quantity in any equa-
tion, is called the roof of that equation.

SIMPLE EQUATIONS, CONTAINING BUT ONE UNKNOWN
QUANTITY.

Art. 132.—The operations that we employ, to find the value
of the unknown quantity in any equation, are founded on this
evident principle: If we perform exactly the same operation on two
equal quantities, the results will be equal. This principle, or axiom,
may be otherwise stated, as follows:

1. If, to two equal quantities, the same quantity be added, the sums
will be equal.

2. If, from two equal quantities, the same quantity be subtracted,
the remainders will be equal.

3. If two equal quantities be multiplied by the same quantity, the
products will be equal.

4. If two equal quantities be divided by the same quantity, the
quotients will be equal.

5. If two equal quantities be ratsed to the same power, the results
will be equal.

6. If the same root of two equal quantities be extracted, the results
will be equal.

RENARK.—An axiom is a self-evident truth. The preceding axioms
are the foundation of a large portion of the reasoning in mathematics.

ARrt. 1538.—There are two operations of frequent use in the
solution of equations. These are, first, fo clear an equation of frac-
tions ; and, second, fo franspose the terms, in order lo find the value
of the unknown quantity. These are named in the order in which
they are generally used, in the solution of an equation; we shall,
however, first consider the subject of

TRANSBPOSITION.

Suppose we have the equation 2z—8=x+45. -

Since, by the preceding principle, the equality will not be
affected, by adding the same quantity to both members; or, by
subtracting the same quantity from both members; if we add 3
to each member, we have 2e—3+3=x+5+3.

If we subtract z from each member, we have

2x—x—8+3=x—2x+5+3.

REVIEW.—151. What is the root of an equation? 152. Upon what -

principle are the operations founded, that are used in solving an equation?
What are the axioms which this principle embraces? 153. What two opera-
tions are frequently used, in the solution of equations?
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But, —3+4-3 cancel each other; so, also, do 2—=; omitting
these, we have 2r—x=5+43.

Now, the result is the same as if we had remeved the terms —3
and =z, to the opposite members of the equation, and, at the same
time, changed their signs.

Again, take the equation az+b—=c—dz.

If we subtract b from each side, and add dz to each side, we
bave ax+dx=c—b. ’

Bat, this result is also the same as if we had removed the terms
+b and —dx to the opposite members of the equation, and, at the
same time, changed their signs. Hence,

Any quantity may be transposed from one side of an equation to
the other, if, at the same time, its sign be changed.

TO CLEAR AN EQUATION OF FRACTIONS.

Arr. 154.—1. Let it be required to cléir the following equa-
tion of fractions. .
% 5
gtg=>

Since the first term is divided by 2, if we multiply it by 2, the
divisor will'be removed; but if we multiply the first term by 2,
we must multiply all the other terms by 2, in order to preserve the
equality of the members. Multiplying both sides by 2, we have

z+-‘”;—”=10.

Again, since the second term is divided by 3, if we multiply it
by 3, the divisor will be removed; but, if we multiply the second
term by 3, we must multiply all the terms by 3, in order to pre-
serve the equality of the members. Multiplying both sides by 3,
we have 3x+22=30.

Instead of multiplying first by 2, and then by 8, it is plain that
we might have multiplied at once, by 2)<3, that is, by the product
of the denominators.

2. Again, let it be required to clear the following equation of
fractions. e =z

AN

Since the first term is divided by ab, if we multiply it by ab, the
divisor will be removed; but, if we multiply the first term by ab,
we must multiply all the other terms by ab, in order to preserve
the equality of the members.

REeview.—154. How may a quantity be transposed from one member of
an equation to the other? Explain the principle of transposition by am
oxample. 10
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Again, siuce the second term is divided by be, if we maltiply it
by be, the divisor will be removed; but, if we multiply the second
term by be, we must multiply all the other terms by be, in order to
preserve the equality of the members. Hence, if we multiply all
the terms on both sides, by ab)be, the equation will be cleared of
fractions.

Instead, however, of multiplying every term by abXbe, it is evi-
dent, that if each term be multiplied by such a quantity as will
oontain the denominators without a remainder, that all the denomi-
nators will be removed. This quantity is, evidently, the least com-
mon multiple of the denominators, which, in this case, is abc;
then, multiplying both sides of the equation by abe, we have
" cx+ax—abed. Hence, the

RULE,
FOR CLEARING AN EQUATION OF FRACTIONS.

Find the least common multiple of all the denominators, and mul-
tiply each term of the equation by .

Clear the following equations of fractions.

1. g+§=5 ....... e+« ...Ans 32+2:=30.
~2.g-£=2. C et e ee e . . Ans 42—32—24.
3. 3+3+e=l . ... .. .. Ans 202+152412:=80.
T
B At ... ... Ams 10s—6ot3e=21.
6. g— =5+6. e+ e+ .Ans 32—24=22436.
7 T .. Ane15:-20=18414=
8.5 20 4 Ans 1004012183120
9. 2’;3+;_’£;_3+1-54. Ans. 142—21+4z—142—42+10
10. -2 25 44 . Ans. 62—3249=30—2—8.
L Ans, 2z-+az—5a=23b.
12. 223 L Ane 484 8e 2409027,

BB visw.—1564. How do you clear an equation of fractions? Explals
the principle by an example.
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z-{- +3—c
z—3
Ans. az—bz+a—b+3z——a:—9+3c=a’z—-abz—3a’+3ab.

x z ¢
capptas—aE Ans. az—bz+az+br=e.

15. b%+df;+iz=h. v« .. Ans adf-tbeftbde=bdfha.

14

SOLUTION OF EQUATIONS OF THE FIRST DEGREE, CONTAINING
ONLY ONE UNKNOWN QUANTITY.

Arr. 135.—The unknown quantity in an equation may be com-
bined with the known quantities, either by Addition, Subtraction,
Multiplication, or Division; or, by two or more of these different
methods.

1. Let it be required to find the value of z, in the equation

z+43=5,
where the unknown quantity is connected by addition.
By subtracting 3 from each side, we have x=5—3=2.
2. Let it be requxred to find the value of z, in the equation
2—3=>5,
where the unknown quantity is connected by subtraction.
By adding 3 to each side, we have x=5+3=8.
8. Let it be required to find the value of z, in the equation
3z=15,
where the unknown quantity is connected by multiplication.
By dividing each side by 3, we bhave :c=—l—§5 =5,
4. Let it be required to find the value of z, in the equation
3=2
where the unknown quantity is connected by division.

By multiplying each side by 3, we have z=2X3=6.

From the solution of these examples, we see, that when the
unknown quantity is connected by addition, it is to be separated by
subtraction. When it i3 connected by subtraction, it is to be separa-
ted by addition.” When it is connected by multiplicalion, it is to be
separated by division. And, when it i8 connected by division, it is
to be separated by multiplication.

5. Find the value of z, in the equation

3x—3=x+5.

By transposing the terms —3 and z, we have

8z—x=5+3,
reducing, 2x=S8,
dividing by 2, z=35=4.
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Let this value of z be substituted instead of z, in the origin
equution, and, if it is the true value, it will render the two mem-
bers equal to each other.

Original equation, . . . . 3o—3=x+5.

Substituting 4 in the place of z, it becomes

3X4—3=4+5, or 9=9.

The operation of substituting the value of the unknown quan-
tity instead of itself, in the original equation, to see if it will ren-
der the two members equal to each other, is called vertfication.

The preceding equation may be solved thus:

8r—3==x+5. By adding 3 to each memboer, we have
3¢—3+43=x+5+3. By subtracting z from each member,
we have 3z—r—3+3=z—z+5+3.

But —3+-3 cancel each other; so, also, do # and —=z; omitting
these, and then reducing, we have 2z=S8.

Dividing each member by 2, z=35=4.

R & x A R &.—The pupil will perceive that the two methods of solution are
the same in principle, In the first, we use transposition, to remove the
known quantity from the left member to the right, and the unknown quan-
tity from the right member to the left. In the second, the same thing is
done, by adding equals to each member, and subtracting equals from each
member—this being the principle on which transposition is founded. It is
recommended to the teacher, to use the latter method until the principle is
well understood by the pupil, after which the first method may be used
exclusively.

42

6. Find the value of z in the equation z—z%z=4+-—5——.

Multiplying both sides by 15, the least common multiple of the
denominators, we have 15z—(52—10)=60-+3z+6.
or, 152— 52410 =60+3z+6.
by transposition, 15z— 5z2—3z =60+46 —10.
reducing, 7z=56.
dividing, 2=8.
7. ¥ind the value of z in the equation %—d=3+e.
multiplying both sides by ab, ez —abd=bz --abe.
transposing, ax —bz =abc +abd.
separating into factors, (a—b)x=ab(c+d).
dividing by (a—b), #=20td)

a—

REVIEW.—155. What are the methods by which the unknown quaatity
in an equation may be combined with known quantities? Give examples.
When the unknown quantity is connected by addition, how can it be sepa-
rated ? When, by subtraction? By multiplication? By division? Whas
is verification?
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From the preceding examples and illustrations, we derive the .

RULE,

YOR THE SOLUTION' OF AN EQUATION OF THE FIRST DEGREE.

1. If necessary, clear the equation of fraetions; perform all the
operations indicated; and transpose all the terms confaining the
unknown quantity to one side, and the krown quantities to the other.

2. Reduce each member to its simplest form, and divide both sides

by the coéfficient of the unknown quantity.

EXAMPLES FOR PRACTICE.

Nore.—Let the pupil verify the value of the unknown quantity in each

example. .

1. 32—-5=R24+7. . . . ... ... .

3x—8=16-Hz. ... ... 0.0

8.50—-7=3z+15 . .. ... .. ...

4. 3e—25=—2—9. . . .. .. e e e e e

5.15—2x=06z—25.. . .....%...

6. 5(z+1)4+6(z+2)=9(z+3). . . . . . .

7. 4(52—3)—64(3—=)—3(122—4)=96.

8. 10(z+5)+8(z+4)=5(¢+13)4121. . .
z o &

9.9—2—-5—-5.,...........

10. g—;w:’g—gﬂo;.' e e

1L e ms

12. 345 —3=14 - o o oo

, 8¢ 2 =z_ :

13.z+§—6—2§. e e e s e e e e s
=2 o . z+7

14- T-z—l-T' * o o o ® s 0
3z+1 2 z—1

15. -—§—~§—10+—6-. « e s e e e
z+2 2—3 z—1

16. —3—-—7—=¢—2———2—.. e s 0 s o o
P22 4—= Tz—2

17. T-——-2—'=23— T. o o

Ans. x=12.
. Ans. z=3.
Ans. z=11.
. x=4.
. z=5.
. Ans. z=5.
. Ans. z=6.
. Ans, 2=8.

Ans. z=v10.
Ans. z=12.
. Ans. z=8.
Ans. 2=24.
. Ans. =2,
. h& *=2.
Ans. 2=14.
. Ans, 2ac7,

e« o« v o o Ans o=2,

REVIEW.~—155. What is the rule for the solution of an equation of. the
firsé degree, containing one unknown quantity?
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18, So—Jet18=3(4z41). .. ...... Ansz=20,
19.;%=1.....'...,.. oo Ans.z=l,
20. 2022 H8 L Ameey
o 32205 =43 L. Amel
R e e N YT X
28. 2216 212205 L. Amemll
. 2:-2";“—4’;76 . Ame
25, ©i7 53240, 105 ... Anms eS8
20 B 2N Td sl g
B S R C Y,
98 astb=etd .. ... oa. ... Ame=30
29. ar—de—d—cr. . . ... u .. ..Agu=a+‘:__b.
30. ar—be—ctdo—e. . .. ... ... Amma=—Tto
8L T49a—be—batbar . . . ... .. mg%.
82. b(a—bx)+claz—c)=be. . . . . . . Ans. hi;“%'
33. (a4b)(b—z)+(a—b)(a+a)=c". . . Ans. e
34.§+§=c....v........ . .Anl.h‘;—‘_ﬁ.
Y PP ol
8. 2+04S=1 . ... Amne—atbte
B P v Cx .}



SIMPLE EQUATIONS. 119

x . z = . ___abcd
88. ctgto=d-. ... ... Ama—0prrn
+1 Ans, :c=a——’—b’

. e o o o o o o o o o o o 2b .

abe

z . z =z
40. ;+3_.c_l" e o e o 0o o e o o o Ans.:..—-E’_—-— bo—ad’

4], ——+4—=2.. + + « « + « « Ans. z=}(ab+ac+bc).

T _.%
a—b a+

ace
42'5-’7—;:0”'"""""'Am°z=me°

43 r—a_:b'_—_éo o« o 0 '. * o 0 0 0 o o Ans. Fa—_a_ib.
14z , .1 1
44, ———-l+a. e o o @ A. o o e v o s o An!..FQ'&-:l_nl.

45.2’—=ab+b+—1-. e e e e e e e e e e e Ans.x:-—?—;l.

3ac—b_c
2

46, ——= e e e e e e e .. Ansz=

QUESTIONS PRODUCING SIMPLE EQUATIONS, CONTAINING
~ ONLY ONE UNEKNOWN QUANTITY. :

Arr. 156.—The solution of a problem, by Algebra, consists of
two distinct parts.

1st. To express the conditions of the problem tn Algebraic lan-
guage; that is, to form the equation. )

2d. 7o solve the equation ; thatis, to find the value of the unknown
quantity. :

‘With pupils, the most difficult part of the operation of solving
8 question, is to form the equation, by the solution of which the
value of the unknown quantity is to be found. Sometimes, the
statement of the question furnishes the equation directly; and,
sometimes, it is necessary, from the conditions given, to deduce
others, from which to form the equation. When the conditions
furnish the equation directly, they are called explicit conditions.
‘When the conditions are deduced from those given in the question,
they are called implied conditions.

It is impossible to give a precise rule, by means of which every
question may be readily stated in the form of an equation. The
first point, is, to understand fully the nature of the question, so as
to be able to prove whether any proposed answer is correct.

R 2viEW.—156. Of what two parts does the solution of & problem by

Algebra, oconsist? What are explicit conditions? What are implied
eonditions? -
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After this, the equation, by the solution of which the value of
the unknown quantity is to be found, may generally be formed by
the following

RULE.

Denote the required quantity, by one of the final letters of the
alphabet ; then, by means of signs, indicate the same operations that
it would be necessary to make on the answer, to verify d.

RExARKS.—1st. In solving & question, it is necessary to understand
the principles of the science which it involves, at least so far as they relate
to the question under ideration. Thus, when a problem embraces the
consideration of Ratio or Proportion, in order to solve it, the pupil must be
familiar with these subjects. In the following examples, the learner is sup-
posed to be acquainted with Ratio and Proportion, as far as they are taught
in Arithmetic. (See Ratio and Proportion, Ray’s Arithmetic, Part II1.)

2d. Tho operations concerned in the solution of an equation, involve the
removal of coéfficients, the removal of denominators, and the transposition
of quantities. - The first six of the following examples, and also those from
the 16th tothe 44th inclusive, are arranged with reference to these operations.

EXAMPLES.

1. There are two numbers, the second of which is three hmes
the first, and their sum is 48 ; what are the numbers?

Let = the first number.

Then, by the first condition, 3z= the second.

And, by the second condition, z+32=48.

Reducing, 4x=48.

Dividing by 4, z=12, the smaller numbar.

Then, 3x=36, the larger number.

Proof, or verification. 12+36=48.

2. A father said to his son, “ The difference of our ages is 48
years, and I am 5 times as old as you.” What were their ages?

Let = the son’s age.

Then 5z= the father’s age.

And 5z—a—48.

Reducing, 4x=48.

Dividing, =12, the son’s age.

Then 5z=60, the father’s age.

Verification. 60—12=48, the difference of their ages.

3. What number is that, to which, if its third part be added,
the sum will be 16?

Let z= the required number.

REvizw.—156. By what general rule, may the equation of & probh-
be found ?
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Then the third part of it will be represented by g—:
And, by the conditions of the question, we have the equation
z+5=16.

Multiplying it by 3, to clear it of fractions, 3z+4x—=48

Reducing, 4z=48.

Dividing, z=12.

Verification. 12+ %2=12+4=16; which shows that the value
found is correct, since it satisfics the conditions of the question.

NorEe.—The pupil should verify the answer in every example.

4. What number is that, which being increased by its half, and
then diminished by its two thirds, the remainder will he equal
to 105.

Let z= the numer.

Then the one half will be represented by g,
Rz
by 3
And, by the question z+§—§=105
Multiplying by 6, 6z+3z—4z—630.
Reducing, 52=630.
Dividing, z=126. Ans.
‘When the numbers contained in a solution are large, it is some-
times better to indicate the multiplication, than to perform it.
The preceding solution may be given thus:

and the two thirds

xz 2z
+§~— -3——105
624-3x—42x=105<6
52=105X6
z= 21%6=1286.

5. It is required to divide a line 25 inches Jong, into two parts, -
8o that the greater shall be 3 inches longer than the less.

Let 2= the length of the smaller part.

Then z43= the greater part.

And by the question, z+x+3=25.

Reducing, 2z+3=25.

Transposing 3, 2z=25—3=22.

Dividing, =11, the smaller part.

And z+3=14, the greater part.

6. It is required to divide 68 dollars between A, B and C, so that
B shall have 5 dollars more than A, and C 7 dollars more than B.

11
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Let x= A’s share.
Then xz+5= B's share.
And z+4-12= C’s share.. Then, by the terms of the question,
we have 2 (z+5) 4 (x+12)=68.
Reducing, 3x-+17=68.
Transposing, 3x=68—17=>51.
Dividing, =17, A’s share.
z+5 =22, B’s share.
z+12=29, ('s share.
7. What number is that, which being added to its third part,
the sum will be equal to its half added to 10.
Let x represent the number.

Then, the number, with its third part, is represented by x—‘—g
and its half, added to 10, is expressed by 2+10 By the condi-
tions of the question, these are equal; that is, z+3 2+10

Multiplying by 6, 624-2x=3x460.
Reducing and transposing, 8z—3z=60.
52=060.

Dividing, 2=12.

Verification. 12+'2="+410. Or 16=18, according to the
conditions.

Hereafter, we shall, in general, omit the terms, fransposing,
dividing, &c., as the various steps of the solution will be evxdent
by inspection.

8. A cistern was found to be one third full of water, and after
emptying into it 17 barrels more, it was found to be half full;
what number of barrels will it contain when full?

Let x= the number of barrels the cistern will contain.

x z

Then §+l7——§.

x+102=3x
102=¢

Or, by first transposing 3z and 102, we have —z=—102; and
multiplying both sides by —1, we have 2=102.

The unknown quantity, when its value is found, is generally
made to stand on the left side of the sign of equality ; it is not
material, however, which side it occupies, since, by transposition,
it can be readily removed to the other. In effecting the transpo-
sition of 102=x, 80 as to bring the = on the left side, we have
made it to consist of two steps; it is, however, generally made in
one; the transposition, and multiplying by —1, being both made
in one line at the same time.
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Nore.—Multiplying by —1 is the samo as changing all the signs of
both members of the equation.

9. A cistern is supplied with water, by two pipes; the less alone
can fill it in 40 minutes, and the greater in 30 minutes; in what
time will they fill it, both running at once?

Let z= the number of min. in which both together can fill it.

Then i: the part which both can fill in 1 minute.

Since the less can fill it in 40 minutes, it fills 7% of itin 1 min-
ute. Since the greater can fill it in 30 minutes, it fills 3% of it in
1 minute. Ilence, the part of tho cistern which both can fill in

. . 1,1 1
1 minute, is represented by E+{V)’ and also, by >
1

z

Multiply both sides by 120z, and we have 3z-4z=120.

Tx=120.
z=1%0=17} min.

10. A laborer, A, can perform a piece of work in 5 days, B can
do the same in 6 days, and C in 8 days; in what time can the
three together perform the same work ?

Let z= the number of days in which all three can do it.

1,1
Hence, ‘T()-,—ﬁ):

Then %:= the part which all can do in 1 day.

If A can do it in 5 dnys, he does } of it in 1 day.

IfB ¢ “ 6 “ 6% & 0 ““

If 0 ““ «“ 8 ““ “ é g “

Hence, the part of the work done by A, B, and C in 1 day, is
represented by é+%+%, and also, by i

I 1,11
Hence, 5+6+§——x.
Or, 24z+20z+4152z=120.
592=120
r= 1'52'90=2'52‘g da.ys.

11. How many pounds of sugar at 5 cents, and at 9 cents per
pound, must be mixed, to make a box of 100 pounds, at 6 cents
per pound. v

Let z= the number of pounds at 5 cents.

Then 100—az== the number of pounds at 9 cents.

Also, S5x= the value of the former.

And 9(100—z)= the value of the latter.

And 600= the value of the mixture.



126 RAY’S ALGEBRA, PART FIRST.

18. Divide the number 60 into 3 parts, so that the second may
be three times the first, and the third double the second. .
Ans. 6, 18, and 36.
19. A boy bought an equal number of apples, lemons, and
oranges, for 56 cents; for the apples he gave 1 cent a piece, for
the lemons 2 cents a piece, and for the oranges 5 cents a piece;
how many of each did he purchase ? Ans. 7.
20. A boy bought 5 apples and 3 lemons, for 22 cents ; he gave
as much for 1 lemon as for 2 apples; what did he give for each ?
Ans. 2 cents for an apple, and 4 cents for a lemon.
21. The age of A is double that of B, the age of B is twice that
of C, and the sum of all their ages is 98 years; what is the age
of each? Ans. A 56 years, B 28 years, and C 14 years.
22. Four boys, A, B, C, and D, have, between them, 44 cents;
of which A has a certain numbcr, B has three times as many as
A, C as many as A and one third as many as B, and D as many
a8 B and C together ; how many has each?
Ans. A 4,B 12, C 8, and D 20.
23. A man has 4 children, the sum of whose ages is 48 years,
and the common difference of their ages is equal to twice that of
the youngest; required their ages. Ans. 3, 9, 15, and 21 years.
24. Divide the number 55 into two parts, in proportion to each
other as 2 to 3.
Let 2z== one part; then 3z= the other, since 2z is to 3z as 2
is to 3. Ra+32=55 -
52=55
a=11
=22
3:—33 } Ans. . .
Or thus: Let = one part; then 55—x= the other.
. By the question, x : 55—« :: 2 : 3. Then, since, in every pro-
portion, the product of the means is equal to the product of the
extremes, we have 3z=2(55—x)=110—2z
52=110
=22, and 553—x=33, as before.

Or thus: Let 2= one part, then 3—;: the other.
And 2+ =55.
3z

22+4-32=110, from which :c=22 and —2——33
The first method avoids fractions, and is of such frequent appli-

cation, that we may give this general direction :

.
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-

When two or more unknown quantities in any problem, are to each
other in a given ratio, it is best to assume each of them a multiple of
some other unknown quantity, so that they shall have to each other
the given ratio.

25. The sum of two numbers is 60, and the less is to the greater

as 5 to 7; what are the numbers ? Ans. 25 and 85.
26. Divide the number 60 into 3 parts, which shall be in pro-
portion to each other as 2, 3, and 5. Ans. 12, 18, and 30.

27. Divide the number 92 into 4 parts, in proportion to each

other as the numbers 3, 5, 7, and 8.  Ans. 12, 20, 28, and 32.

28. Divide the number 60 into 3 such parts, that £ of the first,

§ of the seoond and # of the third, shall all be equal to each other.

Ans. 12, 18, and 30.

This question is most conveniently solved, by putting 2z, 3z,

and 5z for the parts, since the §, §, and § of these aze respec-
tively equal to each other. :

29. What number is that whose half, third, a.ud fourth part are

together equal to 65? Ans. 60.
30. What number is that, } of which is greater than 4 by 4?
Ans. 70.

31. The age of B is two and four fifth times the age of A, and
the sum of their ages is 76 years; what is the age of each?
Ans. A 20, B 56 years.
32. Divide 88 dollars between A, B, and C, giving to B %, and
to C § as much as to A. Ans, A $42, B $28, and C $18
33. Divide 440 dollars between three persons, A, B, and C, so
that the share of A may be $ that of B, and the share of B £ that
of C. Ans. A’s share $90, B’s $150, and C’s $200
34. Four towns are situated in the order of the letters A, B, C,
D. The distance from A to D is 120 miles; the distance from A
to B is to the distance from B to C as 3 to 5 ; and one third of the
distance from A to B, added to the distance from B to C, is three
times the distance from C to D; how far are the towns apart?
Ans. A to B, 36 miles; B to C, 60 miles; C to D, 24 miles.
85. A merchant having engaged in trade with a certain eapital,
lost § of it the st year; the 2d year he gained a sum equal to §
of what remained at the close of the 1st year; the 8d year he lost
% of what he had at the close of the 2d year, when he was worth
$1236. What was his original capital ? Ans. §$1545.
86. The rent of a house this year, is greater, by 5 per ceat.,
than it was last year; this year the rent is 168 dollars; what was
it last year? Ans. $160.
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37. Divide the number 32 into 2 parts, so that the greater shall
exceed the less by 6. Ans. 13 and 19.
38. At an election, the number of votes given for two candi-
dates, wag 256 ; the successful candidate had a majority of 50
votes; how many votes had each ? Ans. 153 and 103.
39. Divide 1520 dollars between three persons, A, B, C, so that
B way receive 100 dollars more than A, and C 270 dollars more
than B; what is the share of each?
_ Ans. A $350, B $450, and C $720.
40. A company of 90 persons consists of men, women, and
children ; the men are 4 more than the women, and the children
are 10 more than both men and women ; what is the number of
each ? Ans. 18 women, 22 men, and 50 children.
41. After cutting off a certain quantity of cloth from a piece
containing 45 yards, it was found that there remained 9 yards
less than had been cut off; how many yards had been cut off?
Ans. 27.
42. What number is that, which, being multiplied by 7, gives
a product as much greater than 20, as the number itself is less

than 20? Ans. 5.

43. A person dying, left an estate of 6500 dollars, to be divided
between his widow, 2 sons, and 3 daughters, so that each son
shall receive twice as much as a daughter, and the widow 500
dollars less than all her children together ; required the share of
the widow, and of each son and daughter.

Ans. Widow $3000, each son $1000, and each daughter $500.

44. Two men set out at the same time, one from London, and
the other from Edinburgh; one goes 20, and the other 30 miles a
day; in how many days will they meet, the distance being 400
miles? . , Ans. 8 days.

45. Two persons, A and B, depart from the same place, to go
in the same direction; B travels at the rate of 3, and A at the
rate of 5 miles an hour, but B has the start of A 10 hours; in
how many hours will A overtake B? . Ans. 15.

46. What number is that, of which one half and one third of
it diminished by 44, is equal to one fifth of it diminished by 6°?

. Ans. 60.

47. A person being asked the time of day, replied, “If, to the
time past noon, there be added its %, 4, and 2, the sum will be
equal to } of the time to midnight; required the hour.

Ans. 50 min. P. M.
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48. Divide the number 120 into two such parts, that the smaller
may be contained in the greater 1} times. Ans. 48 and 72,
49. “I have a certain number in my mind,” said A to B; “if
T multiply it by 7, add 3 to the product, divide this by 2, and sub-
tract 4 from the quotient, the remainder is 15.”” What is the
number ? Ans. 5.
50. What number is that, which, if you multiply it by 5, sub-
tract 24 from the product, divide the remainder by 6, and add 13
to the quotient, will give the number itself? Ans 54.
51. Two persons, A and B, engaged in trade, the capital of B
being £ that of A ; B gained, and A lost, 100 dollars; after which,
if § of what A had left, be subtracted from what B now has, the
remainder will be 134 dollars; with what capital did each com-
mence ? Ans. A $786, B §524.
52. A man having spent 3 dollars more than % of his money,
had 7 dollars more than } of it left ; how many dollars had he at
first? ' Ans. §75.
53. Two men, A and B, have the same annual income; A saves
1 of his, but B spends 25 dollars per annum more than A, and at
the end of 5 years finds he has saved 200 dollars; what is the
annual income-of each? . Ans. $325.
54. In the composition of a quantlty of gunpowder, 3 of the
whole, plus 10 pounds, was nitre; gg of the whole, plus 1 pound,
was sulphur; and 4 of the whole, minus 17 pounds, wag charcoal ;
how many pounds of gunpowder were there? Ans. .691b.
55. A person bought a chaise, horse, and harness, for 245 dol-
lars; the horse cost 3 times as much as the harness, and the chaise
cost 19 dollars less than 23 times as much as both horse and har-
ness; what was the cost of each?
Ans. Harness $18, horse $54, chaise $173.
56. What two numbers are as 3 to 4, to each of which, if 4 be
added, the sums will be to each other as 5 to 62  Ans. 6 and S.
57. What two numbers are as 2 to 5, from each of which, if 2
be subtracted, the remalnders will be to each other as 3 to 87
Ans. 20 and 50.
58. The ages of two brothers are now 25 and 30 years, so that
their ages are as 5 to 6; in how many years will their ages be as
Bto9? CAns. 15,
How many years since their ages wereas 1 to2?  A. 20 yrs.
59, A cistern has 3 pipes to fill it; by the first, it can be filled
in 14 hours, by the second, in 3} hours, and by the third, in 5
hours ; in what time can it be filled, by all three running at once?
Ans. 48 min.
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60. Find the time in which A, B, and C together, can perform
a piece of work, which requires 7, 6, and 9 days respectively,
when done singly. Ans. 23 days.
61. From a certain sum I took one third part, and put in its
stead 50 dollars; next, from this sum I took the tenth part, and
put in its stead 37 dollars; I then counted the money, and found
I had 100 dollars; what was the original sum ? Ans. $30.
62. A teacher spent 3 of his yearly salary for board and lodging,
} of the remainder for clothes, and } of what remained, for books,
and still saved 120 dollars per annum ; what was his salary?
Ans. $375.
63. A laborer was engaged for a year, at 80 dollars and a suit
of clothes; after he had served 7 months, he left, and received for
his wages, the clothes and 35 dollars; what was the value of the
suit of clothes? Ans. $28.
64. A man and his wife can drink a cask of wine in 6 days,
and the man alone can drink it in 10 days; how many days will
it last the woman ? Auns. 15.
65. A steamboat, that can run 15 miles per hour with the cur-
rent, and 10 miles per hour against it, requires 25 hours to go
from Cincinnati to Louisville, and return; what is the distance
between those cities ? Ans. 150 miles.
66. A and B engaged in a speculation; A with 240 dollars,
and B with 96 dollars; A lost twice as much as B, and, upon set-
tling their accounts, it appeared, that A had 3 -times as much
remaining as B; what did each lose? Ans. A $96, and B $48.
67. In a mixture of wine and water, 4 the whole, plus 25 gal-
lons, was wine, and 1 of the whole, minus 5 gallons, was water;
required the quantity of each in the mixture.
Ans. 85 galls. of wine, and 35 galls. of water.
68. It is required to divide the number 9} into 2 such parts,
that the greater, being divided by their difference, the quotient
will be 7. Ans. 49 and 42.
69. It is required to divide the number 72 into 4 such parts,
that if the first be increased by 2, the second diminished by 2, the
third multiplied by 2, and the fourth divided by 2, the sum, the
difference, the product, and tl:.e quotient shall all be equal.
Ans. 14, 18, 8, and 82.
Let the four parts be represented by z—2, z+2, 3z, and 2z.
70. A merchant having cut 19 yards from each of 3 equal pieces
of silk, and 17 from another of the same length, found, that the
remnants taken together, measured 142 yards; what was the
length of each piece? . Ans. 54 yds.
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71. Suppose, that for every 10 sheep a farmer keeps, he should
-plow an acre of land, and allow 1 acre of pasture for every 4
sheep; how many sheep can the person keep, who farms 161
acres? Ans. 460,

72. It is required to divide the number 34 into 2 such parts,
that if 18 be -subtracted from the greater, and the less be sub-
tracted from 18, the first remainder shall be to the second as 2
to 3. Ans, 22 and 12.

73. A person was desirous of giving 3 cents a piece to some
beggars, but found that he had not money enough in his pocket
by 8 cents; he therefore gave each of them 2 cents, and then had
3 cents remaining ; required the number of beggars.  Ans. 11.

74. A father distributed a number of apples among his chil-
dren, as follows: to the first he gave 4 the whole number, loss 8;
to the second 4 the remainder, diminished by 8; and in the same
manner, with the third and fourth ; after which, he had 20 apples
remaining for the fifth ; how many apples did he distribute ?

Ans. 80.

75. A could reap a field in 20 days, but if B assisted him for 6
days, he could reap it in 16 days; in how many days could B
reap it alone ? Ans. 30 days.

76. There are two numbers in the proportion of § to %, which,
being increased respectively, by 6 and 5, are in the proportion of
# to 3 ; required the numbers. Ans. 30 and 40.

77. When the price of a bushel of barley wanted but 3 cents
to be to the price of a bushel of oats as 8 to 5, nine bushels of
oats were received as an equivalent for 4 bushels of barley and
90 cents in money ; what was the price of a bushel of each?

Ans. Oats 30 cts., and barley 45 cts.

78. Four places are situated in the order of the 4 letters, A, B,
C, and D; the distance from A to D is 34 miles; the distance
from A to B is to the distance from C to D, as 2 to 3 ; and } the
distance from A to B, added to 4 the distance from C to D, is 3
times the distance from Bto C. Required the respective distances.

Ans. A to B 12, B to C 4, and C to D 18 miles.

79. The ingredients of & loaf of hread are rice, flour, and water,
and the weight of. the whole is 15 pounds; the weight of the rice
increased by 5 pounds, is 2 the weight of the flour; and the
weight of the water is § the weight of the flour and rice together;
what is the weight of each?

: Ans. Rice 2ib, flour 1041, and water 2.



132 RAY’S ALGEBRA, PART FIRST.

‘SIMPLE EQUATIONS CONTAINING TW O UNKENOWN QUANTITIES.

Art. 157.—In order to find the value of any unknown quantity,
it is evident, that we must obtain a single equation containing #,
and known terms. Hence, when we have two or more equations,
containing twe or more unknown quantities, we must obtain from
them a single equation containing only one unknown quantity.
The method of doing this, is termed elimination, which may be
briefly defined thus: Elimination is the process of deducing from
two or more equations, containing two or more unknown quantities,
a less number of equations containing one less unknown quantity.

There are three methods of elimination.

1st. Elimination by substitution.

2d. Elimination by comparison.

3d. Elimination by addition and subtraction.

ELIMINATION BY SUBSTITUTION.

Arr. 1538.—Elimination by substitution, consists in finding the
value of one of the unknown quantities in one of the equations, in
terms of the other unknown quantity and known terms, and sub-
stituting this, instead of the quantity, in the other equation.

To explain this, suppose we have the following equations, in
which it is required to find the value of x and .

Nore.—The figures in the parentheses, are intended to number the
equations for reference.

z+2y=17 (1.)
2+3y=28 (2.)
By transposing 2y in the equation (1), we have 2=17—2y. Sub-
stituting Zhis value of z, instead of « in equation (2), we have
2(17—2y)+3y=28
or, 34—4y+3y=R28
or, —y=28—34
y=06
and 2=17—Ry=17—12=5.
Hence, when we have two equations, containing two unknown
quantities, we have the following

RULE,
FOR ELIMINATION BY SUBSTITUTION.

- Find an expression for the value of one of the unknown. quan-
tities in either equatiem, and substitute this value in place of the same
unknown quantity in the other equation ; there will thus be formed a
. new equation, containing only one unknown quantity.
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Nore.—In finding an oxpression for the value of one of the unknown
Juantities, let that be taken which is the least iuvolved.

Find the values of the unknown quantities in each of the fol-
lowing equations.

1. =+ 5y-=38. Ans. z=3. | 6. =—y=10. Ans. 2=25.
3z +4y=37 y=T. z_Y o —15
2. 22+4y=22. Ans. z=5. 5 3 =1
HSx+Ty=486. y=3. y =
3. 32+5y=57. Ans.z=4. 7. 5—&=1‘ Aus. z=20.
5x-+3y—=A47. y=9. 52—3y=10. y=30.
4. 42—3y=26. Ans. 2=8. 2x 3y
33—43/:16. y=2. 8. -‘,7——§ =0. Ans. z=21.
5.2 —3 ——4. Ans. 2=16.
i e T= %’4 %":26. y=16.
z— - =12. y=12. .

- ELIMINATION BY COMPARISON.

Arrt. 159.—Elimination by comparison, consists in finding the
value of the same unknown quantity in two different equations,
and then placing these values equal to each other.

To illustrate this method, we will take the same equations which
were used to explain elimination by substitution. -

z-+2y=17 (1.)

- Rx+3y=28 (2.)

By transposing 2y in equation (1), we have z=17—2y.

By transposing 3y in equation (2), and dividing by 2, we have

283y
=0".
Placing these values of z equal to each other,
28_3/—17—2
or, 28—3y_34—4y
or, y==6.

The value of # may be found in a similar manner, by first find-
ing the values of y, and placing them equal to each other. But,
after having found the value of one of the unknown quantities,
the value of the other may be found most readily by substitution,
as in the preceding article. Thus, z=17—2y=17—12=5.

R E VIE W.—157. What is necessary in order to find the value of any
unknown quantity? When we have two equations, containing two unknown
quantities, what is necessary, in order to find the value of one of them?
What is elimination? How many methods of elimination are there? 158.
In what does elimination by substitution consist? What is the rule for
climination by substitution? 159. In what does elimination by compari-
son consist? -
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Hence, when we havo two equations, containing two unknown

quantities, we have the following
RULE,
FOR ELIMINATION BY COMPARISON.

Find an expression for the value of the same unknown quaniity in
each of the given equations, and place these values equal fo each
other ; there will thus be formed a new equation, containing only one
unknown quantity.

Find the value of each of the unknown quantities in the follow-
ing equations, by the preceding rule.

1. 2+3y=186. Ans. 2=7. z Yy ’
-+5y—22. y=3. 6. a—a—l. Ans. z=12
2. 3z+5y=29. Ans.z=S8. z 1
< 3r—By=19. y=1.| 3+i=8. y=8
3. Sz—2y=4. Ans. 2=2. ac ,
2—y=1. y=3. | 7. 5+g=14. Ans. 2=45.
4. 2 Y=g Ans. 2=6. z
273 z_Y_g y=10.
x 9 5
g—v=1 =31 9, 3
) x y 8. °Y_97. Ans =21,
5. §—§=l. Ans. z=36. v 75
3z
z Y _____{l= y=35
B+‘_1=12' ) y=24. 9 7 . '

9.%’-”+2 _x+2—”=42. e e . Ans =20,

3x—-§——40+5 e e y=12.

10, 250 2’;“‘3~............. Ans. 212,
- L g6

ELIMINATION BY ADDITION AND SUBTRACTION.

Arr. 160.—Elimination hy addition and subtraction, consists
in multiplying or dividing two equations, 80 as to render the coéf-
ficient of one of the unknown quantities, the same in both; and
then, by adding or subtracting, to cause the term containing it to
disappear.

To explain this method, we w il take the same equations used
. to illustrate elimination by su’- titution and comparison.

z+2y =17 (1.)
2+3,=28 (2.)
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If we multiply equation (1) by 2, so as to make tho coéfficient
of the same as in the second equation, we have
2x+4y=34 (3.)
2z+3y="28, equation (2) brought down.
T y=6

Since the coéfficient of = has the same sign in these equations,
if we subtract, the terms containing = will cancel each other, and
the resulting equation will contain only y, the value of which may
then readily be found. After this, by substituting the value of y,
as before, the value of x is easily obtzined.

To illustrate the method of eliminating, when the coéfficients of
the unknown quantity to be eliminated, have contrary signs in the
two equations, suppose we have the following, in which it is
required to eliminate y.

3z2—5y=6 (1.)
4x+-3y=37 (2.)
It is obvious, that if we multiply equation (1) by 3 and (2) by
£, that the coéfficients of y will be the same. Thus,
9z—15y= 18
20z+15y=185
adding, 29x = 203
x 7

Substituting this value of x in equation (2), we have
28+4-3y=37
TH=0
y=38
From this we see, that after m‘aking the coéfficients of the quan-
tity to be eliminated, the same in both equations, if the signs are
alike, we must subtract; but if they are unlike, we must add them.
Hence, when we have two equations, containing two unknown
quantities, we have the following

RULE,
FOR ELIMINATION BY ADDITION AND SUBTRACTION.
Multiply, or divide the equations, if necessary, so that one of the
unknown quantities will have the same coéfficient in both. Then take
the difference, or the sum of the equations, according as the signs of
the equal terms are alike or unlike, and the resulting equation will
contain only one unknown quantity.
REMARKE.—When the coéfficients of the unknown quantities to be elim-
inated are prime to each other, they may be equalized, by multiplying each

REVIEW.—159. Whatis the rule for elimination by comparison? 160. In
what does elimination by addition and subtraction consist? What is the
rule for elimination by addition and subtraction?
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equation by the coafficient of the unknown quantity in the other. When
the coéfficients are not prime, find their least common multiple, and multiply
cach equation by the quotient obtained by dividing the least common mul-
tiple by the cosflicient of tho unknown quantity to be eliminated in the
other equation.

If the equations have fractional codfficients, they ought to be cleared
hefore applying the rule.

Find the value of the unknown quantities in each of the follow-
ing equations, by the preceding rule.

L3ss2y 2l Awerd g ey Ans. 2=20.
e Ti|e i Amen
RS e e
7%‘2_%.'4_3 e e Ansz=4.

x;y+“_i"0_~’/=o . e .. y=B

QUESTIONS PRODUCING EQUATIONS CONTAINING TWO
UNKENOWN QUANTITIES.

Arr. 161.—The questions contained in Art. 156, were all capa-
ble of being solved by using one unknown quantity; although,
several of the examples contained two, and in some cases more,
unknown quantities. In those questions, however, there was such
a connection existing between the several quantities, that it was
easy to express each one in terms of the other. But it frequently
happens, that in a problem containing two unknown quantities,
there may be no direct relation existing between them, by means
of which either of them may be found in terms of the other. In
such a case, it becomes necessary to use a separate symbol for
each unknown quantity, and then to find the equations containing
these symbols, on the same principle as where there was but one
unknown quantity; that is, in brief, regard the symbols as the an-
swer to the question, and then proceed in the same manner as it would
be necessary to do, to prove the answer. After the equations are
obtained, the values of the unknown quantities may be found, by
either of the three different modes of elimination.
~ We shall first give two examples, which can be solved hy using
" either one or two unknewn quantities.
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In general, no more symbols should be used, than are really
neeessary ; unless, by using them, the solution is rendered more
simple.

- 1. Given, the sum of two numbers equal to 25, and their differ-
ence equal to 9, to find the numbers.

Solution, by using one unknown quantity.

Let = the less number ; then z+9= the greater.

And z+2+9=25.

Rx=16
=S8, the less number ; and z+49=17, the greater.

Solution, by using two unknown quantities.

Let z— the greater, and y= the less.

Then z+y=25 (1.)

And z—y= 9 (2.

2x=34, by adding the tweo equations together.
=17, the greater number.
2y=186, by subtracting equation (2) from equation (1).
y= 8, the less number.

2. The sum of two numbers is 44, and they are to each other
as 5 to 6; required the numbers.

Solution, by using one unknown quantity.

Let 5z= the less number; then 6= the greater.

And 5z+-6x=44.

1le=44
=4
52=20, the less number.
62=24, the greater number.

Solution, by using two unkrfown quantities.

Let z= the less number, and y= the greamr

Then z+y=44 (1.)

Andz:y::5:

or, 6::53 (2.) by multiplying means and extremes.
6z+6y=264 (3.) by multiplying equation (1) by 6.
6y=264—05y, by subtracting equation (2) from (8)."
11y=264
y=24 and z—=44—y=20.

Several of the following questions may also be solved by usmg
only one unknown quantity.

3. There is g certain number consisting of two places of figures ;
the sum of the figures is equal to 6, and, if from the double of the

REvVIEW.—161. In solving questions, when does it become necessary to
use a separate symbol for each unknown quantity ? How are the equations
formed, from which the valuocs of the unknown quantities are to be obtained ?

12
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number 6 be subtracted, the remainder is a number whose digits are
those of the former in an inverted order; required the number?

In solving questions of this kind, the pupil must be reminded,
that any number consisting of two places of figures, is equal to 10
times the figure in the ten’s place, plus the figure in the unit’s
place. Thus, 23 is equal to 10)X2+3. Inasimilar manner, 325
is equal to 100X3+10X24-5.

Let z= the digit in the place of tens, and y= that in the place
of units.

Then 10z+y= the number.

And 10y+z= the number, with the digits inverted.

Then x+y=6 (1.)

And 2(10x+y)—6=10y+=z (2.)

or, 20x+2y—6=10y+=x.
192=8y+6
8z=—8y-+48, from equation (1), by multiplying by 8,
and transposing.
7x=>54, by adding,.
=2
y=6—2=4. Ans. 24.

4. What two numbers are those, to which if 5 be added, the °
sums will be to each other as & to 6; but, if 5 be subtracted from
each, the remainders will be to each other as 3 to 4?

By the conditions of the question, we have the following pro-
portions: Cx4+5:y4+5::5:6

_ z—5:y—5H::3:4.

Since, in every proportion, the product of the means is equal to

the product of the extremes, we have the two equations
6(z+5)=5(y+5)
4(z—5)=3(y—5)

‘From these equations, the values of z and y are readily found to
be 20 and 25. '

REMARK.— Instead of saying, that the two sums will be to each other
a8 5 to 6, it will be the same to say, that the quotient of the second divided
by the first, is equal to §, since 6 divided by 5, expresses the ratio of 5 to 6,
This would give the following equations :

y+5_8 o qy—5_4
155 =53 -
which may be readily ebtained from those given above. )

Nore.—In solving the following questions, after finding the equations.
the values of the unknown quantities may be found by either of the three
methods of elimination.
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5. A grocer sold to one person 5 pounds of coffee and 3 pounds
of sugar, for 79 cents; and to another, at the same prices, 3
pounds of coffee and 5 pounds of sugar, for 73 cents; what was
the price of a pound of each?  Ans. Coffee 11 cts., sugar 8 cts.
6. A farmer sold to one person 9 horses and 7 cows, for 300
doliars ; and to another, at the same prices, 6 horses and 13 cows,
for the snme sum ; what was the price of each?
Ans. Horses $24, and cows $12 each.
7. A vintner sold at one time, 20 dozen of port wine and 30 of
sherry, and for the whole received 120 dollars; and, at another,
30 dozen of port and 25 of sherry, at the same prices as before, .
for 140 dollars; what was the price of a dozen of each sort of
wine? Ans. Port $3, and sherry $2 per doz.
8. It is required to find two numbers, such that 3 of the first
and 4 of the second sball be 22, and } of the first and } of the
second shall he 12. Ans. 24 and 30.
9. If the greater of two numbers be added to  of the less, the sum
will be 837; but if the less be diminished by $ of the greater, the
difference will be 20; what are the numbers?  Ans. 28 and 27.
10. What two numbers are those, such that 3 of the first dimin-
ished by 4 of the second, shall be 5, and } of the first diminished
by % of the second, shall he 22 - Ans. 20 and 15.
11. A farmer has 2 horses, and a saddle worth 25 dollars ; now,
if the saddle be put on the first horse, his value will be double
- that of the second ; but, if the saddle be put on the second horse,
his value will be three times that of the first. Required the value
of each horse. Ans. First $15, second $20.
12. A and B are in trade together with different sums; if 50
" dollars be added to A’s property, and 20 dollars taken from B’s,
they will have the same sum; and if A’s property was 3 times,
and B’s 5 times as great as each really is, they would together
have 2350 dollars; how much has each? Ans. A $250, B $320.
13. A has two vessels containing wine, and finds, that Z of the
first contains 96 gallons less than § of the second ; and that § of
the second contains as much as § of the first; how much does each
vessel hold? Ans, 720 and 512 galls.
14. There is a number consisting of two digits, which, divided
by their sum, gives a quotient, 7; but if the digits be written in
an inverse order, and the number so arising, be divided by their
sum increased by 4, the quotient will be3. Required the number.
Ans. 84.
15. If we add 8 to the numerator of a certain fraction, its value
becomes 2; and if we subtract 5 from the denominator, its value
becomes 3 ; required the fraction. , Ans. §.

[
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16. If to the ages of A and B 18 be added, the result will be
double the age of A ; but, if from their difference 6 be subtraeted,
the result will be the age of B; required their ages.

Ans. A 30, B 12 yrs.

17. There are two numbers whose sum is 87, and if 3 times
the less be subtracted from 4 times the greater, and the difference
divided by 6, the quotient will be 6; what are the numbers ?

Ans. 16 and 21.

18. It is required to find a fraction, such thatif 3 be subtracted
from the numerator and denominator, the value will be 4; and if 5
be added to the numerator and denominator, the value will be %7

Ans. 19

19. A father gave his two sons, A and B, together 2400 dollars,
to engage in trade; at the close of the year, A has lost § of his
capital, while B, having gained a sum equal to } of his capital,
finds that his money is just equal to that of his brother; what was
the sum given by the father to each? Ans. A $1500, B $900.

20. If from the greater of two numbers 1 be subtracted, the
remainder will be equal to 4 times the less ; but, if to the less 3
be added, the sum will be § of the greater ; required the numbers.

Ans. 8 and 33.

21. A said to B, “ Give me 100 dollars, and then I shall have
as much as you.” B said to A, *“ Give me 100 dollars, and then I
shall have twice as much as you.”” How many dollars had each?

Ans. A $500, B $700.

22. If the greater of two numbers be multiplied by 5, and the
less by 7, the sum of their products is 198 ; but if the greater be
divided by 5, and the less by 7, the sum of their quotients is 6;
what are the numbers? Ans. 20 and 14.

23.. Seven years ago the age of A was just three times that of
B; and seven years hence, A’s age will be just double that of B;
what are their ages? Ans. A’s 49, B’s 21 yrs,

24. There is a certain number consisting of two places of figures,
whieh being divided by the sum of its digits, the quotient is 4,
and if 27 be added to it, the digits will be inverted ; required the
number. Ans. 36.

25. A grocer has two kinds of sugar, of such quality that one
pound of each are together worth 20 cents; but if 3 pounds of
the first, and 5 pounds of the second kind be mixed, a pound of
the mixture will be worth 11 cents; what is the value of a pound
of each sort? Ans. 6 cts., and 14 ects.

26. A boy lays out 84 cents for lemons and oranges, giving 3
cents & piece for the lemons, and 5 cents a piece for the oranges;
he afterward sold § of the lemons and § of the oranges, for 40
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eents, and by so. doing cleared 8 cents on what he sold ; what
number of each did he purchase?
Ans. 8 lemons and 12 oranges.
27. A person spends 30 cents for peaches and apples, buying
his peaches at 4, and his apples at 5 for a cent; he afterward
sells 3 of his peaches, and } of his apples, at the same rate he
bought them, for 13 cents ; how many of each did he buy? -
Ans. 72 peaches and 60 apples.
28. A owes 500 dollars, and B owes 600 dollars, but neither ha.s
sufficient money to pay his debts. A said to B, “Lend me } of
your money, and 1 shall have enough to discharge my debts.”
B said to A, “ Lend me } of your money, and I can pay mine.”
How much money has each? Ans. A $400, B $500.
29. A merchant bought two pieces of cloth for 236 dollars, the
tirst piece at 4, and the second at 7 dollars per yard ; but the cloth
getting damaged, be sold § of the first piece, and § of the second,
for 160 dollars, by which he lost 8 dollars on what he sold; what
was the number of yards in each pieee?
Ans. 24 yards in the first, and 20 yards in the second.
30. A son said to his father, “ How old are we?” The father
replied, “ Six years ago my age was 3} times yours, but 8 years
hence, my age will be only 2} times yours.” Required the age
of each. Ans. Father’s age 36, son’s 15 yrs.
31. A person has two horses, and two saddles, one of which cost
50, and the other 2 dollars. If he places the best saddle upon the
first horse, and the other on the second, then the latter is worth 8
dollars less than the former; but if he puts the worst saddle upon
the first, and the best upon the second horse, then the value of the
latter is to that of the former as 15 to 4. Required the value of
each horse. . Ans. First $30, second $70.
32. A farmer having mixed a ocertain number of bushels of oats
and rye, found, that if he had mixed 6 bushels more of each, he
would have mixed 7 bushels of oats for every 6 of rye; but if he
had mixed 6 bushels less of each, he would have put in 6 bushels
of oats for every & of rye. How many bushels- of each did he
mix? Ans. Oats 78, rye 66 bu.
33. A person having laid out a rectangular yard, observed, that
if each side had been 4 yards longer, the length would have been
to the breadth, as 5 to 4 ; but, if each had been 4 yards shorter,
the length would have been to the breadth, as 4 to 3 ; required the
length of the sides. . Ans. Length, 36, breadth 28 yards.
34. A farmer rents a farm for 245 dollars per annum ; the tilla
ble land being valued at 2 dollars an acre, and the pasture at 1
dollar and 40 oents an acre; now the number of acres tillable, is
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SIMPLE EQUATIONS, CONTAINING THREE OR MORE UNKNOWN
QUANTITIES.

Arr. 162.—Equations involving three or more unknown quan-
tities may be solved, by either of the three methods of elimination
explained in the preceding Article, as we shall now proceed to
show, by solving an example by each of these methods.

Suppose we have the three following equations, in which it is
required to find the values of z, ¥, and 2.

z+4+2y+ 2=20 (1.)
Rzx+ y+32=31 (2.)
3z+4y+2:=44 (3.)

Solution by substitution.

From equation (1), z=20—2y—=.

Substituting this in equation (2), we have

2(20—2y—2)+y+32=31.

or, 40—4y—Rz+y+32=31.

3y—2=9 (4.)
Substituting the same value of z in equation (3), we have

3(20—2y—2)4-4y+22=44.

or, 60—6y—3z4+4y+2:=44.
2y+2=16 (5.)
y—=9 (4.)-

Here the values of y and 2z are readily found by the rule, Art.
158, to be 5and 6 ; then substituting these values in equation (1),
we find 2=4.

Solution by comparison.

From equation (1), e=20—Ry—2z

« “ (2)’ x=3l—y—3z

2
“ 7] (3), 44—43.’/ —R2
Comparing the first and second values of z, we have

20231y =5
or, 40—4y—2:=31—y—32
or, 3y—=9 (4.)
Comparing the first and third values of z, we have

20_2!/_2:4&5?/'_—2_2
or, 60—6y—3z—44—4y—2z
2y+2z=16 (5.)

From equations (4) and (5), the values of y and ¢, and then z,
may be found by the rule, Art. 159.
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Solution by addition and subtraction.
Multiplying equation (1) by 2, to render the coéflicient of £ the
same a8 in equation (2), we have
Rx+4y+22:=40
equation (2) is 2z+ y+3z=31
by subtracting, y—z= 9 (4.)
Next, multiplying equation (1) by 3, to render the coéfficient of
z the same as in equation (3), we have
3z+6y-+32=60
equation (3) is 3x+4y+2z=44
by subtracting, 2y+ 2=16 (5.)
y—z= 9 (4.)
by adding, 5y = 25
y = 6
Then 10+2=16, and z—6.
And  2+104-6=20, and x=4.

R Ex A R E.—The methods of climination by substitution and compari-
son, when there are more than two unknown quantities, are merely an
extension of the rules already presented, in Articles 158 and 159; there-
fore, it is unnecessary to repeat them here. When the number of unknown
quantities is three or more, and particularly when each of the unknown
quantities is found in all the equations, the method of elimination by addi-
tion and subtraction is generally preferred; we shall, therefore, illustrate it
by another example.

Let it be required to find the value of each of the unknown

quantities in the following equations.
o+2x+3y+42=30 (1.)
v-3z+ y+ 2=15 (2.)
3v+ 2+4+2y+32=23 (3.)
4v+422—y+142=61 (4.)

Let us first eliminate v: this may be done by making the coéfi-
cient of v, in one of the equations. the same as in the other three,
and then subtracting.

Rv+42+6y++-82=60, by multiplying equation (1) by 2.
20+3x+y+2=15 (2.)
z+5y+72=45 (5.), by subtracting. .
8v+62+9y+122=90, by multiplying equation (1) by 3.
3v+a4-2y43:=23 (3.)
5x+4+7y+9:=67 (6.), by subtracting.
4v+-82412y+162=120, by multiplying equahon (1) by 4.
4v+2z—y+142= 61 (4.)
6x+13y+2:= 59 (7.), by subtrachng. .
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Collecting into one place, the new equations (5), (6), and (7),
we find, that the number of unknown quantities, as well as the
number of equations, is one less.

z4-5y4+-72=45 (5.)
Sx+Ty+92=67 (6.)
6x+13y+22=59 (7.)

The next step is to eliminate x, by making the coéfficient of z,
in one of the equations, the same as in each of the others, and
then subtracting.

52+-25y+3852=225, by multiplying equation (5) by 5.
5z+7y+92= 67
18y+262=158 (8.)
* 6z+30y+42:=270, by multiplying equation (5) by 8.
6z+13y+4-22= 59
17y+40:=211 (9.)

Bringing together equations (8) and (9), we find, that the num-
ber of equations, as well as of unknown quantities, is now two
less. ) 18y+262=158 (8.)

17y+402=211 (9.)
306y-+442-=2686, by multiplying equation (8) by 17.
306y+720z=3798, by multiplying equation (9) by 18.

2782=1112
= 4

Substituting the value of 2, in equation (9), we get

17y+160=211

17y= 51
. y= 3.
Substituting the values of y and z, in equation (5), we get
z+154-28=45
=2
And lastly, substituting the values of z, g, a.nd 2, in equtlon
(1), we get v+4+9+16=30
or, v=1.

From the preceding example, we derive the

GENERAL RULE,
FOR ELIMINATION BY ADDITION AND SUBTRACTION.

1st. Combine any one of the equations with each of the others, su
as to eliminate the same unknown quantity ; there will thus arise a
new class of equations, containing one less unknown quantity.
2d. Combine any one of these new equations with each of the others,
#0 as to eliminate another unknown quantity ; there will thus arise
another class of equations, containing two less unknown qmmmta
13
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8d. Continue this series of operations until a single equation is
obtained, containing but one unknown quantity, from which its valus
may be easily found; then, by going back, and substituting this value
in the derived equations, the values of the other unknown quantities
may be readily found.

Rexan K.;When the number of unknown quantities in each equation,
is less than the whole number of unknown quantities involved, the method
of substitution will generally be found the shortest. By solving several of
the following examples, by each of the three different methods, the pupil
will be able to appreciate their relative excellence in different cases.

EXAMPLES,
TO BE SOLVED BY EITHER OF THE DIFFERENT METHODS OF
) ELIMINATION.

1. z+y=>50. t e e s e s s e e s e e e oo Ans 2=I18.
:v—l-z=28}.y=32
yz=42.) . . i i e e e e e e e e ... 2=10.
Q. 3z+5y= 76. e e e e e s e e e e e Ans z=12,
4a:+62=108.}................y=8.
5247y =106. Y = L
3. z+y+2z=26. e e e 4 s e s s s e s s s+ Ans, 2=3.
x+y—z=—6.}................y='7.
z—y+2z=12. Y =0 LA
y 2 z Ans, 2=64.

4, :c+§=100; y+§=100; l+;=100 .« o . y=72.
=84,

5. Rz—y+2=9. © s e s s e e e s e e s Ans z=3.
a:-—2]/+32=14.} C e e e e e e e e e e e .. y=R
3z+4y—R2="7. C e s e st s e s e e e . 2=D,
6. 2z—3y+5z=15. e o o o s o s e s e o o Ans xz=2.
3x+2y-—z=8.}..............y=3.
—z+5y+2:=21. e e e e s s e e e e e e . z=4.
7'2+3+7—22 ¢ o e o o e o e 0 e 0 s o m.hlg

3-}-5+2-—3l et e e e e e e e s e e e . . y=30.
4+2+3—32 C e st e e e e e e e e e . =42,
83"‘2+F3. s e ¢t e e s e e e e e o o Ans z=6.
z Yy z_ '

3+3—§_1' e et et e e s, y=4
g—‘%+5=5. .0--coacvunooou|o'=3!
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QUESTIONS PRODUCING EQUATIONS CONTAINING THREE OR
MORE UNKNOWN QUANTITIKS,

Art. 163.—When a question contains three or moro unknown
quantities, equations involving them, can be found on the same
principle as in questions containing one or {wo unknown quanti-
ties. (See.Articles 156 and 161.) The values of the unknown
quantities may then be found by either of the three methods of
elimination.

R EuARE.—The method of elimination to bo preforred, will depend on
the manner in which the unknown quantities are combined, and must be
left to the judgment of the pupil. When such a relation exists between the
different unknown quantities, that one or moro of them can be expressed
directly in terms of another, it should be done, as this gencrally renders the
solution more simple.

1. A person has 3 ingots, composed of 3 different metals in dif-
ferent proportions; a pound of the first contains 7 ounces of sil-
ver, 3 of copper, and 6 of tin; & pound of the second consists of
12 ounces of silver, 3 of copper, and 1 of tin; and a pound of
the third, of 4 ounces of silver, 7 of copper, and 5 of tin. How
much of each of the ingots must be taken, to form another ingot
of 1 pound weight, consisting of 8 ounces of silver, 3§ of copper,
and 41 of tin?

Let «, y, z, be the number of ounces to be taken of the 3 ingots
respectively.

Then, since 16 ounces of the first contain 7 ounces of silver,
1 ounce will conta.in 15 of an ounce of silver ; and hence, « ounces

will contain 1_6 ounces of silver.

In the same manner,  ounces of the second will contain 11—%7
ounces of silver; and z ounces of the third will contam ounces

16
of silver. But, by the question, the number of cunces of silver

in a pound of the new ingot is to be 8, hence
12y 4
616 HTe=s

Or, by clearing it of fractions,

Tz+12y+4=128 (1.)

R EVIEW.—162. What is the general rule for elimination by addition
and subtraction? When is the method of elimination by substitution to be
preferred to this? 163. Upon what principle are equations formed, when
& question contains thrce or more unknown quantities? When should we
use a less number of symbols than there are unknown quantities ?
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Reasoning in a similar manner with reference to the copper and
the tin, we have the two following equations:
3z+3y+72=60 (2.)
6z+ y+5=68 (3.)
The cotfficient of y being the simplest, will be most easily elim-
inated.
If we multiply the second equatlon by 4, and ta.ke the first equa-
tion from the product, the result is
52+242=112 (4.)
If we multiply the third equation by 3, and take the second
from the product, the result is
1524+82=144 (5.)
If we multiply the last cquation by 3, and take the preceding
equation from it, the result is
40x=320
=8
Substituting this value of « in equation (5), we have
120+82=144
z=3
And subst,xtutmg these values of z and 2, in equation (3),
48+4-y4-15=68
y=>,
Hence, the new ingot will contain 8 ounces of the first, 5 of the
second, and 3 of the third. -

2. The sums of three numbers, taken two and two, are 27, 32,
and 35 ; required the numbers. Ans. 12, 15, and 20.
3. The sum of three numbers is 59; } the difference of the
first and second is 5, and § the difference of the first and third is
9; required the numbers. Ans. 29,19, and 11.
4. There are three numbers, such that the first, with & the sec-
ond, is equal to 14 ; the second, with § part of the third, is equal
to 18; and the third, with § part of the first, is equal to 20;
required the numbers. Ans. 8, 12, and 18.
5. A person bought three silver watches; the price of the first,
with } the price of the other two, was 25 dollars; the price of
the second, with 4 of the price of the other two, was 26 dollars;
end the price of the third, with % the price of the other two, was
29 dollars ; required the price of each.  A. $8, $18, and $16.
6. Find three numbers, such that the first with § of the other
two, the second with } of the other two, and the third with § of
the other two, shall each be equal to 25. Ans. 13,17, and 19.
7. A boy bought at one time 2 apples and 5 pears, for 12 cents;
at another, 3 pears and 4 peaches, for 18 cents; at another, 4 pears
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and 5 oranges, for 28 cents; and at another, 5 peaches and 6
oranges, for 39 cents; required the cost of each kind of fruit.
Ans. Apples 1 cent, pears 2, peaches, 3, oranges 4 cts., each.

8. A and B together possess only  as much money as C; B
and C together, have 6 times as much as A; and B has 680 dol-
lars less than A and C together ; how much has each? -

Ans. A $200, B $360, and C $840.

9. A, B, and C together, have 1820 dollars; if B give A 200
dollars, then A will have 160 dollars more than B; but if B
receive 70 dollars from C, they will both have the same sum ; how
much has each ? Ans. A $400, B $640, and C $780.

10. Three persons, A, B, and C, compare their money; A says
to B, “Give me 700 dollars, and I shall have twice as much as you
will have left.” B says to C, “Give me 1400 dollars, and I shall
have three times as much as you will have left.” And C says to
A, “Give me 420 dollars, and then I shall have five times as much
as you will have left.”” How much has each?

Ans. A $980, B $1540,.and C $2380.

11. A cortain number is expressed by three figures, and the sum
of the figures is 11; the figure in the place of units, is double that
in the place of hundreds; and if 297 be added to the number, its
figures will be inverted ; required the number. Ans. 326.

12. Three persons, A, B, and C, together, have 2000 dollars;
if A gives B 200 dollars, then B will have 100 dollars more than
C; but, if B gives A 100 dollars, then B will have only § as much
as C; required the sum possessed by each.

Ans. A $500, B $700 and C $800.

13. There are thres numbers whose sum is 83; if, from the
firat and second you subtract 7, the remainders are as 5 to 3; but
if from the second and third, you subtract 3, the remainders are
to each other as 11 to 9 ; required the numbers. A. 37,25,21.

14. Divide 180 dollars between three persons, A, B, and C, so
that twice A’s share plus 80 dollars, three times B’s share, plus
40 dollars, and four times (’s share plus 20 dollars, may be all
equal to each other. Ans. A $70, B $60, and C $50.

15. There are three numbers whose sum is 78; 4 of the first is
to 1 of the second, as 1 to 2; also, } of the second is to § of tho
third, as 2 to 3; what are the numbers ? Ans. 9, 24, and 45.

16. A, B, and C, have a sum of money; A’s share exceeds # of
the shares of B and C, by 30 dollars; B’s share excceds § of the
shares of A and C, by 30 dollars; and C’s share exceeds £ of the
shares of A and B, by 30 dollars; what is the share of each?

Ans. A’s $150, B’s $120, and C’s §$90.
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17. If A and B can perform a certain work in 12 days, A and

C in 15 days, and B and C in 20 days, in what time could each
do it alone? Ans. A 20, B 30, and C 60 days.
18. A number, expressed by three figures, when divided by the
sum of the figures plus 9, gives a quotient 19 ; also, the middle
figure is equal to half the sum of the first and third; and, if 198
be added to the number, we obtain a number with the same figures
in an inverted order; what is the number? Ans. 456.
19. A farmer mixes barley at 28 cents, with rye at 36, and
wheat at 48 cents per bushel, so that the whole is 100 bushels,
and worth 40 cents per hushel. Iad he put twice as much rye,
and 10 bushels more of wheat, the whole would have been worth
exactly the same per bushel; how much of each kind was there?
Ans. Barley 28, rye 20, and wheat 52 bushels.

20. A, B, and C, in a hunting excursion, killed 96 birds, which
they wish to share cqually ; in order to do this, A, who has the
most, gives to B and C as many as they already had ; next, B gives
to A and C as many as they had after the first division; and
lastly, C gives to A and B as many as they both had after the
second division; it was then found, that each had the same num-
ber; how many had each at first? Ans. A 52,B28,and C 16.

CHAPTER V.

SUPPLEMENT TO EQUATIONS OF THE FIRST DEGREE.
GENERALIZATION.

Arr. 164.—EquaTions are termed literal, when the known
quantities are represented, either entirely or partly, by letters.
Quantities represented by letters, are termed general values—be-
cause, by giving particular values to the letters, the solution of one
problem, furnishes a general solution to all others of the same kind.

The answer to a problem, when the known quantities are repre-
sented by letters, is termed a formula; and a formula, expressed
in ordinary language, furnishes a rule.

By the application of Algebra to the solution of general ques-
tions, a great number of useful and interesting truths and rules
may be estublished. We shall now proceed to illustrate this sub-
ject, by a-few examples. ,

AgT. 165.—1. Let it be required to find a number, which being
divided by 3, and by 5, the sum of the quotients will be 16.
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Lot z= the number; then ;-}-gzlﬂ.

5x4+3xz=16X15
8x=16X15
z= 2X15=30.

2. Again, let it be required to find another number, which being
divided by 4, and by 7, the sum of the quotients will be 11.

By proceeding, as in the preceding question, we find the num-
ber to be 28. .

Instcad, howerer, of solving every example of the same kind
separately, we may give a general solution, that will embrace all
the particular questions. Thus:

3. Let it be required to find a number, which being divided by
two given numbers, @ and b, the sum of the quotients may be
equal to another given number, c.

Let z= the number; then §+7—,=c.

bx+ax=abe
(a+b)z=abe
albe

=aTv

The answer to this question is termed a formula ; it shows, that
the required number is equal to the continued product of a, b, and
¢, divided by the sum of @ and b. Or, it may be expressed in
ordinary language, thus: Mulliply together the three given numbers,
and divide the product by the sum of the divisors; the resull will be
the required number.

The pupil may test the accuracy of this rule, by solving the
following examples, and verifying the results.

4. Find a number, which being divided by 3, and by 7, the sum

of the quotients may be 20. Ans. 42.
6. Find a number, which being divided by } a,nd §» the sum of
the quotients may be 1. Ans. §

ArT. 166.—1. The sum of 500 dollars is to be divided between
two persons, A and B, so that A may have 50 dollars less than B.
Ans. A $225, B $275.

To make this question general, let it be stated as follows:.

REVIEW.—164. When are equations termed literal? When aro quan-
dities termed general? When is the answer to & problem termed a formula ?
What is a formula called, when expressed in ordinary language? 165. Ex-
ample 3. What is the answer to this question, expressed in ordinary

language ?
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17. If A and B can perform a certain work in 12 days, A and
Cin 15 days, and B and C in 20 days, in what time could each
do it alone? . Ans. A 20, B 30, and C 60 days.

18. A number, expressed by three figures, when divided by the
sum of the figures plus 9, gives a quotient 19 ; also, the middle
figure is equal to half the sum of the first and third; and, if 198
be added to the number, we obtain a number with the same figures
in an inverted order; what is the number ? Ans. 456.

19. A farmer mixes barley at 28 cents, with rye at 36, and
wheat at 48 cents per bushel, so that the whole is 100 bushels,
and worth 40 cents per bushel. Had he put twice as much rye,
and 10 bushels more of wheat, the whole would have been worth
exactly the same per bushel; how much of each kind was there?

Ans. Barley 28, rye 20, and wheat 52 bushels.

20. A, B, and C, in a hunting excursion, killed 96 birds, which
they wish to share equally; in order to do this, A, who has the
most, gives to B and C as many as they already had; next, B gives
to A and C as many as they hud after the first division; and
lastly, C gives to A and B as many as they both had after the
second division; it was then found, that each had the same num-
ber; how many had each at first? Ans. A 52,B 28, and C 16.

"CHAPTER V.

SUPPLEMENT TO EQUATIONS OF THE FIRST DEGREE.
GENERALIZATION.

Arr. 164.—EquaTioNs are termed literal, when the known
quantities are represented, either entirely or partly, by letters.
Quantities represented by letters, are termed general values—be-
cause, by giving particular values to the letters, the solution of one
problem, furnishes a general solution to all others of the same kind.

The answer to a problem, when the known quantities are repre-
sented by letters, is termed a formula; and a formulas, expressed
in ordinary language, furnishes a rule.

By the application of Algebra to the solution of general ques-
tions, a great number of useful and interesting truths and rules
may be established. We shall now proceed to illustrate this sub-
ject, by a-few examples.

Art. 263.—1. Let it be required to find & number, which being
divided by 3, and by 5, the sum of the quotients will be 16.
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Let = the number; then g-&-g.—.—l 6.

5x43x=16X15
82=16X15
z= 2X15=30.

2. Again, let it be required to find another number, which being
divided by 4, and by 7, the sum of the quotients will be 11.

By proceeding, as in the preceding question, we find the num-
ber to be 28. .

Instcad, howerver, of solving every example of the same kind
separately, we may give a general solution, that will embrace all
the particular questions. Thus:

3. Let it be required to find a number, which being divided by
two given numbers, @ and b, the sum of the quotients may be
equal to another given number, c.

Let 2= the number; then §+7—)=c.

bz+ax=abe
(a+b)x=abe
abe

r'——m.

The answer to this question is termed a formula ; it shows, that
the required number is equal to the continued product of a, b, and
¢, divided by the sum of @ and b. Or, it may be expressed in
ordinary language, thus: Multiply together the three given numbers,
and divide the product by the sum of the divisors; the resull will be
the required number.

The pupil may test the accuracy of this rule, by solving the
following examples, and verifying the results.

4. Find a number, which being divided by 3, and by 7, the sum

of the quotients may be 20. Ans. 42.
6. Find a number, which being divided by } and }, the sum of
the quotients may be 1. Ans. 4.

ArT. 166.—1. The sum of 500 dollars is to be divided between
two persons, A and B, so that A may have 50 dollars less than B.
Ans. A §225, B $275.

To make this question general, let it be stated as follows:.

REVIEW.—164. When are equations termed literal? When aro quan.

! gities termed general? When is the answer to a problem termed a formula ?

What is a formula called, when expressed in ordinary language? 165. Ex-

ample 3. What is the answer to this question, expressed in ordinary
language ?
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Let the share of A be denoted by mz, then nz= B’s, and re=
C’s share. Then ma-+nz+re=c
¢
z=m+n+r
c _ me
X m+n+r m+ntr
c . me
m+n+r—m+n+r
. = Xm+n+;_m+n+;

By examining these formula, we sce that the whole gain, ¢, is
divided by m+n+r, the sum of the proportions of stock furnished
by all the pn.rt.ners, and that this quotient is multiplied by m, =,
and r, each one’s respective proportion, to obtain his share of the
gain,

If ¢ had represented loss, instead of gain, the same solution
would have applied. . Hence, to find each partner’s share of the
gain or loss, we have the following

nx=n X

RULE.

Divide the whole gain or loss by the sum of the prtmortwns of
stock, and multiply the quotient by each partner's proportion, to
obtain his respective share.

‘When the times in which the respective stocks are employed
are different, it becomes necessary to reduce them to the same
time, to ascertain what proportion they bear to each other.

Thus, if A have 3 dollars in trade 4 months, and B 2 dollars
months, we see, that 3 dollars for 4 months, are the same as 12
dollars for 1 month ; and 2 dollars for 5 months, are the same as
10 dollars for one month. Therefore, in this case, the gain or loss
must be divided in the proportion of 12 to 10; that is, in propor-
tion to the product of the stocks by the times in which they were
employed. Hence, when time in fellowship is considered, we have
the following

RULE.

Multiply each man’s stock by the time during which it was em-
ployed ; and then, according to the preceding rule, divide the gain
or loss in proportion to these products.

3. A, B, and C engaged in trade; A putin 200 dollars, B 300,
and C 700; they lost 60 dollars; what was each man’s share?

Ans. A’s loss $10, B’s $15, and C’s $35.

REVIEW. -—168 How is the gain or loss in fellowship found, when the

times in which the stock is employed are the same ? How is it found, when
the times are different?
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Since the sums engaged, evidently are to each other, as 2, 3,
and 7, we may either use these numbers, or those representing the
stock. .

4. In a trading expedition A put in 200 dollars 3 months, B
150 dollars for 5 months, and C 100 dollars for 8 months; they
gained 215 dollars; what was each man’s share of the gain?

Ans. A’s share $60, B’s §$75, and C’s $80.

Arr. 169.—1. Two men, A and B, can perform a certain piece
of work in @ days, A and C in b days, and B and C in cdays; in
what time could each one, alone, perform it? and, in what time
could they perform it, all working together?

Let z, y, and 2z represent the days in which A, B, and C can
respectively do it.

Then %:, %, and ;, represent the parts of the work which A, B,
and C can each do in 1 day.

Since A and B cando it in a days, they do% part of it in 1 day.

But, i+}/ represents the part of the work which A and B can do

in one day. Hence,

i+:-/=£ (1.) and reasoning in a similar manner, we have
1,11

iy )

1,11

i 8

%-p-%—*-g ‘lz i-}-l by adding the three equations together
1,111

;4.‘;/.}.;_.2— 2b+2c (4.) by dividing by 2.

1 1,1 1 betac—ab

o

, by subtracting (3) from (4).

"~ 2a720 2 2abc

" or, z(a.c+bc—ab)=2abc, by clearing of fractions.
2abe

=actbo—ad’

(2) from (4), and reducing, we find y——-

In a similar manner, by subtracting equation

2abe
ab+bc—-¢w

. . _ Rabe
Also, in the same manner, 2z is found rT——

Since —+ + , O 2a+2b+2c’ represents the part all can do in
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one day; if we divide 1 by 2-154-2%4-210 ). the quotient, which

is 57)——;—25%2’ will represent the number of days in which all can
perform it. :

ArT. 170.—In the solution of questions, it is sometimes neces-
sary to use gencral values for particular quantities, to ascertain
the relation which they bear to each other; as in the following
problem. v

If 4 acres pasture 40 sheep 4 weeks, and 8 acres pasture 56
sheep 10 weeks, how many sheep will 20 acres pasture 50 weeks,
the grass growing uniformly all the time?

The chief difficulty in solving this question, consists in ascer-
taining the relation that exists between the original quantity of
grass on an acre, and the growth on each acre in one week.

Let m= the quantity on an acre when the pasturage began, and
n= the growth on 1 acre in 1 week; m and n representing pounds,
or any other measure of the quantity of grass.

Then 4n= the growth on 1 acre in 4 weeks.

And 16n= the growth on 4 acres in 4 weeks.

Also, 4m--16n= the whole amount of grass on 4 acres in 4
weeks.

If 40 sheep eat 4m+16n in 4 weeks, then 40 sheep eat
4m+16n

4

.And 1 sheep eats

=m-+4n in one week.
m44n _m
40 40
Again, 8m-+80n= the whole amount of grass on 8 acres in 10
weeks.
1f 56 sheep eat 8m+80n in 10 weeks,

Then 56 sheep eat 81—m0~+8n in 1 week.

n .
+T() in one week.

8n 8 m =,
And 1 sheep eats W+5—6=7b+7 in 1 week.

m, n_mn
Hence, 40+1Q_7T)+’-7'
Or, 7Tm+-28n=4m+40n
3m=12n
m=4n
or n=}m; hence, the growth on one acre in 1 week, is
equal to } of the original quantity on an acre.

Chen. 1 sheon, e 1. myn_m, m_m
en, 1.sheep, in 1 week, eats 55+10=10-+70=z0"

N
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And 1 sheep, in 50 weeks, eats %XE,(}:%"&

20 acres have an original quantity of grass, denoted by 20m.
The growth of 1 acre in 1 week being {m, in 50 weeks, it will
be épl—n And the growth of 20 acres, in 50 weeks, will he

@ﬂx2o_250m
Then 20m-+250m=270m, the whole amount of grass on 20

acres in 8 weeks.

Then 27om_§"‘._5‘;2:"

GENERAL PROBLEMS.

1. Divide the number a into two parts, so that one of them shall
be n times the other. Ans. ™% and %
“n+1 n+1°

2. Divide the number a into two parts, 8o that m times one part
shail be equal to n times the other. A na ma

ns. and —.
m+n m-+n

3. Divide the number a into two parts, 8o that when the first is
multiplied by m, and the second by #, the sum of the products may

=108, the number of sheep required.

be equal to b. Ans. b—na and ma—b.
m—n m—n

4. Find a number, which being divided by m, and by n, the sum
of the quotients shall be equal to a. Ang, 4

8, ——.

m-+n

5. Divide ainto three such parts, that the second shall be m,
and the third n times the first.
a

Ans. , ma , and
14+m+4n’ 14m+n l+m+n
6. Divide a into two such parts, that one of them being divided
by b, and the other by ¢, the sum of the quotients shall be equal

to d. Ans b(a—cd) and ¢(bd—a)

S T b—

7. What number must be added to @ and b, so that the sums

shall be to each other as m to n? Ans mb—na
n—m

8. What number must be subtracted from @ and b, 8o that the

differences shall be to each other as m to n? A na—mb

ns. ———-.

9. What number must be added to @, and subtracted from b, that

the sum may be to the difference as m to n? Ans mb —na

m+n °
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10. After paying away 7:_{ and % of my money, I had a dollars

left ; how many dollars had I at first? Auns mna
< mn—m—n
11. What quantity is that of which the ~ part, diminished by
anq
" mg—np’
12. A certain number of persons paid for the use of a boat, for
a pleasure excursion, a cents each; but, if there had been b per-
sons less, each would have had to pay c cents; how many persons
were there? be
Ans.
c—a
13. A person gave some poor persons @ cents a piece, and had d
cents left; but, if he had given them ¢ cents a piece, he would
have had d cents left; how many persons were there ? Ans d—b

the g part, is equal to a? Ans

.

14. A farmer mixes oats at a cents per bushel, with rye at b
cents per bushel, so that a bushel of the mixture is worth ¢ cents;
how many bushels of each will n bushels of the mixture contain ?
n(c——b) and n(a c)

a—b —b °

15. A person borrowed as much money as he had in hns purse,
and then spent @ cents; again, he borrowed as much as he had in
his purse, after which he spent a cents; he borrowed and spent,
in the same manner, & third and fourth time, after which, he had
nothing left; how much had he at first? An 15a

5 T

16. A person has 2 kinds of coin; it takes @ pieces of the first,
and b pieces of the second, to make one dollar; how many pieces
of each kind must be taken, so t.hat ¢ pieces may be equivalent to
a dollar? Ans. a(b—c) and b(c—a)

“bo—a “o—a °

Art. 1'71.—It sometimes happens 1n the solution of an equa-
tion of the first degree, that the second or some higher power of
the unknown quantity occurs; but, in such a manner, that it is
easily removed, or made to disappear, so that the equation can be
solved in the usual manner. The following are examples of equa-
tions and problems belonging to this class.

1. Given 22?4-8x=1122—10x, to find the value of z.

By dividing each side by x, we have

R%z+4+8=112—10, from which z=2.
2. Given (4+4-x)(3+2)—6(10—=x)==x(7+=), to find .

-
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Performing the operations indicated, we have
124-72+2"— 604+ 6x=Tx+22

Omitting the quantities on each side which are equal, we have
12—6046x=0, from which z=8.

. 322—8r—=24xz—b5z% . . . e ¢ o . « o« Ans. 2—4,

. 40:’—6:::‘—16::‘—1203:’—143:’ e v v o . Ans z=12.

. 8ax*—10ax’=8az’+az®. . . . . . .. .. . Ans. z=9.

2
ac’+2;——'§=z. e e e e e e e e e e . Apsoz=8

6z+13 3x+5 2x
=5 " 5s-25— e e e e e e e o« Ans z=20.

R (a+:c)(b+(x2~|—:a? )c—b)—x(b+x). e« « o Ans z=c—2),
2 2\X T C) a(c—0*)
ax+b = a+§+. ;+.b’:'-;’ e e o oo o Ans x=a_2_*_zz-'.
z’4-a c*—ab
10. z+a+b+z a+b—c+:r . . a—+-b .
11. The difference between two numbersis 2, and their product
is 8 greater than the square of the less; what are the numbers?
Ans. 4 and 6.
12. 1t is required to divide the number @ into two such parts,
that the difference of their squares may be c.

a’— a+c
Ansja—ad >z

13. If a certain book contained 5 more pages, with 10 more
lines on a page, the number of lines would be increased 450; but
if it contained 10 pages less, with 5 lines less on & page, the whole
number of lines would be diminished 450. Required the number
of pages, and the number of lines on a page.

Ans. 20 pages, and 40 lines on a page.

NEGATIVE SOLUTIONS.

Arr. 172.—1t has been stated already (Art. 23), that when a
quantity has no sign prefixed, the sign plus is understood; and
also (Art. 64), that all numbers or quantities are regarded as posi-
tive, unless they are otherwise designated. Hence, in all prob-
lems, it is understood, that the results are required in positive
numbers. It sometimes happens, however, that the value of the
unknown quantity in the solution of a problem, is found to be
minus. Such a result is termed a negative solution. 'We shallnow
examine a question of this kind.

1. What number must be added to the number 5, that the sum
shall be equal to 3?

Let 2= the number.

Then 5+2=3.

And z=3—5=—2.

goao_q o Cihw
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Now, —2 added to.5, according to the rule for Algebraic Addi-
tion, gives a sum equal to 3 ; thus, 54-(—2)=3. The result, —2,
is said to satisty the question in an alyebraic sense; but the prob-
lem is evidently impossible in an arithmetical sense, since any posi.
tive number added to 5, must increase, instead of diminishing it;

" and this impossibility is shown, by the result being negative, in-
stead of positive. Since adding —2, is the same as subtracting
+2 (Art. 61), the result is the answer to the following questiun:
What number must be subfracted from 5, that the remainder may
be equal to 3?

Let the question now be made general, thus :

What number must be added to the number a, that the sum
shall be equal to b?

Let == the number.

Then a+ax=b.

And z=b—a.

Now, since a-+(b—a)=b, this value of z will always satisfy the
question in an algebraic sense.

While b is greater than a, the value of z will be positive, and,
whatever values are given to b and a, the question will be consist-
ent, and can be answered in an arithmetical sense. Thus, if =10,
and a==8, then z=2.

But if b becomes less than @, the value of z will be negative;
and whatever values are given to b and g, the result obtained, will
satisfy the question in its algebraic, but not-in its arithmetical sense

Thus, if 6=5, and a=8, then a=—3. Now 84-(—3)=5; that
is, if we subtract 3 from 8, the remainder is 5. We thus see, that
when a becomes greater than b, the question, to be consistent,
should read, What number must be subtracted from the number a,
that the remainder shall be equal to b2 From this we see,

1st. That a negative solution indicates some inconsistency or ab-
surdity, in the question from which the equation was derived.

2d. When a negative solution is oblained, the question, to which it
i3 the answer, may be so modificd as to be consistent.

Let the pupil now read, carefully, the “ OBSERVATIONS ON ADDI-
TIoN AND SUBTRACTION,” page 43, and then modify the following
questions, go that they shall be consistent, and the results true in
an arithmetical sense.

2. What number must be subfracted from 20, that the remainder
shall be 257 (x=—5.)

REVIEW.—172. What is a negative solution? When is a result said to
satisfy a question in an algebraic sense? In an arithmetical senso? What
does a negative solution indicate ?
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8. What number must he added to 11, that the sum being mul-
tiplied by 5, the product shall be 40? (z=—3.)
4. What number is that, of which the  exceads the § by 3 ?
(z=—36.)
5. A father, whose age is 45 years, has a son, aged 15; in how
many years will the son be } as old as his father? (z=—5.)

DISCUSSION OF PROBLEMS.

ArT. 1'73.—When a question has been solved in a general man-
ner, that is, by representing the known quantities by letters, we
may inquire what values, the results will have, when particular
suppositions are made with regard to the known quantities. The
determination of these values, and the examination of the various
results which we obtain, constitute what is termed the discussion
of the problem.

The various forms which the value of the unknown quantity may
assume, are shown in the discussion of the following question.

1. After subtracting b from @, what number, multiplied by the
remainder, will give a product equal to c?

Let x= the number. )

. Then (a—b)x=c. . . ~
c
) a:=a—_—b.

Now, this result may have five different forms, depending on the

values of a, b, and c.

- Nore.—In the following forms, A denotes merely some quantity. /

1st. When b is less than a. This gives positive values, of the
form 4 A.

2d. When b is greater than a. This gives negative values, of
the form —A.

3d. When b is equal to a. This gives values of the form 3.

4th. Where ¢ is 0, and b either greater or less than a. This
gives values of the form §

5th. When b is equal to @, and ¢ is equal to 0. This gives
values of the form §

‘We shall examine each of these in succession.

I. When b is less than a. -

<In this case, a—b is positive, and the value of z is positive.

To illustrate this form, let a=8, =3, and ¢=20, then z=4.

REVIEW.—172. When a negative solution is obtained, how may the
question, to which it is the answer, be modified? 173. What do you under-
stand by the discussion of a problem? The expression ¢ divided by a—3,
may have how many forms? Name these different forms. N

14
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II. When 3 is greater than a.

In this case, a—b is a negative quantity, and the value of =
will be negative. This evidently should be so, since minus mul-
tiplied by minus produces plus; that is, if a—b is minus, x must
be minus, in order that their product shall be equal to ¢, a posi-
tive quantity. To illustrate this case by numbers, let a=2, b=>5
and ¢c=12; then, a—b=3, z=—4, and —3X—4=12. -

III. When b is equal to a.

. - 4 . .
In this case « becomes equal to 0 We must now inquire, what
is the value of a fraction when the denominator is zero.

1st. Suppose the denominator 1, then %=c

2d. Suppose the denominator 1%, then ic=10¢.
8d. Suppose the denominator 7}y, then '—Fcl-=1000.

4th. éuppose the denominator 155y, then 0%.l=1000¢:.

‘While the numerator remains the same, we see, that as the de-
nominator decreases, the value of the fraction tncreases. Hence,
if the denominator be less than any assignable quantity, that is 0,
the value of the fraction will be grealer than any assxgnable quan-
tity, that is, infinitely great. This is designated by the sign @
that is c
—= 0. . i

This 18 interpreted by saying, that no finite value of z will
satisfy the equation; that is, there is no number, which being
multiplied by 0, will give a product equal to e.

IV. When ¢ is 0, and b is either greater or less than a.

If we put a—b equal to d, then x=g=0 since dX0=0; that
is, when the product is zero, one of the factors must be zero,
V. When b=aqa, and ¢=0.

¢c 0
In this case, we have g=_——g=p OF 2X0=0.

Since any quantity multiplied by 0, gives a product equal to 0,
any finite value of « whatever, will satisfy this equation; hence, z
is indeterminate. On this account, we say that § is the symbol
of indetermination ; that is, the quantity which it represents, has
no particular va.lue. .

REVIBW.—173. Whenis « of the form -A? When is = of the form
—A? When is z of the form 4 or ©? Show how the value of a fraction
increases, as its denominator decresses. What is the value of a fractiom
whose denominator is xero? Of « when cds 0, and b greater or less thama?
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The form $ sometimes arises from a particular supposition, when

the terms of a fraction contain & common factor. Thus, if

ar—b? . a*—a? .

<=3 2nd we make b=a, it reduces to —— - =3; but, if we
cancel the common factor, a—b, and then make b=a, we have
z=2a. This shows, that before deciding the value of the unknown
quantity to be indeterminate, we must see that this apparent inde-
termination has not arisen from the existence of a factor, which,
by a particular supposition, hecomes equal to zero.

The discussion of the following problem, which was originally
proposed by Clairaut, will serve to illustrate further the preceding
principles, and show, that the results of every correct solution,
correspond to the circumstances of the problem.

PROBLEM OF THE COURIERS.

Two couriers depart at the same time, from two places, A and
B, distant a miles from each other ; the former travels m milesan
hour, and the latter, # miles; where will they meet?

There are two cases of this question.

& 1. When the couriers travel toward each other. | .

Let P be the point where they meet, A |—T( B
and a=AB, the distance between the .
two places.

Let x=AP, the distance which the first travels.

_Then a—xz=BP, the distance which the second travels.

" Then, the distance each travels, divided by the number of miles
traveled in an hour, will give the number of hours he was traveling.

Therefore, %—-— the number of hours the first travels.

And ?: the number of hours the second travels.

But they both travel the same number of hours, therefore

r_a—=x
m n
nr—am—mz
am R
x=,m+n
an
nT-Es'

1st. Suppose m==n, then a==2 -——2, and a—r=2 ; that is, if

the couriers travel at the same iate, each travels precuely half
the distance.



164 RAY'S ALGEBRA, PART FIRST.

2d. - Suppose n=0, then x=‘%'=a; that is, if the second courier
remains at rest, the first travels the whole distance from A to B.
Both these results .are evidently true, and correspond to the oir-
cumstances of the problem
. II. When the couriers travel in the same direction.

As before, let P be the point of = A }
meeting, each traveling in that direc-
tion, and let a=AB the distance between the places.

z=AP the distance the first travels.
z—a=BP the distance the second travels.
Then, reasoning as in the first case, we have
z _z—a

| P

= =

1st. If we suppose m greater than #, the value of 2 will be pos- .
itive; that is, the couriers will meet on the right of B. This evi-
dently corresponds to the circumstances of the problem.

2d. If we sappose n greater than m, the value of z, and also
_ that of z—a, will be negative. This negative value of = shows
that there is some inconsistency in the question (Art. 172). In-
deed, when m is less than #, it is evident that the couriers can not
meet, since the forward courier is traveling faster than the hind-
most. Let us now inquire how the question may be modified, so
that the value obtained for z shall be consistent.

If we suppose the direction changed in which the couriers
travel ; that is, that the first travels P’ o yoemme B
from A, and the second from B to-
ward P’; and that a=AB

. e=AP
a-+z=BP’, we have, reasoning as before,
Cx__atew
m 0

am an
r=——, and a+2=
n—m n—m’

The distances traveled are now both positive, and the question
will be consistent, if we regard the couriers, instead of traveling
toward P, as traveling in the opposite direction toward P’. The
change of sign, thus indicating a change of direction (Art. 64).

3d. If we suppose m equal to n.

Inthmoue:uequalto—o—,a.nds—a%.
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As has been already shown (Art. 173), when the unknown
quantity takes this form, it is not satisfied by any finite value; or,
it is infinitely great. This evidently corresponds to the circum-
stances of the problem; for, if the.couriers travel at the same
rate, the one can never overtake the other. This is sometimes
otherwise expressed, by saying, they only meet at an infinite dis-
tance from the point of starting.

4th. If we suppose a=0, then a:=—o— , and x—a=—o-— .

m—n m—n

‘When the unknown quantity takes this form, it has been shown’
already, that its value is 0. This correspands to the circumstances
of the problem; for, if the couriers are no distance apart, they
will have to travel no (0) distance to be together.

5th. If we suppose m=n, and a=0.

In this case, z=§, and z—a=§. When the unknown quantity
takés this form, it has been shown (Art. 173), that it may have
any finite value whatever. This, also, evidently corresponds to the
circumstances of the problem; for, if the couriers are no distance
apart, and travel at the same rate, they will be always together ;
that is, at any distance whatever from the point of starting.

Lastly, if we suppose n=0, then z=‘};':£_£a; that is, the first
courier travels from A to B, overtaking the second at B.
If we suppose n=%, then m=2%n—=2a, and the first travels

twice the distance from A to B, before owrtaking the second.
Both results evidently correspond to the circumstances of the
problem.

CASES OF INDETERMINATION IN EQUATIONS OF THE FIRST
' DEGREE, AND IMPOSSIBLE PROBLEMS.

ArrT. 1'74.—An equation istermed independent, when the relation
of the quantities which it contains, can not be obtained directly
from otheys with which it is compared. Thus, the equation

z42y=11
- 2z+5y—26
are mdependent of each other, since the one can not be obta.med
from the other in a direct manner.

REvVIEW.~173. What is the value of = when b=—a and c==0? What is
the value of a fraction whose terms arp both zero? Show, that this form
sometimes arises from the existence of a comimon factor, which, by a par-
tioular hypothesis, reduces to zero. Discuss the problem of the ¢ Couriers,”
and show, that in every hypothesis the solution oorrespondc to the circums
stances of the problem.
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'The equations, z+42y=11
‘ 2x+4y=22, are not independent of each other,
the second being derived directly from the first, by multiplying
both sides by 2.

Arr. 178.—An equation is said to be indeterminate, when it can
be verified by different values of the same unknown quantity.
Thus, in the equation x—y=>5, by transposing y, we have a=5-y.

If we make y=1, z=6. If we make y=2, z=7, and so on;
from which it is evident, that an unlimited number of values may

“be given to x and y, that will verify the equation.

If we have two equations containing three unknown quantities,
we may eliminate one of them ; this will leave a single equation,
containing two unknown quantities, which, as in the preceding
example, will be indeterminate. .

Thus, if we have x+3y-+2=10 .

and £4-2y—z= 6, if we eliminate # we have
'y+2z= 4, from which y=4—2z.

If we make z=1, y=2, and 2=10—3y—2=3.

If we make z=1 ‘, y=1, and x=5}.

In the same manner, an unlimited number of values of the three
unknown quantities may be found, that will verify both equations.
Other examples might be given, but these are sufficient to show,
that when the number of unknown quantities exceeds the number of
independent equations, the problem is indeterminate.

A question is sometimes indeterminate that involves only one
unknown quantity; the equation deduced from the conditions, being
of that class denominated identical. The following is an ex: 2ple.

‘What number is that, of which the §, diminished by the %,
equal to the »'; increased by the 3'5?

Let x= the number.

, 3z % =z =z

Then *Z - 3 %'{‘g‘ﬁ.

Clearing of fractions, 45:—40a:=3z+2x 8

r, S2=5z, which will be veriﬁed by
any value of z whatever.

ARrt. 176.—The reverse of the precedmg case requlres to be

considered; that is, when the number of equations is greater than
the number of unknown quantities. Thus, we may have ’

z+ y=10 (1.)
z— y=4 (2)
22—3y= 5 (3.)

. Each of these et.lustions being independent of the other two,
one of them is unnecessary, since the values of # and y, which are
7 and 3, may be determined from any two of them. When a
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problem contains more conditions than are necessary for dcter-
mining the values of the unknown quantities, those that are unne-
cessary, are termed redundant condilions.

The number of equations may exceed the number of unknown
quantities, so that the values of the unknown quantitics shall be
incompatible with each other. Thus, if we have

x4+ y=9 (1)
z+4-2y=13 (2.)
- 2x43y=21 (3.)

The values of z and y, found from equations (1) and (2), are
=5, y=4; from equations (1) and (3), are z=0, y=3; and from
equations (2) and (3), are z=3, y=>5. From this it is manifext,
that only two of these cquations can be true at the same time.

A question that contains only one unknown quantity, is some-
times impossible. The following is an example.

What number is that, of which the } and } diminished by 4, is
equal to the § increased hy 8?2

Let 2= the number, then g—i—s -—4— +8

Clearing of fractions, 31:—{-2::—24-01:—}-48
by subtracting equals from each side, 0=72; which shows, that
the question is absurd.

RE ¥ A RK.—Problems from which contradictory equations are deduced,
are termed irrational or impossible. The pupil should be able to detect the
character of such questions when they occur, in order that his efforts may
not be wasted, in an attempt to perform an impossibility. A careful study
of the preceding principles, will enable him to do this, so far as equations
of the first degree are concerned.

Art. 1'77.—Take the equation ax—cx=>b—d, in which a repre-
sents the sum of the positive, and —c the sum of the negative
coéfficients of x; b the sum of the positive, and —d the sum of
the negative known quantities. This will evidently express a
simple equation involving one unknown quantity, in its most
general form.

This gives (a—c)a=b—d.

. n
Let a—c=m, and b—d=n, we then have ma=n, or =

Now, since n divided by m can give but one gquotient, we infer
that an equation of the first degree has but one roof; that is, in a
simple equation involving but one unknown quantity, there is but
one value that will verify the equation.

REVIEW.—174, When is an equation termed independent? Give an

example. 175. When is an equation said to be indeterminate? Give an
example. 176, What are redundant conditions ¢ - ..
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CHAPTER VI.

FORMATION OF POWERS—

EXTRACTION OF THE SQUARE ‘ROOT—RvADICALS OF THE
SECOND DEGREE.

INVOLUTION, OR FORMATION OF Pons.

_Arr. 1'78.—The term power is used to denote the product aris-
ing from multiplying a quantxty by itself, a certain number of
times, and the quantity which is multiplied by itself, 13 called the
root of the power. . .

Thus a? is called the second power of @, because a is taken twice
a8 a factor; and a is called the second root of a’.

So, also, a’ is called the third power of a, because aXaXa=a®,
the quantity a being taken three times as & factor; and g is called
the third root of a’.

The second power is generally called the square, and the second
root, the square root. In like manner, the third power is called
the cube, and the third root, the cube root.

The ﬁgure indicating the power to which the quantlty is to be
raised, is called the ¢ndez, or exponent; it is to be written on the
right, and a little higher than the quantity. (See Articles 33
and 35.) ’

R ENMARK.—A powor may be otherwise defined thus: The nth power of
a quantity, is the product of n factors, eack equal to the gquantity; where n
may be any number, a8 2, 3, 4, and so on. Therefore, we may obtain any
power of a quantity by taking it as a factor as many times as there are units
in the exponent of the power to which it is to be raised. This rule alone, is
sufficient for every question in the formation of powers; but, for the more
easy comprehension of pupils, it is generally presented in detail, as in the
following cases.

CASE I.

TO RAISE A MONOMIAL TO ANY GIVEN Powh.
Arr. 179—1.'Let it be required to raisp 2ab’ to the third
power.
Acoordmg to the definition, the third power of 2ab? will be the
product arising from taking it three times as a factor. Thus,
(Rab?)*=2ab* X 2ab*X 2ab*=2X 2 X 2aaab®h?b?
=X @M HHIXHA =25 a XX b =84S,
In this example, we see, that the cofficient of the power is found



FORMATION OF POWERS. 169

by raising the coéfficient, 2, of the root, to the given power; and,
that the exponent of each letter is obtained, by multiplying the
exponent of the letter in the root, by 3, the index of the required
power.

Arr. 180.—With regard to the signs of the different powers,
there are two cases.

First, when the root is positive; and second, when the root is
negative.

1st. When the root is positive. Since the product of any num-
ber of positive factors is always positive, it is evident, that if the
root is positive, all the powers will be positive.

Thus, +aX-+a=-a?

+aX4aX-+a=+a*, and so on.

2d. When the root is neguative. Let us examine the different
powers of a negative quantity, as —a.

—a= first power, negative.

—a X —a=-+a’= second power, positive,

—aX—aX—a=—a’= third power, negative.

—aX—aX—aX—a=-a'= fourth power, positive.

—aX—aX—aX—aX—a=—a’= fifth power, negative.

From this, we see, that the product of an even number of nega-
tive factors is positive, and that the product of an odd number of
negative factors is negative. Therefore, the even powers of a neg-
ative quantity are all positive, and the odd powers are all negatwe.
Hence we have the following

RULE,
FOR RAISING A MONOMIAL TO ANY GIVEN POWER. .

‘Raise the numeral coéfficient to the required power, and multiply
the exponent of each of the letters, by the exponent of the power. If
the monomial i positive, all the powers will be positive ; but, if it is
negative, all the even powers will be positive, and all the odd powers
negative. :
EXAMPLES.

1. Find the square of aa?®. . . . . . . . . . Ans 9a5x‘y°.
2. Find the square of 50%® . . . . . .. . . Ans 25b'".

3. Find thecubeof 22%%. . . . . .. .. . . . Ans 8284
4. Find the square of —ab%.. . . . . . . . . . Ans. a’'c.
5. Find the cube of —abc®. . . .. ... . . Ans.—a%%"

REevIEW. —177. Show, thatin an equation of the first degree, the un-.
known quantity can have but one value. 178. What does the term power
denote? The term root? What is the second power of a? Why? The
third power of a? Why? What is the second power generally called ? The
secondroot? What is the index or exponent? Whero should it be written?

15
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6. Find the fourth power of 3ab’*. . . .
7. Find the fourth power of —3abt’c% . . .
8. Find the fifth power of atcd®. . .
9. Find the fifth power of —ab’cd®.
10. Find the sixth power of a%cd. .
11. Find the seventh power of —m®n®.
12. Find the eighth power of —mn?.
13. Find the cube of —3at. . . . .
14. Find the cube of —3zy%. . . . .
15. Find the fourth power of 5a%?. .
16. Find the cube of —4a%. . . . .
17. Find the cube of —8z%%. ... .
18. Find the seventh power of —2xyz%. . .
19. Find the fourth power of 7a%%. . . . .

o o
e e o o ® o e o o

e e s e e e o o o o

® e o o o o

. Ans. 8la'bc®
. Ans. 8la%'c,
. Ans. a®¥cSdo,

Ans. —ab05c5dW0,
. Ans. o588
. o Ans. —mln®,
¢ . . A-ns. msnl‘.
. . Ans. —27a%%,
. Ans. —27z%/.
. Ans. 625a%13,
. Ans. —64a%.
. Ans. —512z%f,
Ans. —128z7y721,
. Ans. 2401a%1,

20. Find the fifth power of —3a’zy’%®. . Ans. —243a'%%y"%".

Arr. 181. CASE II.

TO RAISE A POLYNOMIAL TO ANY POWER.

RULE.

Find the product of the quantity, taken as a factor as many times

as there are units in the exponent of the power.

Norr.— This rule, and that in the succeeding article, follow directly

from the definition of a power.

EXAMPLES.

1. Find the square of axz+-cy.

(az+cy)(az+cy)=a’x*+2acxy+c?y*. -Ans.

2. Find the squareof 1—z.. . . . . . . . Ans. 1 —2z+2*
8. Find the square of z+1.. . . . . . . . Anps. 224-2z+1.
4. Find the square of ax—cy. . . . . Ans. a%*—Racry+c*y
5. Find the square of 22>—33% . . . Ans. 42*—12z%%49y*
6. Find the cube of a+x. . . . . Ans. a*+3a’c-}3ax®+as.
7. Find the cube of z—y. . . . . . Ans. &—3x%+3zy’—y*
8. Find the cube of 2z—1. . . . . Ans. 82—12x¢?4-62—1

9. Find the fourth power of c—z.

Ans. ¢*—4c*z+6c%*—4cx®+-2t,

10. Find the square of a-+b+-c.

Ans. a®4-2ab-+b*+2ac+2bc+c*

11. Find the square of a—b+-c—d.

Ans. a*—2ab+-b*+2ac—2ad-+c*—2bc-+2bd—2cd+-d?

12. Find the cube of 2z*—3x4-1.

Ans. 820—362%+4-66x'— 6322433 —9z+1
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Arr. 183. CASE III.
TO RAISE A FRACTION TO ANY POWER.

RULE., .
Raise both numerator and denominator to. the required power by
actual multiplication.
EXAMPLES.

1. Find the square of %i—z.

a+b a+bd __a?-2ab4-b?

c—dVe—d —2cdtd"

2. Find the square ofg-—y. e Ané.‘sg—zz.
3. Find.the‘cubeof—%. e e e e e e e Ans.—gz;;.
4. Findthesqunreof——%.. e o s e ee e oo Ans ;x:
5. Find the cube of-—fzy:. e e e e e e Ans.—%;‘z:.
6. Find the square of +§ e oo .' . o« Ans. -:—:I“%i—g
7. Find the cube of g—giz—,y)- . Ans. 8a'(r‘—32a-7j-;i;i3 el A}
8. Find the square of d(m+:3 « « . Ans. %z%’:z::g

BINOMIAL THEOREM.

Arr. 183.—The Binomial Theorem (discovered by Sir Isaac
Newton), explains the method of raising the sum or difference of
any two quantities to any given power, by means of certain rela-
tions, that are always found to exist between the exponent of the
power and the different parts of the required result.

To discover what these relations are, we shall first, by means of
multiplication, find the different powers of a binomial, when both
terms are positive ; and next, when one term is positive, and the
other negative.

REVIEW.—1"J. Inraising 2ab? to the third power, how is the coéfficient
of the powe~r juund? How is the exponent of each letter found? 180. When
the root is positive, what is the sign of the different powers? When it is
negative? What is the rule for raising a monomial to any given power?
181. What is the rule for raising a polynomial to any given power?
182. What is the rule for raising a fraction to anypower? '183. What does
the Binomial Theorem explain?
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1. We will first raise a+b to the fifth power.
at+ b -
@t ab

+ ab+ b .
@+2ab+ ¥=. ... .. . second power of a+b, or (a+b)>.
a++ b
a®+2a%b+ ab®

a’b+ Ra b4 B

a*+3a*b+ 3a b+ b= . . . . third power of a-b, or (a b)%.
a +b
d*4-3a0+ 3a’*+ ab®

+ a*b+ 3a*’+ 3a b0t
a*4-4a’+4 6a*0* 4 4abPHbt= .. ... ... .. (atd)
a-+b B
a’+4atb+ 6a’0*+ 4a**+ abt

+ a'd+ 4a’’+ 6u’BP+4adt+-b8
a*+5a'0+10a20*4-10a"*4+-5ab* 0= . . . . . . . . (a+D)

The first letter, as a, is called the leading quantity; and the

second letter, as b, the following quantity.
We will next raise a—b to the fifth power.

a— b
a— b
a’>— ab
— ab+ B .

@' —2abt D= ... .. e e (D)
a— b . -
a*—2a%4 abd?

— a*b+4 2ab*— B
@?—3ah4 Bab— P=....... 00000, . (aDP
a— b : :
a'—3a®+ 3a®*— abd®

-— a4 3a'*— 3a b*4 bt
a‘—4:’b+ 6a?’— 42 b+ V= . ... ..... (a—b)*.
a—
a®—4atd+ 6a*b*— 4a’+ abt

— a'd+ 4a*h*— 6a?lt+4-4ad*—b® '
a*—3a*h+10a*0*—10a%3+5abl—b—= . , . . . . . . (a—Dd)%
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ARrr. 184.—In examining the different parts of which these
results consist, there are evidently four things to be considered.

1st. The number of terms of the power.

2d. The signs of the terms.

8d. The exponents of the letters. -

4th. The coéfficients of the terms.

‘We shall examine these separately.

1st. Of the number of terms.

By examining either of these examples, we see, that the second
power has three terms, the third power has four terms, the fourth
power has five terms, the fifth power has six terms; hence, we
infer, that the number of terms in any power of a binomial, i3 one
grealer than the exponent of the power.

2d. Of the signs of the terms. :

From an examination of the examples, it is evident, that when
both terms of the binomial are positive, all the terms will be positive.
When the first term ts positive, and the second negative, all the opp
terms will be POSITIVE, and the EVEN lerms NEGATIVE.

Nore.—By the odd terms are meant the 1st, 3d, 6th, and 8o on; and,
by the even terms, the 2d, 4th, 6th, and so on.

3d.- Of the exponents of the letters.

If we omit the coéflicients, the remaining parts of the fifth
powers of a--b and a—b, are

(fa+d)k. . . . .. ... a4afdtatha?b-abi+18,

@bk, .. ........ d—abtaV—at+ab*—05.

. An examination of these and the other different powers of a--b
and a—b, shows, that the exponents of the letters are governed by
the following laws :

1st. The exponent of the leading letter in the first term, is the same
as that of the power of the binomial; and the exponents of this letter
in the other terms, decrease by unity from left to right, until the last
term, which does not contain the leading letter.

2d. The exponent of the second letier in the second term is ome;
and the other exponents of this letter increase, by unity, from left to
right, until the last term, in which the exponent is the same as that
of the power of the binomial.

3d. The sum of the exponents of the two letters in any term is
always the same, and is equal to the power of the binomial.

REVIEW.—184. In examining the different powers of a binomial, what
four things are to be considered? What is the number of terms in any
power of a binomial? @ive examples. When both terms of a binomial are
positive, what are the signs of the terms? When one term is positive, and
the other negative, what are the signs of the odd terms? Of the even
terma? What is the exponent of the leading letter in the first term ?
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The pupil may now employ these principles, in writing the dif-
ferent powers of binomials without the coéfficients, as in the fol-
lowing examples.

(x+y). . P+ytayyt

(z—y)t. . . —2y+2y—aP -yt

(418 . . . Sty +PP o ot

(z—y)°. . . Ly taty Y2ty —ay o

(e—y)". . . F—2lytaiy a2y P af—yT.

(z49)°. . . +ay+aty 2y atyt ety ety ey

Of the coéfficients.

An inspection of the different powers of (a+b) and (a—b),
plainly shows,

That the coéfficient of the first term is always 1; and the coéffi-
cient of thesecond lerm is the same as that of the power of the binomial.

The law of the succeeding coéfficients is not 8o readily seen; it
18, however, as follows:

I the coéfficient of any term be multiplied by the exponent of the
teading letler, and the product be divided by the number of that term
Jiom the lef?, the quotient will be the coéfficient of the next term.

Omitting the codfficients, the terms of a+b raised to the sixth
power, are  a®+a"0+ath*4-a36’+abt+ab®4-U8.

The coéficients, according to the above principles, are

1,6 58 6)(5 154 20X3 15X2 6X1
3°' 4 ' 5 ' 6"
or, 1, 6, 15 20, 15, 6, 1.

Hence, (a+b)*=a*+-6a*0+15a*0*+20a%°+ 15a%b*+Bab+-18.

From this, we see, thot the coefficients of the following terms
are equal: the first and the 1asi; the second from the first, and the
second from the last; the third from the first and the third from
the last, and so on. Hence, it is only necessary to find the coéffi-
cients of half the terms, when their number is even, or one more
than half, when their number is odd; the remaining coéfficients
being equal to those already found. S :

EXAMPLES. :
1. Raise z-+y to the third power. Ans, 274323y’ +38,
2. Raise (x—y) to the fourth power. -
Ans. z*—42%y+62%y*—4xy®+yt
3. Raise m+n to the fifth power.
" Ans. m5+-5m*n+10m3n2-+10m*n3 4 Smn'4-nb,
REvVIEw.—184, How do the exponents of the leading letter deorease
from left to right? What ia the exponent of the second letter in the first
term? In the second term? How do the exponents of the second letter
incroase from lefi to right? To what is the cosflicient of the first term equal ?
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4. Raise z—z to the sixth power.
Ans, 28—60224-156242"—205°2+ 1 52?28 — 622542
5. What is the seventh power of a+0?
Ans. a'+7a%04+21a%*+35a'*+35aV*+21a*6* 7 al-+-b'.

6. What is the eighth power of m—n? Ans. m8—8m'a
+28m8n?—56mEnd+70m*nt— 6m3nb+28m*nS—8mauT-t nt.
7. Find the ninth power of z—y. Ans. 2*—9.8)+ 36472

—84x%158 4 1206234 — 12624y 5+ 84238 —3 0%y + QP — y*,

8. Find the tenth power of a+0.

Ans. a4 104%6+454*0*+120a70°4-21 068 +252a°05+-21 0048
+120a%"4-45a268+-10al? - b0,

Arr. 183.—The Binomial Theorema may be used to find the
different powers of a binomial, when one or both terms consist of
two or more quantities.

1. Find the cube of 2x—acl.

Let 2e=m, and ac’=n ; then 2z—ac*=m—n.

(m—n)P=m*—3m*n+3mn*—n*

=2z n=aqac?
mr=4a? n?=a‘ct
m3=8x3 W=a>A

Substituting these values of the different powers of m and u,
in the equation above, and we have
(Rer—ac?)®=82—3 X4’ Xac*+3 X 2z X u*ct—a’HP
=82%—12ac%?4-6u’c'x—a’Ss,
2. Find the cube of 2a—30.  Ans. 8¢*—364*+54ab*—278.
3. Find the fourth power of m+2n.
Ans. 7n"+8m3n+24m"'n’+32nm’+1Gu‘
4. Find the third power of 4ax?+-3cy.
© Ans. 64¢%54-144a%x'y4-108ace?* 2735
&, Find the fourth power of 2x—>52. -
Ans. 16x*— 1602%2+6002%2*—100022* 462524,
Art. 186.—The Binomial Theorem may likewise be used to
raise a trinomial or quadrinomial to any power, by reducing it to
a binomial by substitution, and then, after this has been raised to
the required power, restoring the values of the letters.
1. Find the second power of a{b-c.
Let b-+c=x; then a+b+c=a+t=. _
(a+=)*=a’+2ax+2? -
Rax =2a(b+-c)
= ):=b%+42bc+¢?
Then (a+b+c)*=a’+2ab+2ac+b*+2bc4-c%

REVIEW.—184. Of the second term? How is the cosfficiont of any
other torm found ? Of what terms are the ooéfficients equal ?
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2. Find the third power of z+y--2.
Ans. 2*+43a%+3x%+3xy*+ 6xyz+-3uz’+y*+ 3y'24-3yz'+22
3. Find the second power of a+b+c+d.
Ans. a*+2ab+b*+2ac+2bc+c*+2ad+2bd+2cd+d*

EXTRACTION OF THE SQUARE ROOT.
EXTRACTION OF THE SQUARE ROOT OF NUMBERS.

Art. 18%.—THE second root, or square root of a number, is that
number, which being multiplied by itself, will produce the given
number. Thus, 2 is the square root of 4, because 2)X2=4.

The process of finding the second root of a given number, is
called the extraction of the square root.

Art. 188,—The first ten numbers are

1,23, 4 5 6, 7, 8 9, 10,
and their squares are =~
1, 4,79, 16, 25, 36, 49, 64, 81, 100.

The numbers in the first line, are also the square roots of the
numbezs in the second.

‘We see, from this, that the square root of a number between 1
and 4, is a number between 1 and 2 ; the square root of a num-
ber between 4 and 9, is a number between 2 and 3; the square
root of & number between 9 and 16, is a number between 3 and
4, and s0 on. :

Since the square root of 1 is 1, and of any number less than
100, is either one figure, or one figure and a fraction, therefore,
when the number of places of figures in a number is not more than
Two, the number of places of figures in the square root will be oNE.

Again, take the numbers

10, 20, 30, 40, 50, 60, 70, 80, 90, 100,
their squares are

100, 400, 900, 1600, 2500, 3600, 4900, 6400, 8100, 10000.

From this we see, that the square root of 100 is ten; and of
any number greater than 100, and less than 10000, the square
root will be less than 100; that is, when the number of places of
Jigures is more than TWo, and not more than FOUR, the number of
places of figures in the square root will be Two.

In the same manner, it may be shown, that when the number
of places of figures in a given number are more than jfour, and
not more than six, the number of places in the square root will be
three, and so on. Or thus: when the number of places of figures
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in the number is either one or fwo, there will be one figure in the
root ; when the number of places is either three or four, there will
be two figures in the root; when the number of places is either
Jive or siz, there will be tAree figures in the root, and so on.

Arr. 189,—Every number may be regarded as being composed
of tens and units. 'Thus, 23 consists of 2 tens and 3 units ; 256
consists of 25 tens and 6 units, Therefore, if we represent the
tens by ¢, and the units by ., any number will be represented by
t4u, and its square, by the square of {4, or (4u)?

(t4u) =0+42tu+uw*=04(2t+u)u.

Hence, the square of any number is composed of the square of the
tens, plus a quantity, consisting of twice the tens plus the units, mul-
tiplied by the units.

"Thus, the square of 23, which is equal to 2 tens and 3 units, is

2 tens squared =(20*=400
(2 tens + 3 units) multiplied by 3=(40+3)x3=129

r‘)g
1. Let it now be required to extract the square root of H29.
Since the number consists of three places 52023
of figures, its root will consist of two places, . 4001

according to the prmcxples in Art. 188; we 20X 2_40 129
therefore separate it into two periods, as in

the margin. 4.3 129

Since the square of 2 tens is 400, and of 3 tens, 900, it is evi-
dent, that the greatest square contained in 500, is the square of
2 tens (20) ; the square of two tens (20) is 400; subtracting this
from 529, the remainder is 129.

Now, according to the preceding theorem, this number 129 con-
sists of twice the tens plus the units, multiplied by the units; that
is, by the formula, it is (2¢4u)u. Now, the product of the tens
by the units can not give a product less than tens; therefore, the
unit’s figure (9) forms no part of the double product of the tens
by the units. Then, if we divide the remaining figures (12) by
the double of the tens, the quotient will be the unit’s figure, or a
figure greater than it.

RBVIEW.— 187. What is the square root of & numbor? Give an ex-
ample. 188. When a number consists of only one figure, what is the great
est number of figures in its squaro? Give examples. When a number
consists of two places of figures, what is the greatest number of figures in
its square? Q@ive examples. What relation exists between the number of
places of figures in any number, and the number of places in its square?
189, Of what may every number be regarded as being composed? Prove
this, and then illnstrate it.
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‘We then double the tens, which makes 4 (2¢), and dividing this
into 12, get 3 (u) for a quotient; this is the unit’s figure of the
root. This unit’s figure (3) is to be added to the double of the
tens (40), and the sum multiplied by the unit’s ficure. The double
of the tens plus the units, is 404+3=43 (2¢4-«); multiplying this
by 8 (u), the product is 129, which is the double of the tens plus
the units, multiplied by the units. As there is nothing left after
subtracting this from the first remainder, we conclude ..
that 23 is the exact square root of 529. ’ : 529:23

In squaring the tens, and also in doubling them, it 4
is customary to omit the ciphers, though they are un- 43799
derstood. Also,the unit’s figure is added to the double 129
of the tens, by merely writing it in the unit’s place. -
The actual operation is usually performed as in the margin.

2. Let it be required to extract the square root of 55225.

Since this number consists of five places of figures, its root will
consist of three places, according to the principles in Art. 188;
we thercfore separate it into tiree periods. - 808

In performing this operation, we find the square 85225[235
root of the number 552, on the same principle as
in the preceding example. We next consider the 4 ]152
23 as so many tens, and proceed to find the unit’s i.
figure (5) in the same manner as in the preceding 46512325

example. Hence the RULE Toe3es

FOR THE EXTRACTION OF THE SQUARE ROOT OF WHOLE NUMBERS.

1st. Scparate the given number into periods of two places each,
beginning at the unit’s place. (The left period will often contain
but one figure.)

2d. Find the greatest square in the left period, and pluce its root
on the right, afier the manner of a quotient in division. Subtract
the square of the root from the left period, and to the remainder bring
down the next period for a dividend.

3d. #Double the root already found, and place it on the left for a
divisor. Find how many times the divisor is contained in the divi-
dend, exclusive of the right hand figure, and place the figure in the
root, and also on the right of the divisor.

4th. Multiply the divisor thus increased, by the last figure of the
root; subtract the product from the dividend, and fo the remainder
bring down the next period for a new dividend.

Sth. Doulble the whole root already found, for a new divisor, aud
continue the operation as before, until all the periods are brought down.

REVIEW.—189, Extract the square root of 529, and show the reason for
eash step, by referring to the formula.
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Nore.—If, in any case, tho dividend will not contain the divisor, the
right hand figure of the former being omitted, place a zero in cho root, and
also at the right of the divisor, and bring down the next period.

~ Art. 190.—In Division, when the remainder is greater than the
divisor, the last quotient figure may be increased by at least 1;
but in extracting the square root, the remainder may sometimes
be greater than the last divisor, while the last figure of the root
can not be increased. To know when any fizure may be increased,
the pupil must be acquainted with the relation that exists between
the squares of two consecutive numbers.

Let a and a4 1 be two consecutive numbers.

Then (a+1)*=a?+2a+1, is the square of the greater.

(a)!=a® ° is the square of the less.
Their difference is 2a+-1.

Hence, the difference of the squares of two consecutwe numbers, is
equal to twice the less number, increased by unily. Consequently,
when the remainder is less than twice the part of the root already
found, plus unity, the last figure can not be increased.

Extract the square root of the following numbers.

4225. . . . . Ans.65.) 7. 678976. . . Ans. 824.
9409. . . . . Ans. 97.| 8.950625.. . . Ans. 975.
15129. . . . Ans. 123. | 9. 363609.. . . Ans. 603.
120409. . . Ans. 347. | 10. 1525225. . . Ans. 1235.
289444. . . Aps. 538. | 11. 1209996225, A.34785.
498436.. . . Ans. 706. | 12. 412252416. Ans. 20304.

SO PN

Exmc'i'lon OF THE SQUARE ROOT OF FRACTIONS.

Art. 191.—Since 2 3=4, therefore, the square root of § is 3,
that is, ‘}=§§=§ Ilence, when both terms of a fraction are

perfect squares, its square root will be found, by extracting the square
root of both terms.

Before extracting the square root of a fraction, it should be
reduced to its lowest terms, unless both numerator and denemina~
tor are perfect squares. The reason for this, will be seen by the
following example.

Find the square root of §
12_4x3
279X

R E viE w.—189. What is the rule for extracting the squ;re root of nume«
_bers? 190. What is the difference between the squares of two consecutive

numbers? When may any figure of the quotient be increased ?

_Here, Now, neither 12 nor 27 aro perfect squares ;
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but, by canceling the common factor 3, the fraction becomes §, of
which the square root is 3.

When both terms are perfect squares, and contain a common
factor, the reduction may be made enher before, or after the square
root is extracted. Thus, v/ }8=3=%; or, }§=%, and yi=3.

Find the square root of each of the following fractions.

1. 6821,5‘ e v o+ . Ans ;.95. 4 ’156702’7 e o s+« Ans ;2,
2. 364'47. « v« .. Ans :za'g- 3({'096 « « v . Ans. 73137Gt
30487 . ... . Ams 6. ﬂ‘;g%%go. .« . Ans. {175,

ArTt. 192.—A number whose square root can be exactly ascer-
tained, is termed a perfect square. Thus, 4, 9, 16, &c., are per-
fect squares. Comparatively, these numbers are few.

A number whose square root can not be exactly ascertained, is
termed an imperfect square. Thus, 2, 3, 5, 6, &c., are imperfect
squares.

Since the difference of two consecutive square numbers, a® and
a*+2a+1, is 2a+1; therefore, there are always 2a imperfect
squares between them. Thus, between the square of 4(16), and
the square of 5(25), there are 8(2a=2X4) imperfect squares.

A root which can not be exactly expressed, is called a surd, or
‘irrational root. Thus y/2 is an irrational root; it is 1.414+.

The sign +, is sometimes placed after an approximate root, to
denote that it is less, and the sign —, that it is greater than the
true root.

It might be supposed, that when the squa.re root of a whole
pumber ean not be expressed by a whole number, that it might be
found exactly equal to some fraction. We will, therefore, show,
that the square root of an imperfect square, can not be a fraction.

Let ¢ be an imperfect square, such as 2, and if possible, let its

square root be equal toa fraction 2 which is supposed to be in it
lowest terms. - -
B 2
Then Jc=% ; and ch—:%'—,, by squaring both sides.

Now, by supporition, a and b have no common factor, therefore,
their squares, a? and 4% can have no common factor, since to squm

a number, we merely repeat its factors. Consequently, w must
be in its lowest terms, and can not be equal to a whole number.
Therefore, tho equation c=—; b” is not true; and hence, the suppo-
glnon is false upon which it is founded; that is, that / c=—, there-
fore, the square root of an imperfect square can not be a fraction.
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APPROXIMATE BQUARE ROOTS. )

ArTt. 193.—To illustrate the method of finding the approximate
square root of an imperfeot square, let it be required to find the
square root of 2 to within J.

Reducing 2 to a fraction whose denominator is 9 (the square of
3, the denominator of the fraction }), we have 2=15.

Now, the square root of 18 is greater than 4, and less than 5;
therefore, the square root of ' is greater than §, and less than §;
therefore, 4 is the square root of 2 to within less than 4.

Hence the
RULE,

FOR EXTRACTING THE SQUARE ROOT OF A WHOLE NUMBER TO WITHIN
A GIVEN FRACTION.

Multiply the given number by the square of the denominator of the
fraction which determines the degree of approximation; extract the
square root of this product to the nearest unit, and divide the result
by the denominator of the fraction.

R EX AMPLES. :
1. Find the square root of 5 to within . . . . . . Ans. 2}.

2. Find the square root of 7 to within ¢%. . . . . Ans. 2:%.

8. Find the square root of 15 to within y'5. . : . Ans. 339.

4. Find the square root of 27 to within 3%. . . . . Amns. 5}.

5. Find the square root of 14 to within 5. . . . . Ans. 3.7.

6. Find the square root of 15 to within 745.. . . Ans. 3.87.

Since the square of 10 is 100, the square of 100, 10000, and so
on, the number of ciphers in the square of the denominator of a dec-
imal fraction is equal to twice the number in the denominator itself.
Therefore, when the fraction which determines the degree of approxi-
mation is @ decimal, i i3 merely necessary to add two ciphers for each
decimal place required; and, after extracting the root, to point off
Jrom the right, one place of decimals for each two ciphers added.

7. Find the square root of 2 to six places of decimals.

Ans. 1.414213.

8. Find the square root of 5 to five placeg of decimals.

' Ans. 2.23606.

RevieEw.—191. How is the square root of a fraction found, when both
terms are perfect squares? 192. When is a number a perfect squaro?
Give examples. When is 8 number an imperfect square? How can you
determine the number of imperfect squares betwcen any two consecutive
perfect squares? Whatis a root called, which can not be exactly expressed ?
Prove that the square root of an imperfect square can not be a fraction.
193. How do you find the approximate square root of an imperfoct square
to within any given fraction? What is the rule, when the fraction which
determines the degree of approximation, is a decimal?
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9. Find the square root of 10. .- . . . . Ans. 3.1622774-.
10. Find the square root of 101.. . . . Ans. 10.049875+
11. Find the'square root of 60. . . . . . A1s.7.74596+-.
Arr. 194.—To find the approximate square root of a fraction.
1. Let it be required to find the square root of § to within .

3= %Xv—w'

Now, since the square root of 21 1s greater than 4 and less
than 5 therefore, the square root of 23 is greater than 4, and less
than §; hence % is the square root of 5 to within less than 1.

Hence, if we multiply the numerator of a Sraction by its denomi-
nator, then extract the square root of the product to the nearest unit,
and divide the result by the denominator, the quotient will be the
square root of the fraction to witkin one of its equal parts.

2. Find the square root of % to within 7 T Ans. ;.

3. Find the square root of 15 to within 7%. . . . . Ans. 2.

4. Find the square root of 1§ to within 3. . » . . Ans. 1}

Since any decimal may be written in the form of a fraction
having a denominator a perfect square, by adding ciphers to hoth
terms (thus, 4=1"l5=1""%’%, &c.), therefore, the square root may
be found, as in the method of approximating to the square root of
a whole number, by annexing ciphers to the given decimal, until the
number of decimal places shall be equal to double the number required
in the root. Then, afier extracting the root, pointing off from the
right, the required number of decimal places.

Find the square root

5. Of .6 to six places of decimals, . . , . . Ans. .774596.

6. Of .29 to six places of decimals.. . .”. . Ans..538516.
- The square root of a whole number and a decimal, may be found
in the same ma.nner Thus, the square root of 2.5 is the same as
the square root of %33, which, carried out to 6 places of decimals,
is 1.581138+4-.

7. Find the square root of 10 76 to six places of decimals.

Ans. 3.280243.

8. Find the square root of 1.1025.. . . . . . . Ans. 1.05.

When the denominator of a fraction is a perfect square, its
square root may be found by extracting the square root of the
numerator to as many places of decimals as are required, and di-

. viding the result by the square root of the denominator. Or, by

reducing the fraction to a decimal, and then extracting its square

REvIiEw.~194. How do you find the approximate square root of afrac
tion to within one of the equal parts of the denominator? How do you
extract the square root of a decimal? How do you extract the aquare root
of a fraction, when both terms are not perfect squares?
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root. When the denominator of the fraction is not a -perfect
square, the latter method should be used.
9. Find the square root of § to five places of decimals.
V3=1.78205+, y4=2, y/j=1.73205+=286602+.
Or, =75, and /.75=.86602+. -
10. Find the squarerovt of 83. . . . . . Ans. 1.795054+.
11. Find the square root of 1-73. .« s « . Ans .661437+
12. Find the square root of 3}. . . . . . Ans. 1.802775+.
13. Find the square root of 5. . . . . . Ans. 2.426703+-,
14. Find the square root of 4. . + . .-. . Ans..377964+.
15. Find the squarerootof §. . . . . . . Ans..935414-+.
16. Find the square root of 23. . . . . . Ans. 1.527525+.

EXTRACTION OF THE SQUARE ROOT OF MONOMIALS.

ArT. 193.—From the principles in Art. 179, it is evident, that
in order to square a monomial, we must square its coéfficient, and
maltiply the exponent of each letter by 2. Thus,

__(3ab*)*=8ab*X3al*=9a%*.

Therefore, v/ 9a*b*=3ab®. Hence, the

RULE .
FOR EXTRACTING THE SQUARE ROOT OF A MONOMIAL.

Eztract the square root of the coéficient, and diwide the exponent
of each letter by 2.

Since +aX-+a=+d’, and —aX—a=+a?,

Therefore 3/ a>=+a, or —a.

Hence, the square root of any positive quantity i is either plus
or minus. This is generally expressed, by writing the double sign
before the square root. Thus, 1% 4a’—:|:2a, which is read, plusor
minus 2a.

If a monomial is negative, the extraction of the square root is
impossible, since the square of any quantity, either positive or
- negative, is necessarily positive. Thus, /—9, y/—4a?, /—b, are
algebraic symbols, which indicate impossible operations. Such
expressions are termed imaginary quantities. They occur, in at-
tempting to find the value of the unknown quantity in an equation
of the second degree, where some absurdity or impossibility exists
in the equation, or in the problem from which it was derived
See Art. 218.

Review.—195. How do we find the square of a monomial? Ilow,
then, do we find the square root of a monomial? What is the sign of the
square root of any positive quantity? Why is the extraction of the square
root of a negative monomial impossible? Give examples of algebraio sym-
bols that indicate impossible operations, What are they termed? Under
what circumstances do they occur? .
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Find the square root of each of the following monomials.

1. 4a% . . . Ans. %azx. | 5. }6m®*n%P. . Ans. +-dmnyP.

R. 944 . . Ans. 3% | 6. 49a%4E. . Ans. +T7ab%*.

3. 25a%%*. . Ans. &=Habe?. | 7. 625x%*. . . Ans. +25z2%.

4. 36a'0%* . Ans. 3=6¢?%. | 8. 1156a%42%. Ans. +-34ax%®,

: 3 at I a3

Since ( g) axa_ X therefore, %,::I:g; that is, Zo find
the square root qf a monomzal Jraction, extract the square root of
both terms.

9. Find th bof o2, Ans, +22
in esquarerooogb,........ s:l:%

1627 4xy?

10. Find the square root of —; DWag e :b5az

EXTRACTION OF THE SQUARE ROOT OF POLYNOMIALS.

Art. 196.—In order to deduce a rule, for extracting the square
root of a polynomial, let us first examine the relation that exists
between the several terms of any quantity and its square.

(a+b)*=a*4-2ab+4-b*=a’4-(2a+-b)bd.

(a+b+c)’—a’+2ab+b’+2ac+2bc+c’-—a’+(2a+b)b+(2a+20
+c)e.

(a+b+c+d)’—a’+2ab+b2+2ac+260+c’+2ad+2bd+2cd+d‘
=a’+(2a+0)b+(2a+2b-+-c)e+(Ra+20+2¢+d)d.

Or, by calling the successive terms of a polynomial r; 7/, v, +”
we shall have (r+4+/47"4"):=1"1 (27 +7 1’+(2r+21’+1”)r’
+(2r427 427"+

In this formwla, 7, 7, 1” 7", may represent any algebraic quan-
tities whatever, either whole or fractional, positive or negative.

Hence, we see, that the square of any polynomial is formed
according to the following law:

The square of any polynomial is equal to the square of the first
term—plus twice the first term, plus the second, multiplied by the sec-
ond—plus twice the first and second terms, plus the third, multiplied
by the third—plus twice the first, second, and third terms, plus the
Jourth, multiplied by the fourth, and so on. Hence, by reversing
the operation, we have the

RULE,
FOR EXTRACTING THE SQUARE ROOT OF A POLYNOMIAL.

1st. Arrange the polynomial with reference to a certain letter; then
Jind the first term of the root, by extracting the square root of the
JSirst term of the polynomzal place the result on. the right, and sub-
tract ifs square from the given quantity.
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2d. Divide the first term of the remainder, by double the part of
the root already found, and annex the result both to the root and the
divisor.  Multiply the divisor thus increased, by the second term of
the root, and subtract the product from the remainder.

3d. Double the terms of the root already found, for a partial divi-
sor, and divide the first term of the remainder, by the first term of
the divisor, and annex the resull both to the root and the partial divi-
sor. Multiply the divisor thus increased, by the third term of the
root, and subtract the product from the last remainder. Then pro-
ceed in a similar manner, to find the other terms,

REuMARK—In the course of the operations on any example, when we
find a remainder, of which the first term is not exactly divisible by double
the first term of the root, we may conclude that the polynomial is not a per-
fect square.

.

EXAMPLES.,

1. Find the square root of »4-2r/+1*4-2r 421" +1'.
P42 412"+ 277 " r 4+, Toot.
»”
Py | .
‘ 2/ ’
2+ 2r7”' ' 1"
207"+ 2011

The square root of the first term is 7, which we write as the first
term of the root. We next subtract the square of r from the
given polynomial, and dividing the first term of the remainder
277, by 2r, the double of the first term of the root, the quotient is
r, the second term of the root. We next place +/ in the root, and
also in the divisor, and multiply the divisor thus increased, by 7/,
and subtract the product from the first remainder. We then
double the terms r-+7/, of the root already found, for a partial divi-
sor, and find that the quotient of 27", the first term of the remain-
der, divided by 27, the first term of the divisor, is 7, the third
term of the root. Completing the divisor, multiplying by 7, and
subtracting, we find there is nothing left.

N o1E.—The first remainder consists of all the terms afters3, and the
second, of all after #2. It is useless to bring down more terms than have
corresponding terms in the quantity to be subtracted.

REVIEW.—196. What is the square of a4-5? Of a-}b4c? Of a}-d
+ctd? Of r+r'++"++"’? What may r, v/, &c., represent? Accord-
ing to what law is the square of any polynomial formed? By reversing
this law, what rule do we obtain, for extracting the square root of a poly-
nomial? When may we conclude that a polynomial is not a perfect square ?

16




186 RAY’S ALGEBRA, PART FIRST.

2. Find the square root of the polynomial 252%*—24xzy*—12z'y
+4x*+-16y*.
Arranging the polynomial with reference to z, we have
42 —122°y+ 2527 —24xy*+ 16y422*—3zy{-4y*, root.
4t
42 —8zy — 125y +252%*
I—12x’y+ Qa?y?
42’ —6xy+4y* 162"y —24xy*+16y4
16z%*—245y*+ 164
It is easily seen, that the operation is analogous to that of ex-
tracting the square root of whole numbers.
Find the square root of the following polynomials.
B R e ¥ S, e e« o Ans. z+2.
4. 422—1249.. . . .. .. « o+ Ans 22—3.
e o . o Ans.zy—4.
« « Ans. 2az—5yz.

5.y —8xy+16. . . . . ...
6. 4a%?4+-25y2"—20axyz. . . .
7. o*4-4*+-622+4x4-1. . ., .
8 4 —4234+132>—62+9. . . .
9 9yt —12y°4-34y*—20y+25. . Ans. 3y*—2y+5.
10. a'z*4-6ab*x’—4a’br’—4ab’z+b. . . Ans. a*c>—Rabz+b%.
11. 1—42+1022—202° 1258 — 2425 1622
Ans. 1--2z+43z—4z%
12. a*—6a’z-+15a4—200*+ 1 50’2*—6azs+2°.
Ans, a®—3a’z+3ax?—a".
13. 2 +axt+dat . . e e e.e.. Aps.ztia.
- 14. x’—2z+l+2xj—2y+y e e ev e oo Ans azty—l.
15. z(x+1)(z+2)(x+3)+1. . « e o« o Ans, 2243x+1
Arr. 197.—The following remn.rks w111 be fonnd useful.
1st. No binomial can be a perfect square; for, the square of a
monomial is & monomial, and the square of a binomial is a trino-
mial. Thus, a®>+b* is not a perfect square; but if we add to it
2ab, it becomes the square of a+b; and subtracting from it 2ab,
it becomes the square of a—b.
2d. In order that a trinomial may be a perfect square, the two
‘extreme terms must be perfect squares, and the middle term the
double product of the square roots of the extreme terms. Hence,
to obtain the square root of a trinomial when it is a perfect square,
extract the square roots of the two extreme terms, and unite them by
the sign plus orminus, according as the second term is plus or minus.
REVIEW.—197. Why can no binomial be a perfect square? Give an
example, What is necessary, in order that a trinomial may be a perfeot

square? When & trinomial is a perfect square, how may its square root be
found? Give an example.

« Ans. 2242z4-1.
. Ans. 2x%—z+3.

.
.
.
.
.
.
.

® ¢ e o e o

.
.
.
.
.
.
.
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Thus, 4a*—12ac+9c* is a perfect square, since y/4a’=2a,
v 9c=38c¢, and +2aX—3cX2=—12ac. But 9z*4-12xy+16y? is
not a perfect square ; since i/ 92*=3z, v/ 16y’=4y, and 3z X4y X2
=%4zy, which is not equal to the middle term 12zy.

RADICALS OF THE SECOND DEGREE.

Arr. 198.—Frox the rule Art. 195, it is evident, that wken a
monomial s @& perfect square, its numeral coéfficient is a perfect
square, and the exponent of each leiter is exactly divisible by 2.
Thus, 4a? is a perfect square, while 5a® is not a perfect square,
because the coéfficient, 5, is not a perfect square, and the expo-
nent, 3, is not exactly divisible by 2.

‘When the exact division of the exponent can not be performed,
it may be indicated, by writing the divisor under it, in the form

— 3
" of a fraction. Thus, y/a® may be written aZ.
Since a is the same as a' the square root of a may be expressed

'l ~
thus, aZ. For this reason, the fractional exponent, §, is used to
indicate the extraction of the square root. Thus, y/a*+2ax—+a?

and (a’+2az+x’)l§, also /4 and 4%, indicate the same operation ;
the radical sign, ¢/, and the fractional exponent, §, being regarded
a8 equivalent.

Quantities of which the square root can not be exactly ascer-
tained, are termed radicals of the second degree. They are also
called, irrational quantities, or surds. Such are the quantities /a,

v'2, ay/b, and 5/3. Or, as they may be otherwise written, a’},

2‘%, ab%, and 5(3)%. The quantity which stands before the radi-
cal sign, is called the coéfficient of the radical. Thus, in the
expressions ay’b, and 8y/5, the quantities a and 3 are called
coéfficients.

Two radicals are said to be similar, when the quantities under
the radical sign are the same in both. Thus, 3y/2 and 7y/2 are
similar radicals; so, also, are by/a and 2¢y/a.

Two radicals that are not similar, may frequently become so,
by simplification. This gives rise to

REview.—198. When is a monomial a perfect square? -Give an ex-
ample. How may the square root of a quantity be expressed, without the
radical sign? What are radicals of the second degree? Whatare radicals
otherwise called? What is the codfficient of a radical? When are two
radicals similar?
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REDUCTION OF RADICALS OF THE SECOND DEGREE.

Art. 199.—Reduction of radicals of the second degree, con-
sists in changing the form of the quantities without altering their
value. It is founded on the following principle.

The square root of the product of two or more factors, is equal to
the product of the square roots of those factors.

That is, y/ ab=y aXy/b; which is thus proved:

(Vaby=ab -
and (yaXy/b)'=y axXy bXv aXy' b=y aXy aXy/ bXy b=ab.

Hence, y/ab and y/aXy'b are equal to each other, since the
sguare of each is equal to ab.

From this principle, we have /36—y 4xX9=2X38, /144
=y 9x16=38x4.

Any radical of the second degree, can be reduced to a simpler
form when it can be separated into factors, one of which is a per-
fect square. .

Thus, /' 12=y/4X3=y/4Xy/3=2y/3

Y @b=y/aZXab=y/ a*Xy ab=ay/ ab
V2T =y 9a%* X3a=y Va’c*}X y/ 3a=8ac*y/3a.
From the preceding illustrations, we derive the
RULE,
FOR REDUCING A RADICAL OF THE SECOND DEGREE TO ITS SIMPLEST FORM.
1st. Separate the quantity to be reduced, inlo two parts, one of
which shall contain all the factors that are perfect squares, and the
other the remaining factors.

2d. Extract the square root of the part that is a perfect square, and
prefiz it as a coéfficient, to the other part placed under the radical sign.

To determine if any quantity contains a numeral factor that is
a perfect square, ascertain if it is exactly divisible by either of the

perfect squares, 4, 9, 16, 25, 36, 49, 64, 81, 100, 121, 144, &e.
If not thus divisible, it contains no factor that is & perfect square,
and the numerical factor can not be reduced.

Reduce each of the following radicals to its simplest form.

1. v8d%_ Ans. 2ay/2.| 9. /324%'¢.  Ans. 4a%bc*y2,
2. V124 Ans. 2ay/3a. |10. y40a%°3. A. 2abe*y/ 106,

8. v/ 16a%. Ans. 4day/ab. |11. y/44a®l%c. A. 2a%by/11abe.
4. /18a%°3. A. 3a%bey/ 2be. |12. 35415, Ans. 3a2b%c%y/5.
5. V2040F. A. 2abcy/Sabe. |13, ARaTA.  A. 4a'bcy/3.
6. 3y/24a'.  Ans. 6a%cy/6. |14. T54°0°3. A. Sabey/ 3abe.
7. 4y27a*>.  A. 12acy/3ac. |15. y/128a%bc%.  A. 8atbcy/ 2.
8. Ty28d%i.  A. 14a’y/Ta. 116. /2434%%. A. 9aby/ 3ac.




RADICALS OF THE SECOND DEGREE. 189

In a similar manner, polynomials may sometimes be simplified.

Thus, v/ (2a*—4a?+Rab?)=y 2a(a’—2ab+b))=(a—b)y/ 2a.

A fractional radical of the second degree may be reduced to its
simplest form, by the same rule, by first multiplying both terms
by any quantity that will render the denominator a perfect square;
separating the fraction into two factors, one of which is a perfect
square, then extracting the square root of the square factor, and
placing it before the other factor placed under the radical sign.

17. Reduce. ;/-2_1;0 its simplest form.

VI=yBG=v§=V}X6=/]XV6=}VB. Ans.

Reduce the following fractional radicals to their simplest forms.

18. v} Ans. 1y'T5. | 22. 9vg. Ans. 4y/3.
19. 7. Ans Y14 | 28.5v/%.  Ans gy/10.
20. v1%. Ans. 3v/3. | 24. 1034, Ans. /6.
2Ll. v1i. Ans. 1y/22. 25. TV 3. Ans. 1y/21.

Since a=y/d?, and 2/3=y/4Xy/3=y/IX3=y/12, it is obvi
. ous, that any quantity may be reduced to the form of a radical
of the second degree, by squaring it, and placing it under the
radical sign. By the same principle, the coéfficient of a radical
may be passed under the radical sign.
26. Reduce 5 to the form of a radical of the second degree.
Ans. 25.
27 Reduce 2a to the form of a radical of the second degree.
_ Ans. y4a%.
28. Express the quantity 3y/5, entirely under the radical.
Ans, y45
29. Pass the cosfficient of the quantity 8¢}/ 2, under the radical.
Ans. /1865,
. 80. Pass the coflicient of the quantuty 5/3 under the radical.
Ans. y75.

ADBITION OF RADICALS OF THE SECOND DEGREE.

ART. 200.—1. What is the sum of 31/2 and 5¢/2?

It is evident, that 3 times and § times any certain quantity
must make 8 times that quantity, therefore

 8y/245y/2=8y3.

In the same manner, y/2+1/8=y/2+4+2y/2=3y2.

‘2. What ie the sum of 2¢/3 and 5//7?

Since dissimilar quantities can not be collected into one sum, we
can only add these expressions by placing the sign of addition
between them ; that is, the sum of 2y/3 and 5y 7=2y3+5v7.
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Hence, the .
RULE,
FOR THE ADDITION OF RADICALS OF THE SECOND DEGREE.

1st. Reduce the radicals to their simplest form.

2d. Then, if the radicals are similar, prefix the sum of their coéf-
Jicients to the common radical; but, if they are not similar, con-
nect them by their proper signs.

Find the sum of the radicals in each of the following examples.

8. yBandy18. . ... ....... . . . Ans. 5/%2.
4. /12and v/27.. . . . . et e s e e .. Ans. 5y83.
5. ¥20and y80.. . . ... ... ... .. Ans.6y5.
6. y24and y150. . . . ... e e e e . Ans.TY6,
7. V8, v32, and v50. ... ... .. Ans. 112
8. v/40, 1/90, and y250. . . . . e+ .. . Ans. 10710,
9. v28a% and yT12a%%. . . ¢ . . . . . . Aps. 6ady/7.
10. y75a%, and y'147d%. . . . . . . .. Ans 12ay/3c.
ll.l/gand;/ms..........;..AnS-xl/3
12.1/Kand1/ ........ e e e 13v/5.
13.,/§and1/'8..........;.‘....Ans.gl/'z“.
14. 2/3and3y12. . . . . ... e .. Ans. 7y3.
15. 1y/1 and 7§,/2 ....... e e e e Ans. /2.
16. 3;/2 and7y2%. .. ... e oo .. Ans 316
17. y/48a*’x and ;/126%. ...... Ans. (4ac+2b)y/3z.
18. Find the sum of y/(2a*—4a’c+2ac?) and

v (Ra*4-4a*c+2ac?). Ans. 2ay/2a.

19. Find the sum of yat+z+y ax*+z*+y/ (a+=)5
Ans. (14+a4-22)ya+=.

SUBTRACTION OF RADICALS OF THE SECOND DEGREE.

Arr. 201.—1, Take 3y/2 from 5y/2.
It is evident that 5 times any quantity minus 3 times the quan-
tity, will be equal to 2 times the quantity, therefore
- by- 23y 2=21/ 2.
In the same manner, y/8—y/2=2y/2—y/ P=y2.

REVIEW.—199. Tn what does reduction of radicals of the second
degree consist? On what principle is it founded? Prove this principle.
What is the rule for the reduction of a radical of the second degree to its
simplest form? How do you determine if any quantity contains a numer-
ical factor that is a perfect square? How may a fractional radical of the
second degree be reduced to its simplest form? 200. What is the rule for
the addition of radicals of the second degree? '
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If the radicals are dissimilar, it is obvious that their difference
can only be indicated. Thus, if it be required to take 33/ a from
5D, the difference would be expressed by 5,/6—3y/a.

From these illustrations, we derive the

‘RULE,

FOR THE SUBTRACTION OF RADICALS OF THE SECOND DEGREE.

18t. Reduce the radicals to their simplest form ; then subtract their
coéfficients, and prefix the difference to the common radical.

2d. If the radicals are not similar, indicate their difference by the
proper sign.

2.
3.
4

© BDTXD O

17.

BXAMPLES.

VIB—/2. ...
v49al*—y/'5a®. . . .. ..

5ay27—3ay48.. . . . ..
W8V} .o
;/l_?—;/j_.‘........
VIV vt ee
From /4a’ take ay/z8 . .

Vodb—y6b.. . . ... ...
. V112a%¢—y/28d%. . . . .
. V2IPE—y IR, . . . ..
. V386ab—ydad. . . . . e
. V49alPc’—y 254’3, . . . .
. v 160a%°%c—y/10a%%. . . .
10.
11.
12. V35—
13.
14.
15.
16.

.

S e o . Ans.2y2
¢« o+ Ans. 2a_;/5_.
<« . Ans 2/60.
. « . Ans. 2acy 7.
.« o Ans. bey/Ble.
<« . Ans dav/a
. . o Ans. 21)(“/—(1—’)—.
. Ans. 3aby/ 10ulc.
. .. Ans 3a/3.
e s o e+ Ans O
.« . Ans, TIQVTJE
<+« . Ans 3y3.
¢ o« o+ Ans. 1;/72-
e o o . Ans. %1[6—,
. Ans. (2a—az)y/z.

From y/3m’x+6mnx+3n’z take v/ 3m*z—Ebmnz+3n’x.

_Ans. 2ny/3z.

"MULTIPLICATION OF RADICALS OF THE SECOND DEGREE.

Art. 202,—Since y/ab=y/aXy/, therefore v aXy b=y ab.
See Art. 199,

Also, ay/bXey/d=aXcXy/bXy d=acy/bd.

From which we haye the

RULE,

FOR THE MULTIPLICATION OF RADICALS OF THE SECOND DEGREE.

1st. Multiply the quantities under the radical sign together, and
place the result under the radical.
2d. If the radicals have coéfficients, place their product as a coéf-
Jicient before the radical sign.
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EXAMPLES,

1. Find the product of 3/6 and /8.
V6Xy8=y48=y16X3=4y/3. Ans.

2. Find the product of 2y/14 and 3/2.

2y/14X3y/2=6y 28—6;/ 4X7= 8X2y/7=12y/7. Auxs.
. Find the product of 1/Sa.nd V2 ... ... Anms. 4.
. Find the product of 2y/a and 3/6.. .+ ... Ans. 6a
. Find the product of 27 and /3. . . . . .. Ans 9.
. Find the product of 3y2and2y8.... . . . Ans. 6/6,
. Find the product of 3y/3 and 2¢/3.. . . . . . Ans. 18.
. Find the product of y6 and /15. . . . . Ans. 3y/10.
. Find the product of 2y/15 and 3/35. . . Ans. 30y/21.
. Find the product of v a¥%c and 1/%0—. « + o« .« Ans a’ll.
11. Find the product of ;/_ and ;/3 e« .. Anps 1

12. Find the product of ;/1 and v§. . « . Anps. ;/?
13. Fmd the product of 2\/5 and 3J10 . . Aps. —;/2

When two polynomials contain radicals of the second degree,
they may be multiplied together, in the same manner as in multi-
plication of polynomials, Art. 72, attending, at the same time, to
the directions contained in the preceding rule.

14. Find the product of 2412 and 2—y/2. . . . . Ans. 2.

15. Find the product of 1432 and 1—y2.. . . Ans—I.

16. Find the product of 1/z+2 by y/z—2. . . Ans. y2'—4.

17. Find the product of ya+x by ya+=z. . . . . Ans. a+tz.

18. Find tho product of /ab+bx by y/ab—bz. A.y/ a*>—b%"

19. Find the product of y/z+2 by Vz+3. Ans. y2*+5z16.

Perform the operations indicated in the following examples.

20. (c1/a+d;/b)><(c;/a——d1/b) « « s « o+ o Ans. a—d?.

2L (T+2/6)X(9—5v6). . . . ... .. Ans.3—-17/6.

22. (;/a-l—z-l—;/a—x)(;/a-i—z—;/a—-a:) e e s s s o Ans 2z

23. (x+2y az+a)(x—2;/ a:c—{-a) . Ans. &»—2az+a’.

4. (—zy2+1)(a4+2yR+1). . . .. . .. . Aps. zt+1.

P
SO DI U

DIVISION OF RADICALS OF THE SECOND DEGREE.
Agrt. 208.—Since Division is the reverse of Multiplication, and
sinoe y/aXy/ b=y ab, therefore /ab+ 1/7=\/ %bz;ﬁ;.
REvViE w.—201. What is the rule for the subtraction of radicals of the

second degree? 202. What is the rule for the multiplication of radicals of
the second degree? On what principle docs it depend ?
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Also, since ay/bcy/d=acy/ bd, therefore ac,/w-z-a,/i-:“:-%;

== bﬁ_—c;/d Hence, the

RULE,
FOR THE DIVISION OF RADICALS OF THE SECOND DEGRER.

1st. Find the quotient of the parts under the radical, and place it
under the common radical.

Rd. If the radicals have coéfficients, divide the coéfficient of the

dividend by that of the divisor, and prqﬁ.’e the result to the common
radical.

Nore.—When a radical quantity has no codflicient prefixed, its colfi-
oient is understood to be 1. Thus, 1/2 is the same as 13/2. 8ee Art. 32.

EXAMPLES,
1. Divide 81/ 72 by 2v/6.

8VT2_s /12 4,/ T84,/ TX5=8y3. Ans.

2/6
2. Divide /54 4 by v/ ... e Ans, 3.
3. Divide 6y/54 by3yR7. . . . . . .. ... Ans. 2/2.
4. Divide 6;/28 by 21/7 e e e e e e e e Ans. 6.
5. Divide 160 by ¢/8. . . . . . e+« ... Ans. 2/5.
6. Divide 15378 by 5y/6. . . . . . .« .. Ans. 9Y/7.
7. Dmde;/a‘by;/a e e e e s e e e e e e e Ans. a,
8. Divide aby/a®® by by/ab. . . . « . . . « . . Ans. a®.
9. Divideabyya. . . ... v 0o v ... _ Ans. Va.
10. Divide ayT by c/d. . . . . . . . Ane. %\ [% 0r 2100

. . ; E lac 1 —
11. Divide \]E by\]z. e e e e Ans.‘lw,orml/abcd.

12. Divide by V3. « . . o . . oo . .. . Ans }y6.

13. Divide ;/% by ;/g. e s e e e e oo . Anely.
14. Dlnde21/18by§;/2 e s e v e e e e Ans 4.
15. Divide 3/ by 4v/3 -« o« o« . .. . . Ans. 3/b.

16. Divide i;/g by 1/5-[-3;/.1. e e ¢ e e es o Ans -
Agrrt. 204.—To reduce a fraction whose denominator is either a

monomial or a binomial containing radicals of the second degree,
to an equivalent fraction having a rational denominator.

‘REVIEW.—203. What is the rule for the division of radicals of the
second degree? On what principle does it depend ? )
17
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Thus, a+z=y/(a’4zy/ c+22), to find 2.

Squaring, a’+42ax+z'=a’*+tzy/ %

Reducing and dividing by z, 2a+ax=y/¢*+2

Squaring, 4a*+t4ax+at=c’+z.

c?—4a?
whence z= .
4a

3d. When there are two radical expressions, it is generally bet-
ter to make one of them stand alone on one side, before squaring.

Thus, 1/ (z—5)—8=4—y/(z—12), to find z.

Transposing, 1/ (z—5)=7—y/ (z=—12).

Squaring, =49—14y/(z—12)+2—12.

Reducing and transposing, 14/ (z—12)=42.

Dividing, ¢/ (z—12)=3.

Squaring, #—12=9, from which x=21.

EXAMPLES FOR PRACTICE.

LV (@+3)+38=7. . ... .. e e+ o+« Ans z=13.
2aty(E+FID=11......... e « + . Ans z=5.
8. yV{6+yz—1)=3. ........... Ansz=10.
4. yz(atz)=a—2. . . . . e e e e s s s o o Ans z=§
5. V2—2=y/(z—8). . ....eveeo...Ans.a=9
6. 2+y2—7=7. . . .. e e e s o o o s o o Ans z=4.
7.24vV8x=yBz+4. . . .. v a. ... Ans2z=I2
8. Vat7=6—yz—5.. . . ... ... ... ADs.2=9,
9. Vz—a=yz—l/a. . . ... ... ... Ans Fi%‘.
10. 2+225—)/=—424—11=0. . . . . . Ans. z=1000.
1l 24y 242 =a. . . . v v v v v v v o Ans. z=}a
12. Vzta—yz—a=ya. . . ... e o« o o+ Ans a=%9.
13. yaF12=2+y/z. . . . . - . e e e e .. Ans.z=4.

14. ;/'S_-ITx=21/l+z—;/? e e e e e s e o Ans.z=}.

15. v/bat—= —;/53=+6 e e e e e oo Ans z=%
16. /74— -2"7——1—9’-’ Ans. z=23.
44z

17. \]x’+1/4x’+x+1/9_a:’m}=l+w. e e .. Ans, 2=}
18. \Ia+1/7x=x/71—\/af-—;/a. e e eae .. Ans z=%a.
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19. 3z +VB=a(y7—y/T). « . - .+ . . Ans.o= <“+,f)’,’.

20. ya+yar=e—1. ... ...... A«wsz=(ya—1)

CHAPTER VII.
EQUATIONS OF THE SECOND DEGREE.

Art, 206.—An Equation of the Second Degree (See Art. 148),
is one in which the greatest exponent of the unknown quantity
is 2. Thus, z*=9, and 52+3x==26, are equations of the second
degree.

An equation containing two or more unknown quantities, in
which the greatest exponent, or the greatest sum of the exponents
of the unknown quantities, is 2, is also an equation of the second
degree. Thus, zy==0, «’+ay=S8, zy+x+y=11, are equations of
the second degree.

Equations of the Second Degree, are frequently denominated

Arr. 207.—Equations of the second degree are of two kinds—
incomplete and complete.

An incomplete equation of the second degree, is of the form
ax*=D, and contains only the second power of the unknown quan-
tity, and known terms. Thus, z>=9, and 8::’—5::’__12 are in-
complete equations of the second degree.

An incomplete equation of the second degree, is frequently
denominated a pure quadratic equation.

A complete equation of the second degree, is of the form
az*4-bz=c, and contains both the first and second powers of the
unknown quantity, and known terms. Thus, 32*+4x=%20, and
ax’—ba*+-dr—ex—f—g, are complete equations of the second
degree.

A complete equation of the second degree, is frequently denom-
inated an affected quadratic equation.

REVIEW.—208. What is an equation of the second degree? Give ex-
amples. If an equation contains two unknown quantities, when is it of tho
second degree? Give examples, 207. How many kinds of equations of
the second degree are there? What are they? What is the form of an
incomplete equation of the second degree? What does it contain? Give
an expmple. What is the form of a complete equation of the second
degreo? What does it contain? Give an example. What is a pure quad-
ratio equation? What is an affected quadratic equation?
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ArTt. 208.—Every equation of the second degree, may be re-
duced to one of the forms ax*=b, or ax®*+lx=c. For, in an
incomplete equation, all the terms containing z* may be collected
together, and then, if the coéflicient of 2? contains more than one
term, it may be assumed equal to a single quantity, as a, and the
sum of the known quantities, to another quantity, b, and then the
equation becomes  ax’=b, or ax*—b=0.

So a complete equation may be similarly reduced; for all the
terms containing «? may be reduced to one term, as ax?; and
those containing z, to one, as bz; and the known terms to one, as
¢; then the equation is ax’4-ba=c¢, or ax*+br—c=0.

Hence, we infer: That every equation of the second degree, may
be reduced to an incomplete equation involving two terms, or to a com~
plele equation involving three terms. '

Frequent iilustraiions of these principles will occur hereafter.

INCOMPLETE EQUATIONS OF THE SECOND DEGREE.

ART. 209.—1. Let it be required to find the value of z in the
squation «*—16=0.
Transposing, =16
Extracting the square root of both members,

z =4, that is, z=t--4, or =4,
Verification. (+4)*—16=16—16=0.
or, (—4)*—16=16—16=0.
2. Find the value of z in the equation 52*+4=49.

I'ransposing, 52'=45

Dividing, =9

Extracting the square root of both sides,
@ ==3.

2
3. Find the value of z in the equation -22;—'—-1-3—:::5%
Clearing of fractions, 8z4-922=68
Reducing, 172*=068
Dividing, o= 4
Extracting the square root, z=42.
4. Given az’fb=cx'}-d, to find the value of z.
ax’—cx*=d—b
or, (a—e¢)x*=d—d
z’-:ﬂ

= _
—
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From the preceding examples, we derive the -

RULE,
FOR THE SOLUTION OF AN INCOMPLETE EQUATION OF THE SECOND
DEGREE.
Reduce the equation to the form ax’=b, Divide both sides by the
coéfficient of a*, and then extract the square root of both members.

Agrr, B10.—If we tako the equation ax’=b

b
we have zi=-
a

and T= g ; that is,

b \
If we assume E:m’, then x?>=m?

By transposing, a—m=
By separating into factors, (x+m)(x—m)=0.
*+ Now, this equation can be satisfied in two ways, and in two
only; that is, by making either of the factors equal to 0.
By making the secord factor equal to 0, we have
z—m=0, or x=-+m.
By making the first factor equal to 0, we have
z+m=0, or x=—m.

Since the equation (z+m)(x—m)=0, can be satisfied enly in
these two ways, it follows, that the values of z obtained from these
conditions, are the only values of the unknown quantity.

Hence we conclude

Ist. That every mcomplete equation of the second degree, has two
roots, and only two.

d. That these roots are equal, but have contrary signs.

Find the roots of the equation, or the values of , in each of the
following examples.

1.22—8=28., . ... ... .¢..4 .. Ans. =16
2.3:2-156=83+42% . . .. ... .. .. Ans a=z7,

B.a%—b=0. .. ...t e.ee. Ans z= :];~li
4, 1T22—25=4x>-13. . . . .. .. e . . . Ans :'::_-}:z.

ReEVIEW.—208. To what two forms may every equation of the second
degree be reduced? Why? 209. What is the rule for the solution of an
incomplote equation of the second degree? 210. Show that every incom-
plete equation of the second degree, has two roots, and only two; and that
those roots are equal, but have contrary signs,
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522—R=8-35z%. .. ......... Ans. 2=+
2
.ix’—l=éf7—,+§. e v e e e e w e e e o . Ans.z==43

=

.—-+12—---+372 e et e e oo+ Ans z—=o7.
X (2:—5) —-:c’—20:c+73. c e e et e e . Ans z=o4.
aP—b=(i—b) 4. s « . o . . . Abs z=o ”+°

zta x—a_ 10a?
z—a ' z+a g

11, F8 e T ... .. . As.z==/ab.

gomq

10. s e s s e e 8 b e s.z=:£:2a.

QUESTIONS PRODUCING INCOMPLETE EQUATIONS OF THE
SECOND DEGREKE.

Agr. 21 8.—In the solution of a problem producing an equation
containing the second power of the unknown quantity, the equa-
tion is found on the same principle, as in questions producing
equations of the first degree. See Art. 156.

1. Find a number, whose § multiplied by its £, will be equal

to 60.
R 2z 42

Let z= the number, then T+ IX5=1% —-60

43;’—900

=225

z= 15.
2. What number is that, of which the product of its third and
fourth parts is equal to 1087 Ans. 36.
3. What number is that, whose square diminished by 16, is
equal to half its square increased by 16? Ans. 8.
4. What number is that, whose square diminished by 54, is
equal to the square of its half, increased by 54 ? Ans. 12.
5. What number is that, which being divided by 9, gives the
same quotient, as 16 divided by the number ? Ans. 12.

6. What two numbers are to each other as 3 to 5, and the dif-
ference of whose squares is 64 ?
Let 3z== the less number; then 5z= the greater.

And (52)*—(3z)=64 "
Or 252> —922=16x?=64. .
From which z=2; hence, 3z=6 and 52z=10, are

the numbers. See general directions, page 127.

Review.—211. In the solution of a problem producing an equation
oontaining the second power of the unknown qmnmy, upon what principle
{s the equation found ?
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7. What two numbers are those which are to each otheras 3 to
4, and the difference of whose squares is 63 ? Ans. 9 and 12

8. What two numbers are those, which are to each other as 3
t 4, and the sum of whose squares is 100? Ans. 6 and 8
9. What number is tnat, to which if 3 be added, and from which
if 3 be subtracted, the product of the sumn and difference is 40?
Ans. 7
10. The breadth of a lot of ground is to its length, as 5 to 9,
and it contains 1620 square fect; required the breadth and length.
Ans. Breadth 30, length 54 feet.
11. A man purchased a farm, giving {5 as many dollurs per
acre, as there were acres in the farm; the cost of the farm was
1000 dollars; required the number of acres and the price per
acre. v Ans. 100 acres, $10 per acre.
12. What two numbers are those, whose sum is to the greater,
as 10 to 7, and whose sum, multiplied by the léss, produces 270
Ans. 2] and 9.
Let 10x= their sum; then 7z= the greater, and 3z= the less
number.
13. What two numbers are those, whose difference is to the
greater as 2 to 9, and the difference of whose squares is 1287
Ans. 18 and 14.
14. C bought a number of oranges for 48 cents, and the price
of an orange was to the number bought, as 1 to 3; how many did
he buy, and how much a piece did he pay?
) Ans. 12 oranges, at 4 cents a piece.
15. A person bought a piece of muslin for 3 dollars and 24
cents, and the number of cents which he paid for a yard, was to
the number of yards, as 4 to 9; how many yards did he buy, and
what was the price per yard?  Ans. 27 yds., at 12 cents per yd.
. 16. Find two numbers, in the ratio of } to %, the sum of whose
squares is 225. Ans. 9 and 12.
By reducing & and £ to a common denominator, we find they
are to each other as 3 to 4. Then let 3z and 4z represent the
numbers.
17. Find three numbers, in the proportion of %, %, and §, the
sum of whose squares is 724. Ans. 12, 16, and 18.
18. A merchant sold a piece 6f muslin at such a rate, that the
price of a yard was to the number of yards, as 4 to 5 ; but, if he
had received 45 cents more for the same piece, the price of a yard
would have been to the number of yards as 5 to 4; how many
yards were there in the piece, and what was the price per yard?
Ans, 10 yards, at 8 cents per yard.
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COMPLETE EQUATIONS OF THE SECOND DEGREE.

1. Let it be required to find the values of z, in the equation
?*—4x+4=1.
It is evident, from Article 197, that the first member of this
equation is a perfect square. By extracting the. square root of
both members, we have z—2-=-41

Whence 2=241==2+1=3, or 2—1=1.
Verification. (3)>—4X3+4=1, that is, 9—12+44=1
also, (1)*—4X144=1, that is, 1— 4+4=I.

Hence, z has fwo values, +3 and +1, either of which verifies
the equation.

2. Let it be required to find the value of z, in the equation

a4 6z=16.

If the left member of this equation were a perfect square, we
might find the value of x, by extracting the square root, as in the
preceding example. To ascertain what is necessary to be added,
to render the first member a perfect square, let us compare it with
the square of z+-a, which is 2’4-2az+a’.

We find a'=x?

2ar =06z
R%a =6
a=3
a’=9, _

Hence, by adding 9, which is the square of half the coéfficient of

the first power of x, to each member, the equation becomes

Extracting the square root, 2-+3==5
‘Whence 2=—3+5=+2, or —8.

Either of which values of z will verify the equation.

Art. 212.—We will now show the different forms to which
every complete equation of the second degree may be reduced, and
illustrate further, the principle of completing the square.

Since every complete equation of the second degree may be re-
daced to the form ax’4bx=s¢, if we divide both sides by a, we have

b ¢
z"'+»:c=a
For the sake of simplicity, let ——Zp, and -—q The equation
then becomes z’+2_px—q (1. )
If g is negative, and 5 positive, the equation becomes

o—2pr=q (2.).
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If 1s positive, and - negatlve, the equation becomes
2’4 2pr=—q (3.)

Lastly, if f—: and g are both negative, the equation becomes
P?—Lpr=—q (4.)

Hence, every complete equation of the second degree, may be re
duced to the form &*+2pzr=4q, in which 2p and q may be ewther pos-
itive or negative, integral or fractional quantities.

‘We will now proceed to explain the principle, by which the
first member of this equation may always be made a perfect
square.

Since the square of & binomial ig equal to the square of the first
term, plus twice the product of the first term by the second, plus
the square of the second; if we consider 2’42px as the first two
terms of the square of a binomial, 2? is the square of the first term
(z), and 2p«, the double product of the first term by the sccond ;
therefore, if we divide 2px by 2« (the double of the first term), or
2p by 2, the quotient, p (half the coéflicient of x), will be the sec-
ond term of tho binomial, and its square, p?, added to the first
member, will render it a perfect square. But, to preserve the
equality, we must add the same quantity to both sides. This gives

P +2prtpi=qtpt
Extracting the square root, a-+p==y/¢+p*
Transposing, t=—pty/ ¢+

It is obvious, that the square may be completed in each of the
other forms, on the same principle; that is, by taking half the
coéfficient of the first power of z, squaring it, and adding it to
each member. Thus, in the second form

2 —2pr=q
P —2pztp’=g+p?
e—p==kVotp*
a=-+p=y/ ¢+p*

In the third and fourth forms, the values of x are readily ob-
tained, in the same manner.

Collecting the four different forms together, and the values of @
in each, we have the following table.

(1.) 2*+2pr=q. e=—p=ty/q+p’
(2.) 2>—Rpr=q. z=+p=ty/qg+p’
(3.) z*42pz=—q. r=—pty —q+p°

(4.) 2’»—2pz=—q. a=-4pty —¢+p*
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Although the method of finding the value of z is the same in
cach of these forms, it is convenient to distinguish between them.
See Art. 215.

From the preceding we derive the

RULE,

FOR THE SOLUTION OF A COMPLETE EQUATION OF THE SECOND
DEGREE.
1st. Reduce the equation, by clearing of fractwns and transposi-
tion (if necessary), to the form ax*+4bx=c.
2d. Divide each side of the equation by the coéfficient of %, and
add to each member the square of half the coéfficient of the first
power of z.
3d. Extract the square root of both sides, and transpose the known
term to the second member.

EXAMPLES.

1. Find the roots of the equation *+8z=33.

Completing the square by taking half the coéfficient of z(§),
squaring it, and adding the square to each member, we have

o 8z-+16=33+16=49

Extracting the root, r+4=27
Transposing, r=—aq47
Whence a=—4+47=+43
And r=—4—-T=-11.

Verification. (3)'48(3)=33, thatis, = 9-+24=383.

Or  (—11)*48(—11)=33, that is, 121 —88=33.

In venfymg these values of «, it is to be noticed, that the square
of —11, is 121, and that 8 multiplied by —11, gives —88.

2. Solve the equation 2>—62=16.

Completing the square,
23—62+4+9=16+4+9=25
Extracting the root, 2—3==5
Transposing, x=+4345
‘Whence x=+3+5=+8
And r=+43—5=—2.

Both of which will be found to verify the equation.

3. Solve the equation x’+Gx——5
Completing the square,

2*+4-624-9=9—5=
Extracting the root, z4+3==42
Transposing, =—342
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4. Find the values of z, in the equation z’—10z=—=24.
Completing the square,
2*—10z4-25=25 —24=1

Extracting the root, x—5==+1
Transposing, z=5=+1
Whence r=5+1=6
And z=5—1=4.

The preceding examples, illustrate the four different forms.
when the equation is already reduced. Equations of the second
degree, however, generally occur in & more complicated form, and
require to be reduced before completing the square.

5. Find the values of z, in the equation 3:—5:——73-:36.

Clearing of fractions, 82 —5z=Tz+436
Transposing, 32*—12x=36
Dividing, 2 —4r=12
Completing the square,

*—4x+4=16
Extracting the root, x—2=-+4
Transposing, r=+244
Whence =6, or —-2.

13z

6. Find the values of z, in the equation -———+ —52+——.

Clearing of fractions, l2z’+5a=260+l3z
Transposing and reducing,
12:*—82=260
Dividing, 22— .,z—-‘ir .
Hero the coéfficient of z is —3, the half of which u—-§ the
square of this is §, which being added to both sides, we have
P fet §=% 1 4=131

Extracting the root, —i=tl
' e=+ixl
‘Whence z=45, or —.

EXAMPLES FOR PRACTICE.
Nore.—The first sixteen of the following Examples, are arranged to

{llustrate the four forms, to one of which every complete equation of the
second degree may be reduced.

7. 248==20. . ...
8. 224+162z=80.. . . .
9. 24+7x=78. . ...
10, 224-3x=28. . ...

. Ans. z=2, or —10,
. Ans. z=4, or —20.
. Ans. z=6, or —13.

. Ans. =4, or —7.

« o o o
e o o o
e o e o
*« o o o
® o o o
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11.
12.
13.
14.

15.
16.
17.
18.

19.
20.

21.
22.

23.
24.
25.

26.

27,
28.
29.

30.

31.

32.

33.
34.

35.

36.
37.
38.

2—10x=24.. . . . . . . ¢ o+ o Ans =12, or —2.
?—8x=20. . ... ... Ans. 2=10, or —2.
2—52=6. . . . ¢ ¢w s o o o o Ans.2=0, or —1.
2—21=100. .. ... .. ... Ans, =25, or —4.
2?46x=—8. . . ... .00 Ans. z=—2, or —4,
2?4+ 4e=—3. . . ... e e e e Ans. z=—1, or -~3.
2 48r=—15. . . ... ... « . Ans. x=—3, or —5.
24+Te=—12. . . . 0. .AAns.4x-—-~—3, or —4.
2—6z=—8. . . .. . Ans. z=4, or 2.
2—8xe=—15. ... ........ . Ans. =5, or 3.
2—10c=—21.. . . . ... .. .. .Ans a=7,0r3.
P?—16z=—b4.. . . . . ... ... Ans, =9, or 6.
8322 —2x+123=256. . .. .. « « Ans. =7, or —1°.
R —bHx=12. . ......... Ans. z=4, or —§.
22 4+32=65.. . .+ .« s+ . . Ans z=5, or -
2
2—;—--—%:%. Ve s e e e e e e .Ans.:c=4,,or—-—§..
2
l—ic)b=x—24 ......... « « « Ans, z=60, or 40.
2—2—40=170. . . . . .. .. Ans z=15, or —14.
66—
B=—— o e e o s s oo o Ans =2 or —3.
a1+ 20 ... ... ... .. Awa=30r2,
z 4 =4 « « Ans. =24, or —6.

4 z—-_2 T e e e o s @ 0 . A
2? Lt 3=8—3x—*+ 4. . . . Ans a=4, or —45.
3 T

ot ="+4.. .. .. .o . . Apsz=2 or—1
2?42=30.. . . . .. e s o o o+ o Ans. 2=5, or —6.
z,2 =z, 4

§+—x—a+§- o e e e o o o o e e« o« Ans ¢=2, or 4.
27492=31z. . .+« s+ . ... .Ans z=4, orll}.
—a?r=e. . . . . e e e s « + o Ans. 2=} or §.
1722—192=30. . . ... e o« . Ans. z=2, or —13.

. RevVIiEw.—212. To what form may every complete equation of the sec-
ond degree be reduced? What are the four forms that this gives, depend-
ing on the signs of 2p and ¢? Explain the principle, by means of which the
first member of the equation 22--2pa==q may be made a perfect square.
What is the rule for the solution of a complete equation of the second degree ?
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39.
40.
41.

42,
43.
4.
45,
46.
47.
48.

49.

50.
51.
52.
53.

54.
55.

56.

57.
58.

B’ +5x=2. .. ... e e v v o JAns. 2=} 0or-2.
4r—32’=02—8. . . ... .. « o o Ans. z=§, or —2.
a'—4e=—1. . . . Ans. z=24y/3=38.732-}, or .268—.

4z 222 10z 20
77-—T=—3——7. s e o s e o o .A.ns.x=-5,or§.

65z 10z 13 2=

IS it i ) AR Ans.z=35:},or}
ﬁﬁz—ﬁ. c et ee e oo .. Ansz=12 or—2.
ﬁ():?x_l—ff « « v oo o+ e Ans z=14,or—10.
z+%=3x.—4. e e e e e . Ans. =35, or —2.
B .. ... Ams=380r12
43, Tx 23

. « Ans. 2=4, or 1.

Tm—_—z..’........

2e+3__2% et ... Am. =8, or 13331.

10—z 2538z
ar—at=—2ab—b%. . . . . . .. Ans, z=2a+-b, or —b.
?*—R2az=b—a®. .. ... ... Ans z=alb, or a—d.
2?4+3bc—46=0. . .. ... .. Ans. x=-4b, or —4b.
z’—ax—b::——ab .......... Ans. 2=-}a, or +D.
z __ “TIIT
e S . Ans, 2=b=t=y/ab+ 12
2+ (a—2W)r=a. . . . .. . . . Ans.a=l,or—g
22 z 2a° . 2a? a?
a'?—z‘-"—'—b—, ......... o . Ans. x=—b— and —-Z—.
2?—(e—1)g—a=0. . ... ... .. Ans. z=a, or —1.
2'—(a+bdb—c)e=(atd)e. . . . . . Ans, x=a+b, or —c.

ArT. 213.—THE HINDOO METHOD OF BOLVING QUADRATICS.—
When an equation is brought to the form ax?+bx=—c, it may be
reduced to a simple equation, without dividing by the coéfficient

of x?;

thus avoiding fractions.

If we multiply both sides of the equation az’+bx=¢, by @, the
coéficient of 22 ‘it becomes a*c*+abr=ac.

Now, if we regard a’c*+abz, as the first and second terms of
the square of a binomial, a%? must be the square of the first term,
and abz the double product of the first term by the second. Hence,
the first term of the binomial is y/a%*=ax; and the second term,
the quotient derived from dividing abz by the douyble of az, the
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. . b .
first term; that is, Y Adding the square of 3 to each side,

] 3

the equation becomes a’x"+aba:+%=ac+%.
Now, the left side is a perfect square; but it will still be a per-
fect square, if we multiply both sides by 4, which will clear it of

fractions. Thus, 4a%*+4abz+b=4ac+b*
Extracting the square root,

2az+t+b=-y/ 4ac4-1?
Whence = 124ac+b’
a

Now, it is evident, that the equation 4a%*+4abz+b*=4ac+-b?,
may be derived directly from the equation ax’4bz=c, by multi-
plying both sides by 4a, the coéfficient of % and then adding to
each member, the square of b, the coéficient of the first power of z. -
This gives the following

RULE,
FOR THE SOLUTION OF A COMPLETE EQUATION OF THE SECOND
DEGREE.

Reduce the equation to the form ax’+bz=c, and multiply both
sides, by four times the coéfficient of *, Add the square of the coéf-
Sicient of x to each side, and then extract the square rool. This
will give a simple equation, from which x is easily found.

1. Given 32?—5x=28, to find the values of z.

Multiplying both sides by 12, which is 4 times the coéfficient of z*,
362*—60z=336
Adding to each member 25, the square of 5, the coéflicient of =,
362—6024-25=361
Extracting the root, 6x— 5==x19
:r:_o:l-19_24 or —14
z=-+4, or -"‘g

By the same rule, find the values of the unknown quantity in
each of the following examples.

2. 2+45s=33. . .......

3.5 +2x=88. . ........

4.8 2=70. . .......0.0¢.. Ans z=5,0r--%4.

5. a2 —2=42. . . . « v« « e ¢ o o« . Ans. =7, or —6.

6. 142 5=91. ... ...... Ans.2=6,0r—7}

e Ana.:=3,or—,.
. Ans, x=4, 0!‘—'5

If further exercises are desired, the examples in the preceding
article may be solved by this rule.

RE viz w.—213. Explain the Hindoo method of completmg the square.
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PROBLEMS PRODUCING COMPLETE EQUATIONS OF THE
SECOND DEGREE.
ArT. 214.—1. What number is that, whose square, diminished
by the number itself, is equal to 20?
Let = the number,

Then ?—z=20
Completing the square, z"—z+3}=204-J=%!
Extracting the root, z—==}
Whence z=+5, or —4.

Now either of these values of z satisfies the equation ; but the
negative value —4, does not fulfill the conditions of the question
in an arithmetical sense. But, since the subtraction of a negative
quantity is equal to the addition of a positive quantity, the ques-
tion may be so modified, that the value —4, will be a correct
answer to it, the 4 being considered positive. The question thus
changed, is: What number is that, whose square increased by the
number itself, is equal to 20?

2. A person buys several oranges for 60 cents; had he bought
3 more for the same sum, each orange would have cost him 1 cent
less ; how many did he buy?

Let 2= the number he bought.

Then 6;0= the price of each one.

And 3:6T03= the price of one, had he bought 3 more for 60 cents.
60 60
Therefore, - m_l
Clearing of fractions, and reducing,
. 2?4-3x=180
Completing the square,  z°+3z+§=9+180=1%2,
Extracting the root, T+ 3=%
Whence =412, or —15. *

Now either of these values, taken with its proper sign, satisfies
the equation from which it was derived; but the value 12 is the
only one that satisfies the conditions of the question.

Since =§$=—4 and =$373=—5; aud since buying and selling
are opposite operations, the result, —15, is the answer to this
question. A person sells several oranges for 60 cents. Ilad he
sold 3 less for the same sum, he would have received one cent more
for each. How many oranges did he sell ?

" RewArk.—From the two preceding examples, we see, that tho root
which is obtained, from giving the plus sign to the radical, satisfics both
18
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the conditions of the question, and the equation derived from it; while the
other root satisfies the equation only.

We see, also, that the root which arises from giving the radical the nega-
tive sign, may be regarded as the answer to a question differing from the
one proposed in this; that certain quantities which were additive, have
become sultractive, and reciprocally.

Sometimes, however, as in the following example, both values of the
unknown quantity satisfy the conditions of the question.

3. Find a number, whose square increased by 15, shall be 8
times the number.

Let z= the number; then x*415=8¢
Or z*—8xr=—15
Whence x=>5, or 3.

" Either of which falfills the conditions of the question.

When there are two unknown quantities in a problem, that can
be solved by the use of one symbol, the two values of the symbol
generally give both values of the unknown quantity, as in the
following question.

4. Divide the number 24 into two such parts, that their product
shall be 95.

Let = one of the parts; then 24—x= the other,

And 2(24—x)=95

Or ’ 22 —24x——95
‘Whence =19 and 5
And 24—x=>5, or 19-

5. There are three numbers, such that the product of the first
and third is equal to the square of the second ; the sum of the
first and second is 10, and the third exceeds the second, by 24;
required the numbers.

Let z— the first; then 10—zx= the second,

And 10—z+24=34—z= the third.

Also (10—z)*=x(34—=x)
Or 100—20z4-2>=34ax—=z?
From which, =25, or 2

When =235, 10—x=—15, 34—x=29, and the numbers are 25,
—15, and 9. i '

When =2, 10—z=8, 34—z=32, and the numbers are 2, 8,
and 32.

Both these sets of values satisfy the question in an algebraio
sense ; only the last, however, satisfies it in an arithmetical sense.
Let us endeavor to ascertain how the question must be modified,
so that the first set of numbers shall satisfy it in an arithmetical
sense.
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The meaning of the negative solution —15, will be understood
by considering that the addition of a negative quantity, is the same
as the subtraction of the same quantity taken positively (Art 61).
The first condition of the question then becomes 254 (—15)=25
—(415)=25—15=10; and the second is 9—(—15)=9+(-+15)
=9+15=%24. This indicates, that —15 may be changed to 415,
provided, that instead of the condition of the sum of the first and
second numbers being 10, their difference be 10; and the second
condition may for a similar reason, be changed into this, that the
sum of the second and third is 24. The question, with these modi-
fications, would be: What three numbers are those, such that the
product of the first and third, is equal to the square of the sccond;
the difference of the first and second is 10; and the sum of the
second and third is 24?

REMARK.—In the following examples, the pupil is required to find
only that value of the unknown quantity, which satisfies the conditions of
the question in an arithmetical sense. It forms, however, a good exercise
for advanced pupils, to determine the negative value, and then to modify
the question, so that this value shall satisfy the conditions in an arithmetical
sense.

6. Find a number, such that if its square be diminished by 6
times the number itself, the remainder shall be 7. Ans. 7.
7. Find a number, such that if its square be increased by 8
times the number itself, the sum shall be 9. Ans. 1.
8. Find a number, such that twice its square, plus 3 times the
number itself, shall be 65. Ans. 5.
9 Fmd a number, such that if its square be diminished by 1,
2 of the remainder be taken, the result shall be equal to 5
hmes the number divided by 2. Ans. 4.
10. Find a number, such thatif 44 be divided by the number
diminished by 2, the quotient shall be equal to § of the number,
diminished by 4. Ans. 24.
11. Find two numbers, whose difference is 8, and product 240.
Ans. 12 and 20.
12. A person bought a number of sheep, for 80 dollars; if he
had bought 4 more for the same money, he would have paid 1
dollar less for each; how many did he buy? Ans, 16.
13. There are two numbers, whose difference is 10, and if 600
be divided by each, the difference of the quotients is also 10;
what are the numbers ? Ans. 20 and 30.
14. A pedeetrxa.n, having to walk 45 miles, finds that if he in-
creases his spced § a mile an hour, he will perform his task 13
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hours sooner, ti)a.n if he walked at his usual rate; what is that

rate? Ans. 4 miles per hour.
15. Divide the number 14 into two parts, the sum of whose
squares shall be 100. Ans. 8 and 6.

16. In an orchard containing 204 trees, there are 5 more trees
in a row than there are rows; required the number of rows, and
the number of trees in a row. A. 12 rows,and 17 treesin a row.

17. A schoolboy, being asked the ages of his sister and himself,
rveplied, that he was 4 years older than his sister, and that twice
the square of her age, was 7 less than the square of his own;
required their ages. Ans. 13 and 9 yrs.

18. A and B start at the same time to travel 150 miles; A
travels 3 miles an hour faster than B, and finishes his journey 8§
hours before him ; at what rate per hour did each travel?

Ans. 9 and 6 miles per hour. -

19. A company at a tavern had 1 dollar and 75 cents to pay;
but before the bill was paid two of them went away, when those
who remained had each 10 cents more to pay; how many were in
the company at first? Ans. 7.

20. The product of two numbers is 100, and if 1 be taken from
the greater, and added to the less, the product of the resulting
numbers is 120; what are the numbers? Ans. 25 and 4.

Let 2= the larger number; the —1—29 = the smaller.

21. If 4 be subtracted from a father’s age, the remainder will
be thrice the age of the son; and if 1 be taken from the son’s age,
half the remainder will be the square root of the father’s age.
Required the age of each. Ans. 49 and 15 yrs.

Let 2?= the father’s age; then < 3

22. A young lady being asked her age, answered, ““1f you add
the square root of my age to § of my age, the sum will be 10.”

= the son’s age.

Required her age. Ans. 16 yrs.
23. What number is that, from which, if § of its square root
be taken, the remainder will be 227 ~ Ans. 25.

24. A merchant bought a piece of muslin for 6 dollars; after
cutting off 15 yards, he sold the remainder for 5 dollars 40 cents,
by which he gained 1 cent a yard on the amount sold ; how many
yards did he buy, and at what price?

Ans. 75 yds., at 8 cts. per yd.

25. A man bought a horse, which he afterward sold for 24 dol-
lars, and by so doing, lost as much per cent.upon the price of his

purohase, as the horse cost him ; what did he pay for the horse?

Ans. $60, or $40.
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PROPERTIES OF THE ROOTS OF A COMPLETE EQUATION
OF THE SBECOND DEGREE.

NoTe 10 TracrERS.—This subject may be omitted entirely, by
the younger class of pupils; and passed over, by those more advanced,
until tho book is reviewed.

ArT. 213.—The pupil may have learned already, by inference,
from the solution of the preceding examples, that an equation of
the second degree has two roots, that is, that the unknown quan-
tity bas two values. This principle may be proved directly, as
follows.

The general form to which every complete equation of the sec-
ond degree may be reduced, is z*+2pxr=q; in which 2p and ¢
may be either both positive or both negative, or one positive and
the other negative. Completing the square, we have

@2prtp=q+p’

Now, the first member is equal to (x+p)? and if; for the sake of

simplicity, we assume ¢-+p’=m?, that is, y/q+p’=m, then

Transposing, (z+p)*—m?=0.

But, since the left hand member of this equation, is the differ
ence of two squares, it may be resolved into two factors, Art. 94.
This gives (z+p+m)(z+p—m)=0.

Now, this equation can be gatisfied in two ways, and in only two;
that is, by making either of the factors equal to 0.

If we make the second factor equal to zero, we have

z+p—m=0 -
Or, by transposing, r=—p+m=—p+v/ q¢+p’
If we make the first factor equal to zero, we have
z+p+m=0
Or, by transposing, r=—p—m=—p—y ¢+p*

Hence, we conclude,

1st. That every equation of the second degree, hus two roots, and
only two.

2d. That every complete equation of the second degree, reduced to
the form x*+2pxr=q, may be decomposed inio two binomial factors,
of which the first term in eack is x, and the second, the two roots with
their signs changed.

Thus, the two roots of the equation 2»—5x=-6, or 2>—5z1-6
=0, are z=2 and z=3; hence, 2>—52+6=(x—2)(x=—3).

From this, it is evident, that the direct method of resolving a.
quadratic trinomial into its factors, is to place it equal to z2ro, and
then find the roots of the equation. In this manner, let the
learner solve the questions on page 72.
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By reversing the operation, we can readily form an equation,
whose roots shall have any given values.

Thus, let it be required to form an equation whose roots shall
be 4 and —6.

We must have = 4 or =—4=0
And z=—=6 or 2+ 6=0
Hence, (z—4)(x+6)=2"122—24=0
Or 2 42x=24,

Which is an equation whose roots are 44 and —6.

1. Find an equation whose roots are 7 and 10.
Ans. x'—172=—70
2. Find an equation whose roots are —3 and —1.

Ans. 2?4-42=—3
3. Find an equation whose roots are +2, and —1.
Ans, 2—z=2

Art. 216.—Resuming the equation z*+2pz=q.
The first value of z'is —p+vVe+p
The second value of z is —p—y/q+p*
Their sum is —2p, which is the coéficient of
x, taken with a contrary sign. Hence, we conclude,

That the sum of the roots of an equation of the second degree, re-
duced to the form &*-+2px=q, is equal to the coéfficient of the first
power of x taken with a contrary sign.

If we take the product of the roots, we have

First root= —p+ve+p?
Second root= —p—v q+p?
PVt

+pv q+p*—(q+p%)

P —(gt)=—g
But —q is the known term of the equation, taken with a con-
trary sign. Hence, we conclude,
That the product of the two rools of an equation of the second de~
gree, reduced to the form x*+-2pr=q, is equal to the known term
taken with a contrary sign.

R Ex A RK.—In the preceding demonstrations, we have regarded 2p and
2 as both positive; the same course of reasoning, however, will apply when
they are Loth negative, or when one is positive and the other negative ; so
that the conclusions are true in each of the four different forms.

" Agr. 217.—In the equation z?+42pz=gq, or first form,
the two values of z are —ptvVaetp'
And -Vt
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If we examine the part y/q-+p? we see that its value must be
a quantity greater than p, since the square root of p® alone, is p.
Hence, the first root is the diffcrence between p and a positive
quantity greater than p; therefore, it is essentially positive.

If we take the negative value of the radical part, the second
root is equal to the sum of two negative quantities, one of which
is p, and the other a quantity greater than p; therefore, it is
essentially negative. Since the first root is the difference, and the
second root the sum, of the same two quantities, the second, or
negative root, is necessarily greater than the first, or positive root.
Sec questions 7, 8, 9, 10, page 205.

In the equation 22—2pxr=4q, or second form,
the two values of z are +p+vVe4p?

And +p—vq+p*

The quantity under the radical being the same as in the pre-
ceding form, its square root is greater than p. The first root then,
is the sum of two positive quantities, one of which is p, and the
other a quantity greater than p; therefore, it is essentially positive.

If we take the negative value of the radical part, the second
root is equal to the difference between p, and a negative quantity
greater than p; therefore it is essentially negative. -

Since the first root is the sum, and the second root the difference
of the same two quantities, the first, or positive root, is greater
than the second, or negative root. See questions 11, 12, 13, 14,
page 206. '

In the equation z*+2pz=—q, or third form,
the two values of z are —p+y/—q+p*

And —p—vV —q+p*

If we examine the radical part, y/—q-+p? we see, that its value
must be a quantity less than p, since the square root of p? without
its being diminished, is p ; hence, the first root is the difference
between —p, and a positive quantity less than p; therefore, it is
essentially negative.

If we take the negative value of the radical part, the second
root is equal to the sum of two negative quantities; therefore, it
is essentially negative.

REVIEW.—215. To what general form, may every equation of the sec-
ond degree, containing one unknown quantity, be reduced? Show that
every equation of the second degree has two roots, and only two. 216. To
what is the sum of the roots of an equation of the second degree equal?
To what is the product oqual? 217, Show that in the first form one of the
roots is positive, and the other negative; and that the negative root is
greater than the positive.
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Hence, in the third form, both roots are negative. See ques-
tions 15, 16, 17, 18, page 206.

In the equation 2*—2px——¢, or fourth form, the two values of
z are +pt+v—g+p’

And +p—v —q+p*

The value of the radical part, being the same as in the pre-
ceding form, it is less than p. The first root, then, is the sum of
two positive quantities, therefore, it is essentially positive.

The second root is the difference between p, and a negative
quantity less than p, therefore, it is essentially positive.

Hence, in the fourth form, both roots are positive. See ques-
tions 19, 20, 21, 22, page 206.

Art. 218.—In the third and fourth forms, the radical part is
V' —q+p*. Now, if g is greater than p? this is essentially nega-
tive, and we are required to extract the square root of a negative
quantity, which is impossible. See Art. 195. Therefore, in the
third and fourth forms, when g is greater than p? that is, when
the known term is negative, and greater than the square of half
the coéficient of the first power of &, both values of the unknown
quantity are impossible. 'What is the cause of this impossibility ?

To explain this, we must inquire into what two parts, a num-
ber must be divided, so that the product of the parts shall be the
greatest possible.

Let 2p represent any number, and let the parts, into which it is
supposed to be divided, be p+2 and p—=z. The product of these
parts is (p+2)(p—2)=p*—22

Now, this product is evidently the greatest, when 2? is the least;
that is, when 2? or z is 0. But, when 2 is 0, the parts are p and
D, that is, when a number is divided into two equal parts, their pro-
duct is greater than that of any other two parts into which the num-
ber can be divided. Or, as the same principle may be otherwise
expressed, the product of any two unequal numbers is less than the
square of half their sum.

As an illustration of this principle, take the number 10, and
divide it into different parts.

10=9+1, and 9X1= 9
10=8+2, and 8X2=16
10=743, and 7xX3=21
10=6+-4, and 6)X4=24
10=5+-5, and 5X5=25

Revizw.—217. Show thatin the second form, one root is positive and the

other negative; and that the positive root is greater than the negative.

Show that in the third form, both roots are negative. Show that in the
fourth form, both roots are positive.
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‘We thus see, that the product of the parts becomes greater as
they approach to equality, and that it is the greatest when they
are equal to each other.

Now, in Art. 215, it has been shown, that 2p, the coéfficient of
the first power of z, is equal to the sum of the two values of z,
and that g is equal to their product. But, when g is greater than
P*, we have the product of two numbers, greater than the square
of half their sum, which, by the preceding theorem, is impossible.
If, then, any problem furnishes an equation in which the known
term is negative, and greater than the square of half the coéffi-
cient of the first power of the unknown quantity, we infer, that
the conditions of the problem are incompatible with each other.
The following is an example.

Let it be required to divide the number 12 into two such parts,
that their product shall be 40.

Let = and 12—z represent the parts.

Then z(12—=)=40, or 2*—12c—=—40
*—1224-36=—4 -
z—B=-4y/—4, and 2=64y/ 4. -

These expressions for the values of x, show that the problem is
impossible. This we also know, from the preceding theorem;
since the number 12 can not be divided into any two parts, whose
product will be greater than 36; thus, the algebraic solution ren-
ders manifest the absurdity of an impossible problem.

" RExARKS.—lst. When the colflicient of 23 is negative, as in the equa-
tion —a?+-max==n, the pupil may not perceive that it is embraced in the four
goneral forms. This difficulty is obviated, by multiplying both sides of the
equation by —1. :

2d. Since the sign of the square root of «2, or of (x-}-p)?, is -, it might
seem, that when x2-=m3, we should have —f-w——m, that is, -x=—fm;, -
and —a@—=—}-m; such is really the case, but —x=—=--m, is the same as
~+@=—m, and —a==—m, is the same as +z==+tm. Hence, f-x=—f-m,
embraces all the values of x. In the same manner, it is necessary to take
only the plus sign of the square root of (x-}-p)3.

EQUATIONS OF THE SECOND DEGREE, CONTAINING TWO
UNENOWN QUANTITIES.

Norx.—A full disoussion of equatious of this class does not properly
belong to an elementary treatise. Indeed, no directions can be given, that
will be applicable to all cases. The general method of treating the sub-
ject, consists in presenting the solution of a variety of examples, and then
furnishing others for the exercise of the student. The following examples
are intended to embrace only those capable of solution by simple methods.
See Ray’s Algebra, Part Second.

19
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Art. 219.—In solving equations of the second degree, contain-
ing two unknown quantities, the first step is to eliminate one of
them, 80 as to obtain a single equation involving only one unknown
quantity. The elimination may be performed by either of the
three methods already given. See Articles 1568, 159,160. When
a single equation is thus obtained, the value of the unknown quan-
tity is to be found by the rules already given.

EXAMPLES.
1. Given z—y==2 and z*+4y?=100, to find x and y.
By the first equation, x=y+2

Substituting this value of z, in the second,
(y+2)*+y*=100

From which we readily find, y=6, or —8

Hence, x=y+42=8, or —6.

2. Given z+y=S8, and zy=15, to find z and y.
From the first equation, z=8—y
Substituting this value of z, in the second,

, y(8—y)=15
Or y*—8y=—15
From which y is fonnd to be 5or3.
Hence, - =3, or 5.

There is a general method of solving questions of this form,
without completing the square, with which pupils should be ac-
quainted. To explain it, suppose we have the equations

zt+y=a

zy=>b

Squaring the first,  2’4Rxy+y*=a’
Multiplying the second by 4, 4xy=4b

Subtracting, o*—2uy+y'=a'—4b
Extracting the square root, z—y=ct/a’—4b

But z+y=a

Adding 2r=a+ty/ a*—4b

or o=Jatly/a—4b
Subtracting, 2y=aFv a’-—4b
Or y=3 1 aq: 1y ‘a*—4b.

If we have the equa.tlons z—y=a and xy—b we may find the
values of z and y, in a similar manner, by squaring each member
of the first equation, and adding to each side 4 times the second.
Then, extracting the square root, we obtain the value of x4y
==t/a’+4b; from which, and x—y=a, we find x=1a=1y/ a*+4b,
and Fi#im
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3. Given z+y=—a and z’+4y’=b, to find x and y.

Squaring the first,  z*42zy+y’=a’ 3.) ) -~
But, 3 +y*=b (2) :
Subtracting, 2ay=a*—d (4.)
Take (4) from (2), «*—2xy+y*=20—a’
Extracting the root z—y=rky/ 2b—a’
z+y=a
Adding and dividing, z=}azt}y 20—a’
Subtracting and dividing, y=1aF Ly 2—a’

4. Given x*4y*=a and zy=>D, to find zand y.
Adding twiee the second to the first,
2 4-2zy+y*=a+2b
Extracting the square root,  z-+y=zty/a+26
Subtracting twice the second from the first,
22—Rzxy+y*=a—2b
Extracting the square root,  z—y==y/a—2b
‘Whence z=o} Va+2b+ 1 Va—2b
And y=-1V/ a2}/ a—2b.
5. Given *+y*=a and z+y=>, to find z and y.
Dividing the first by the second,
Pomyty=t  (3)
Squarmg the second, x’+2zy+y’—b’ (4.)
Subtracting (3) from (4), 3zy=b-.—bT-G

b—a
Or zy=—57 (5)

Take (5) from (3), a—zzy+y=—#'

Extracting the root, —y—:l:J ( da—¥"

But z+y=>b
Whence x—gb:t%\] ( 4ot )
—b‘
And y= zbq:i\/ da
In a similar manner, if we have 2*—y’=a and z— =b we find
4a—0° 4a—0b°
i (% (252 )
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BEXAMPLES.
6.'x’+y-’=34} ............. + Ans. =45,
2—y=16) . . ... .. e v e e e e .. y=43.
7. :c+y=16} ..... « v e e o e . s Ans.z=9,0r7.
Cowy=03) ... s e e e e . o y=7,0r9.
8. z—y=5 } e e e e e e e e e e Ans. =9, or —4.
zy=36) .. ... . 0000 y=4, or —9.
9. z4y= } e e e e e e e « v« o Ans. 2=7,0r 2,
24y =563) .. .. ... e e e e y=R0r7.
10. z —y =5 } ............ Ans. z=8, or —3.
D24P=T3) . . v e ie et e e e .. y=3,0r —8.
11.

12.
13.
14.
15.
16.
17.

18.

19.

x‘+y‘=l52} e v et e e e e v o oAnsz=50r3.
z+y=8 ) ......... Ce v e o . y=3,0rb.
a:'—y‘=208} e e e o e o o e oo oAns =06, or —2.

z—y=4 e e e e e e e e e e . y=2, 0r—6.
x'+y‘=;9(z+y)} « ¢ e e+ o o Ans 2=5, or —g.
z—y= e e e s e e s e . y=2 or —b.
z+y=l:} ..... C e e e e e ~ e o « Ans. 2=6.
2 —y=1 C e e s e e e s e e e e e e e y=>5.
(x—3)(y+2)=ig} ..... e« . «Anps. x=g, 01-:34
Ty= e e e e e e e e e . Y=2, 0r —4,
y—a=2 } ..... e « « « o Ans. =2, or —§.
Bxy=10z4y) . ...........y=40r 13
3x’+21:y=24} e e s e e v Ans z=2 or —3§.
S52—3y=1 ) ..... e v e e o y=3, 0or =450,
1,1 .
5+-!-/— e e e e e e e e e e Ans x=2 ord.
—lx;+%,=§ e e e e e e e e .. y=3, 012
r—y=2 } e o e s e s e o+ Ansz=3 or—1.
PyPr=21—dxy) ..... = W e

In solving question 18, let %_=v, and 1=z; the question then

becomes similar to the 9th. In question 19, find the value of xy
from the second equation, as if it were a single unknown quantity.

PROBLEMS PRODUCING EQUATIONS' OF THE SECOND DEGREE,

CONTAINING TWO UNKNOWN QUANTITIES.

1. The sum of two numbersis 10, and the sum of their squares
52; what are the numbers? Ans. 4 and 6.
2. The difference of two numbers is 3, and the difference of
their squares 39 ; required the numbers. Ans, 8 and 5.
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8. It is required to divide the number 25 into two such parts,
that the sum of their square roots shall be 7. Ans. 16 and 9.

4. The product of a certain number, consisting of two places,
by the sum of its digits, is 160, and if it be divided by 4 times
the digit in unit’s place, the quotient is 4; required the number.

’ Ans. 32,

5. The difference between two numbers, multiplied by the

greater, =16, but by the less, =12 ; required the numbers.

Ans. 8 and 6.

6. Divide 10 into two such parts, that their product shall ex-
ceed their difference by 22. Ans. 6 and 4.
7. The sum of two numbers is 10, and the sum of their cubes
is 370; required the numbers. Ans. 3 and 7
8. The difference of two numbers is 2, and the difference of
their cubes is 98; required the numbers. Ans. 5and 3

9. The sum of 6 times the greater of two numbers, and 5 times
the less, is 50, and their product is 20 ; required the numbers.
Ans, 5 and 4.
10. If a certain number, consisting of two places, is divided
by the produect of its digits, the quotient will be 2, and if 27 is
added to it, the digits will be inverted ; required the number.
Ans. 36.
11. Find three such quantities, that the quotients arising from
dividing the preducts of every two of them, by the one remaining,
are a, b, and c. Ans. =y/ad, v/ ac, and ==y/be.
12. The sum of two numbers is 9, and the sum of their cubes
is 21 times as great as their sum ; required the numbers.
Ans. 4 and 5.
13. There are two numbers, the sum of whose squares exceeds
twice their product, by 4, and the difference of their squares ex-
ceeds half their product, by 4; required the numbers,
Ans. 6 and 8.
14. The fore wheel of a carriage makes 6 revolutions more than
- the hind wheel, in going 120 yards; but if the circamference of
each wheel is increased 1 yard, it will make only 4 revolutions
more than the hind wheel, in the same distance; required the
circumference of each wheel. Ans. 4 and 5 yds,
15. Two persons, A and B, depart from the same place, and
travel in the same direction ; A starts 2 hours before B, and after
traveling 30 miles, B overtukes A ; but had each of them traveled
half a mile more per hour, B would have traveled 42 miles before
overtaking A. At what rate did they travel ?
Ans. A 2}, and B 3 miles per hour.



222 RAY’S ALGEBRA, PART FIRST.

16. A and B started at the same time, from two different points,
toward each other; when they met on the road, it appeared that
A had traveled 30 miles more than B. It also appeared, that it
would take A 4 days to travel the road that B had come, and B 9
days to travel the road that A had come. Find the distance of A
from B, when they set out. Ans. 150 miles.

CHAPTER VIII.
PROGRESSIONS AND PROPORTION.

ARITHMETICAL PROGRESSION.

ART. 220.—A series, is a collection of quantities or numbers,
connected together by the signs 4+ or —, and in which any one
term may be derived from those which precede it, by & rule, which
is called the law of the series. Thus,

14+3+4-54+749+, &e.,

2464184154+, &e.,
are series; in the former of which, any term may be derived from
that which precedes it, by adding 2; and in the latter, any term
may be found by multiplying the preceding term by 3.

ARrT. 221.—An Arithmetical Progression is a series of quanti-
ties which increase or decrease, by a common difference. Thus,
the numbers 1, 3, 5,7, 9, &c., form an increasing arithmetical
progression, in which the common difference is 2.

The numbers 30, 27, 24, 21, &c., form a decreasing arithmetical
progression, in which the common difference is 3.

R E M A RK.—An arithmeotical progression is termed, by some writers, an
equidifferent series, or a progression by differences.

Again, g, a+td, a4-2d, a+3d, a+4d, &c., is an increasing arith-
metical progression, whose first term is @, and common difference
d. And if d be negative, it becomes a, a—d, a—2d, a—3d, a—4d,
&c., which is a decreasing arithmetical progression, whose first
term is @, and common difference d.

ARrr. 222.—If we take an arithmetical series, of which the
first term is @, and common difference d, we have

lst term = . .

2d term =lst term +d_a+d

3d term =2d term +d=a-+2d

4th term =3d term +d—=a+3d, ard so on.
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Hence, the coéflicient of d in any term, is less by unity, than
the number of that term in the series; therefore, the nth term
=a+(n—1)d.

If we designate the nth term by !, we have l=a+(n—1)d.

Hence, the
RULE,

FOR FINDING ANY TERM OF AN INCREASING ARITHMETICAL SERIES.

Multiply the common difference by the number of terms less one,
and add the product to the first term; the sum will be the required
term.

If the series is decreasing, then d is minus, and the formula is
l=a—(n—1)d. This gives the

RULE,
FOR FINDING ANY TERM OF A DECREASING ARITHMETICAL SERIES.

Multiply the common difference by the number of terms less one,
and subtract the product from the first term; the remainder will be
the required term.

EXAMPLES.
- 1. The first term of an increasing arithmetical series is 3, and
common difference 5; required the 8th term.

Here [, or 8th term =34-(8—1)5=3+35=38. Ans.

2. The first term of a decreasing arithmetical series is 50, and
common difference 3 ; required the 10th term.

Here , or 10th term =50—(10—1)3=50—27=23. Ans.

In the following examples, @ denotes the first term, and d the
common difference of an arithmetical series; d being plus when
the series is increasing, and minus when it is decreasing.

3. a=3, and d=5; required the 6th term. . . . . Ans. 28.
4. a=20, and d=4; required the 15th term. . . . Ans. 76.
5. a="7, and d=}; required the 16th term. . . . Ans. 103.
6. a=2}, and d=1; required the 100th term. . Ans. 35}.
7. @=0, and d=3; required the 11th term.. . . . Ans. 5.
8. a=30, and d=—2; required the 8th term. . . . Ans. 16.
9. a=—4, and d=3; required the Sth term. . . . Ans. 8.

10.-a=—10, and d=—=2; required the 6th term. Ans. —20.

11. If a body falls during 20 seconds, descending 16+ feet the
first second, 48} feet the next, and so on, how far will it fall the
twentieth second ? Ans. 6272 feet.

REvVIEW.—220. What is a series? Give examples. 221. What is an
arithmotical progression? G@ive an example of an increasing series. Of a
decreasing series? 222. What is the rule for finding the last term of an
increasing arithmetical series? Of a decreasing arithmetical series? Ex-
plain the reason of these rules.
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Art. 228.—Given, the first term a, the common difference &,
and the number of terms %, to find s, the sum of the series.

If we take an arithmetical series of which the first term is 3,
commen difference 2, and number of terms 5, it may be written
in the following forms:

3, 342, 3+4, 346, 348
11, 112, 114, 11-6, 11—S8.
1t is obvious, that the sum of all the terms in either of these
lines, will represent the sum of the series; that is,
s= 3+( 3+2)+( 3+4)+( 3+6)+( 3+8)
And s=114(11—2)4(11—4)+(11—6)+(11—8)
Adding, 2s=14+ 14 + 14 + 14 + 14
=14X the number of terms.
=14X5=70
Whence, s=} of 70=35.

Now, let = the last term, then writing the series both in a
direct and inverted order,

s=a+(a+d)+(a+2d)+(a+3d)+ . . . . +I
And s=l+(l—d)+(1—2d)+(1—-3d)+. . . .+a
By adding the corresponding terms, we have

2s=(l+a)+(I+a)+(I+a)+(1Ha) . + +(+a)

=(l+4-a) taken as many times as there are terms () in
the series.

Hence, 2s=(l+a)n
n_[la
8=(l+a)§— ( -2— ) n.
This formula gives the following

RULE,
FOR FINDING THE SUM OF AN ARITHMETICAL SERIES,
Multiply half the sum of the two extremes, by the number of terms.
From the preceding, it appears, that the sum of the extremes is

equal o the sum of any other two lerms equally distant from the
exiremes.

R B X A B K.—Since l==a-}(n—1)d, if we substitute this in the place of !
in the formula t=(l-|-a)'2: , it becomes s= ( 2a-4(n—1)d ) ; This gives

the following Rule, for finding the sum of an arithmetical series: To the
double of the firet term add the product of the number of terms less one, by
the common difference, and multiply the sum by half the number of terms.

REVIRW.—223. Whatis the rule for finding thé sum of an arithmeti-
cal series? Explain the reason of the rule.
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EX AMPLES;

1. Find the sum of an arithmetical series, of which the first
term is 3, last torm 17, and number of terms 8.

o~ i‘;i7 ) 8=s0. " Ans.

2. Find the sum of an arithmetical series, whose first term is 1,
last term 12, and number of terms 12. Ans. 78

3. Find the sum of an arithmetical series, whose first term is 0,
ecommon difference 1, and number of terms 20. Ans. 190.

4. Find the sum of an arithmetical series, whose first term is 3,
common difference 2, and number of terms 21. Ans. 483.

5. Find the sum of an arithmetical series, whose first term is
10, common difference —3, and number of terms 10. A.—35.

In this case, the sum of the negative terms exceeds that of the
positive. ‘

Arr. 224.—The equations I=a+(n—1)d and

a=(a+l)g, furnish the means of

solvihg this general problem: Knowing any three of the five quan-
tities a, d, n, 1, s, which enler into an arithmetical series, to determine
the other two. :

This question furnishes ten problems, the solution of which pre-
sents no difficulty; for we have always two equations, to determine
the two unknown quantities, and the equations to be solved, are
either those of the first or second degree.

1. Let it be required to find @ in terms of I, %, and d.

From the first formula, by transposing, we have a=I—(n—1)d.
That is, the first term of an increasing arithmetical series is equal to
the last term diminished by the product of the common difference into
the number of terms less one.

From the same formula, by transposing a, and dividing by n—1,
we find d='—2.

n—1

That is, in any arsthmetical series, the common difference is equal lo
the difference of the cxtremes, divided by the number of terms less one.

Examples, illustrating these principles, will be found in the col-
lection at the close of this subject.

REVIEW.—224. What are the fundamental equations of arithmetical
progression, and to what general problem do they give rise? To what is
the first term of an increasing arithmetical series equal? To what is the
common difference of an arithmetical series equal ?
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Arr. 223.—By means of the preceding principle, we are ena-
bled to solve the following problem.

Two numbers, a and b, being given, to insert a number, m, of
arithmetical means between them ; that is, so that the numbers
inserted, shall form, with the two given numbers, an arithmetical
series.

Regarding a and b as the first and last terms of an increasing
arithmetical series, if we insert m terms between them, we shall
have a series consisting of m-+-2 terms. But, by the preceding
principle, the common difference of this series will be equal to the
difference of the extremes divided by the number of terms less
one; thatis, d=——m_l;_‘_211=,z—__l_‘—i ; therefore, the common difference
will be equal to the difference of the two numbers, divided by the num-
ber of means plus one.

Let it be required to insert five arithmetical means between 3

and 15.
15—3 ..
Here d= 571 =2; hence the series is 3, 5, 7, 9, 11, 13, 15.
It is evident, that if we insert the same number of means be-
tween the consecutive terms of an arithmetical series, the result
will form a new progression. Thus, if we insert 8 terms between
the consecutive terms of the progression, 1, 9, 17, &c., the new

series willbe 1, 3, 5,7, 9, 11, 13, 15, 17, and o on.

EXAMPLES.

1. Find the sum of the natural series of numbers 1, 2, 8, 4,. .
carried to 1000 terms. Ans. 500500.
2. Required the last term, and the sum of the series of odd
numbers 1,3, 5,7, . . . continued to 101 terms.
Ans. 201 and 10201
3. How many times does a common clock strike, in a week ?
Ans. 1092,
4. Find the nth term, and the sum of 7 terms of the natural
series of numbers 1,2,3,4. . . . Ans. 2, and 3n(n+1).
5. Find the nth term, and the sum of n terms, of the series of
odd numbers 1, 3, 5, 7. Ans. 2n—1, and n3.
6. The first and last terms of an arithmetical séries are 2 and
29, and the common difference is 3; required the number of terms
and the sum of the series. Ans. 10 and 155.
7. The first and last terms of a decreasing arithmetical series
are 10 and 6, and the number of terms 9: required the common
difference, and the sum of the series. Ans. § and 72.
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8. The first term of a decreasing arithmetical series is 10, the
number of terms 10, and the sum of the series 85; required the
last term and the common difference. Ans. 7 and §.

9. Required the series obtained from inserting four arithmetical
means between each of the two terms of the series 1, 16, 31, &ec.

Ans. 1,4,7,10, 13, 16, &e.

10. The sum of an arithmetical progression is 72, the first term
is 24, and the common difference is —4; required the number of
terms. Ans. 9 or 4.

In finding the value of 7 in this question, it is required to solve
the equation #*—13n=—36, which has two roots, 9 and 4.
These give rise to the two following series, in both of which the
sum is 72,

First series, 24, 20, 16, 12, 8, 4, 0, —4, —8.

« Sccond series, 24, 20, 16, 12.

11, A man bought a farm, paying for the first acre 1 dollar, for
the second 2 dollars, for the third 3 dollars, and so on; when he
came to settle, he had to pay 12880 dollars; how many acres did
the farm contain, and what was the average price per acre?

Ans. 160 acres, at $804 per acre,

12. If a person, A, start from a certain place, traveling a miles
the first day, 2a the second, 3a the third, and so on; and at the
end of 4 days, B start after him from the same place, traveling
uniformly 9a miles a day; when will B overtake A?

Let = the number of days required; then the distance traveled
by A in z days —a+2a+43a, &c., to = terms, =3ax(z+1); and
the distance traveled by B in (x—4) days =Ya(z—4).

Whence dax(z+1)=9a(x—4). From which =8, or 9.

Hence, B overtakes A at the end of 8 days; and since, on the
ninth day, A travels 9a miles, which is B’s uniform rate, they will
be together at the end of the ninth day. This is an instance of
the precision with which the solution of an equation points out
the circumstances of a problem.

13. A sets out 3 hours and 20 minutes before B, and travels at
the rate of 6 miles an hour; in how many hours will B overtake
A, if he travel 5 miles the first hour, 6 the second, 7 the third, and
80 on? Ans. 8 hours.

14. Two travelers, A and B, set out from the same place, at the
same time. A travels at the constant rate of 3 miles an hour,
but B’s rate of traveling, is 4 miles the first hour, 3} the second,
3 the third, and so on, in the same series; in how many hours will
A overtake B? Ans. 5 hours,

REVIE W.—225. How do you insert m arithmetical means between two
given numbers ?
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GEOMETRICAL PROGRESSION.

ARrT. 226.—A Geometrical Progression is a series of terms,
each of which is derived frora the preceding, by mu.lmplymg it by
a constant quantity, termed the ratio.

Thus, 1, 2, 4, 8, 16, &c., is an increasing geometrical series,
whose common ratio is 2.

Also, 54, 18, 6, 2, &c., is a decreasing geometrical series, whose
common ratio is §.

Generally, a, ar, ar®, ar’, &c., is a geometrical progression, whose
common ratio is 7, and which is an increasing or decreasing series,
according 48 r i8 greafer, or less than 1.

It is obvious, that the common ratio in any series, will be ascer-
tained by dividing any term of the series, by that whieh imme-
diately precedes it.

ReuMARK.—A geometrical progression is termed, by some writers, an
equirational series, or & series of continued proportionals, or & progression
by quotients.

Arr. 227.—To find the last term of the series.

Let a denote the first term, » the common ratio, ! the nth term,
and s the sum of n terms; then, the respective terms of the series
will be

l2345.....n——3,n—2,‘n—1, n.
a, ar, ar®, ar® art. . . . . a4, a3, ar3, ard,
That is, the exponent of r in the second term is 1, in the tkird
term 2, in the jfourth term 3, and so on; hence, the nth term of

the series will be, lI=ar"—!; that is,

Any term of a geometric series i3 equal to the product of the first
term, by the ratio raised to a power, whose exponent is one less than
the number of terms.

BXAMPLES.
1. Find the 5th term of the geometric progression, whose first
term is 4, and common ratio 3.
3=3X3X3X3=81, and 81)X4=324, the fifth term.

2. Find the 6th term of the progression 2, 8, 32, &c
Ans. 2048.

8. Given the 1st term 1, and ratio 2, to find the 7th term.
Ans. 64.

4. Given the 1st term 4, and ratio 3, to find the 10th term.

Ans. 78732.

Ruview.—226. What is a Geometrical Progression? Give examples of
an incroasing, and of a decreasing geometrical series. How may the com-
mon ratio in any geometrical series be found? 227. How is any term of a
geometrical series. found? Explain the principle of this rule.
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5. Find the Oth term of the series, 2, 10, 50, &e. A. 781250.
6. Given the 1st term &, and ratio §, to find the 15th term.
Ans. 305

7. A man purchased 9 horses, agreeing to pay for the whole
what the last would cost, at 2 dollars for the first, 6 for the second,
&c.; what was the average price of each? . Ans. $1458.

Art. 228.—To find the sum of all the terms of the series.

If we multiply any geometrical series by the ratio, the result
will be & new series, of which every term except the last, will
have a corresponding term in the first series.

Thus, let a, ar, ar®, ar®, &c., be any geometrical series, and s its
sum, then s=a+tartar*+ard. . . . . .4arHaor?
Multiplying this equation by 7, we have

rs=ar+-ar*tarttart . . . . . Far4ar.

The terms of the two series are identical, except the first term
of the first series, and the last term of the second series. If, then,
we subtract the first equation from the second, all the remaining
terms of the series will disappear, and we shall have

re—s=ar"—a

Or (r—1)s=a(r"—1)
Hence, sza(%-l—l)—

Since l=ar*—1, we have rl=ar®

ar"—a _rl—a
Therefore, =T =1

Hence, the

RULE,
. FOR FINDING THE SUM OF A GEOMETRICAL SERIES.

Multiply the last term by the ratio, from the product subtract the
Sirst term, and divide the remainder by the ratio less ome.

EXAMPLES.
1. Find the sum of 10 terms of the progression 2, 6, 18, 54, &e.
The last term =2X3°=2}X19683=39366. .
=2 11809259048, Ans.
2. Find the sum of 7 terms of the progression 1, 2, 4, &e.
P ) Ans. 127,
3. Find the sum of 10 terms of the progression 4, 12, 36, &c,
Ans. 118096
4. Find the sum of 9 terms of the series 5, 20, 80, &e.
Ans. 436905.
5. Find the sum of 8 terms of the series, whose first term i3 6},
and ratio §. Ans. 307444
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6. Find the sum of 8+20450+, &c., to 7 terms.  A. 32493.
7. Find the sum of 3+43+63+, &c., to 6 terms. A, 39.%.

R E M A REK.—If tho ratio r is less than 1, the progression is decreasing,
and the last term Ir is less than a. In order that both terms of the fraction
'.;l:;' shall be positive, the signs of the terms must be changed, and we

a—rl

have s= 1 The sum of the scries when the progreseion is decreasing,
-—r

1s, therefore, found by the samo rule, as when it is increasing, except that
the product of the last term by the ratio, is to be subtracted from the first
torm, and the ratio subtracted from unity, instead of subtracting unity from
the ratio.

8. Find the sum of 15 terms of the series 8, 4, 2, 1, &e.
Ans. 153843.
9. Find the sum of 6 terms of the series 6, 41, 3§, &c.
Ans. 19373.
Art. 229.—The formula m‘%, by separating the nume-
rator into two parts, may be placed under the form
a ar®

Now, when r is less than 1, it must be a proper fraction, which

may be represented by %’ ; then r"=( 4 ) "=Z—n. Since p is less

n

than g, the higher the power to which the fraction is raised, the
less will be the numerator compared with the denominator; that
is, the less will be the value of the fraction; therefore, when n

r or  will be very small; and,

n?

becomes very large, the value of

when n becomes infinitely great, the value of l)-:, or 7, will be in-
JSinitely small, that is, 0. But, when the numerator of a fraction
is zero, its valueis 0. This reduces the value of s, to ﬁ. Hence,

when the number of terms of a decreasing geometrical series is infi-
nite, the last term 1is zero, and the sum is equal to the first term
divided by one minus the ratio.

R E VIE w.—228. What is the rule for finding the sum of the terms of a
geometrical series? Explain the reason of this rule. When the series is
decreaging, how must the formula, expressing the sum, be written, so that
both terms of the fraction may be positive? 229, What is the rule for find-
ing the sum of a decreasing geometrical series, when the nuwber of terms
is infinite? Explain the reason of this rule.
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1. Find the sum of the infinite series 14-1+3+, &ec.
Here a=1, r=}, and s—:———:&. Auns.

2. Find the sum of the infinite series 1--§3-+3+§+, &e.
Ans. 2,

3. Find the sum of the infinite series 94+6-+4-+, &e. A, 27.
4. Find the sum of the infinite series 1—}+!—3'»+, &e.

Ans. §.
5. Find the sum of the infinite series l+%,+%4 i——l-x‘+, &e.
Ans. ;,—-_I:I
6 Fmd the sum of the infinite geometrical progression a—b
+— e + —, &c., in which the ratio 18—— Ans, 2 +b

7 If a body moves 10 feet the first second 5 the next second,
2} the next, and so on, continually, how many feet would it move
over ? Ans 20.

Arr. 230.—The two equations, I=ar*1, and s—-a 2 fur-

l b
nish this general problem: knowing three of the five quantttws a,
r, n, l, and s, of a geometrical progression, to determine the other
two. This problem embraces ten different questions, as in arith-
metical progression. Some of the cuses, however, involve the
extraction of high roots, the application of logarithms, and the
solution of higher equations than have been treated of in the pre-
ceding pages. The following is one of the most simple and useful
of these cases. ’

Having given the first and last terms, and the number of terms
of a geometrical progression, to find the ratio.

Here l=ar*1, or r™1=-

, a
Hence, r=n—1 \/ ( é ) X

1. The first and last terms of a geometrical series, are 3 and
48, and the number of terms 5; required the intermediate terms.
Here =48, a=3, n—1=5—1=4
Hence, r=18=16, and r’=1/16=4, and r=y'4=2.

2. In a geometrical series of three terms, the first and last
terms are 4 and 16; required the middle term. Ans, 8.

In a geometrical progression, containing three terms, the middle
term is called a mean proportional between the other two.

3. Find a mean proportional between 8 and 32. Ans. 16,

4. The first and last terms of a geometrical series are 2 and 162,
and the number of terms 5; required the ratio. Ans. 3.
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RATIO AND PROPORTION.

Art. 231.—Two quantities of the same kind, may be com-
pared in two ways: .

1st. By finding Zow much the one exceeds the other.

2d. By finding how many times the one contains the other.

If we compare the numbers 2 and 6, by the first method, we
say that 2 is 4 less than 6, or that 6 is 4 greafer than 2.

If we compare 2 and 6, by the second method, we say that 6 is
equal to three times 2, or that 2 is one third of 6. This method of
comparison gives rise to proportion.

Arr. 232.—Ratio is the quotient which arises from dividing
one quantity by another of the same kind. Thus, the ratio of 2
to 6 is 3; the ratio of a to ma is m.

REMARKS.—l1st. In comparing two numbers or quantitios by thoir
quotient, the number expressing the ratio which the first bears to the sec-
ond, will depend on which is made the standard of comparison. Thus, in
comparing 2 and 6, if we make 2 the unit of measure, or standard, we find,
that 6 is three times the standard. If we make 6 the unit of measure, or
standard, we find, that 2 is one third of the standard. In finding the ratio
of one number to another, the French mathematicians always make the first
of the two numbers the standard of comparison; while the English make
the last named the standard. Thus, the French say the ratio of-2 to 6 is 3 ;
while the English say it is §. The French method is now generally used
in the United States, though, in a few works, the other is still retained.

2d. In order that two quantities may be compared, or have a ratio to each
other, it is evidently necessary that they should be of the same kind, so that
one may be some part of, or some number of times the other. Thus, 2
yards has a ratio to 6 yards, because the latter is three times the former; but
2 yards has no ratio to 6 dollars, since the one can not be said to be either
greater, less, or any number of times the other.

Art. 233.—When two numbers, as 2 and 6, are compared, the
Jirst is called the antecedent, and the second the consequent.

An antecedent and consequent, when spoken of as one, are
called a couplet. 'When spoken of as fwo, they are called the terms
of the ratio. Thus, 2 and 6 together, form a couplet, of which 2
is the first term, and 6 the second.

Arr. 234.—Ratio is expressed in two ways.

1st. In the form of a fraction, of which the antecedent is the
denominator, and the consequent the numerator. Thus, the ratio of
2 to 6, is expressed by §; the ratio of 3 to 12, by %7, &e.

REVIEW.—231. In how many ways, may two quantities of the same
kind be compared? Compare the numbers 2 and 6 by the first method.
By the second. 232. What is ratio? @ive an illustration. 233. When
two numbers are compared, what is the first called? The second? Give
an example.
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2d. By placing two points (:) between the terms of the ratio.
Thus, the ratio of 2 to 6, is written 2 : 6; the ratio of 3 to 8,
3:8, &ec.

Art. 285.—The ratio of two quantities, may be either a whole
number, a common fraction, or an inferminate decimal.

Thus, the ratio of 2 to 6 is §, or 3.

The ratio of 10 to 4 is 1%, or .-

2. 23b+

The ratio of 2 to /5 is X ‘/5 ) o — r 1.118+.

We see, from this, that t.he ratio of two quantities can not
always be expressed exactly, except by symbols ; but, by taking a
sufficient number of decimal places, it may be found to any re-

" quired degree of exactness.

Art. 286,—Since the ratio of two numbers is expressed by a
fraction, of which the antecedent is the denominator, and the con-
sequent the numerator, it follows, that whatever is true with regard
to a fraction, is true with regard to the terms of a ratio. Hence,

1st. To multiply the consequent, or to divide the antecedent of a
ratio by any number, multiplies the ratio by that number. (Articles
122, 125.)

Thus, the ratio of 4 to 12, is 3. .

The ratio of 4 to 12)X5, is 3X5. -

The ratio of 42 to 12, is 6, which is equal to 3)X2.

2d. To divide the consequent, or to multiply the antecedent of a ratio
by any number, divides the ratio by that number. (Articles 123,
124.)

Thus, the ratio of 3 to 24, is 8.

The ratio of 3 to 242, is 4, which is equal to 8+-2.

The ratio of 3)X2 to 24, is 4, which is equal to 8-+2.

3d. To multiply, or divide, both the antecedent and consequent of
a ratio by any number, does not alter the ratio. (Articles 126, 127.)

Thus, the ratio of 6 to 18, is 3. :

The ratio of 6X2 to 182, is 3.

The ratio of 6-+2 to 18-+2, is 3.

ARrT. 237.—When the two numbers are equal, the ratio is said
to be aratio of equality. When the second number is greater than

ReEVIEW.—234. When are the antecedent and quent of a ratio
called a couplet? When the terms of a ratio? By what two methods s
ratio expressed ? Qive an example. 235. What forms may the ratio of two
Juantities have? 236. How is a ratio affected by multiplying the conse-
quent, or dividing the antecedent? Why? How is a ratio affected by
dividing the consequent, or multiplying the antecedent? Why? How is
a ratio affected, by either multiplying or dividing both antecedent and
consequent by the same number? Why?

20 .
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the first, the ratio is said to be a ratio of greater inequality, and
when it is less, the ratio is said to be a ratio of less snequality.

Thus, the ratio of 4 to 4, is a ratio of equality.

The ratio of 4 to 8, is a ratio of greater inequality.

The ratio of 4 to 2, is a ratio of less inequality.

We see, from this, that a ratio of equality may be expressed
by 1; a ratio of greater inequality, by a number greater than 1.
and a ratio of less inequality, by a number less than 1.

Art. 288.—When the corresponding terms of two or more
ratios are multiplied together, the ratios are said to be compounded,
and the result is termed s compmmd ratio. Thus, the ratio %
compounded with the ratio ¢, is ' X§=%2=4. In this case, 3
multiplied by 5, is said to ha.ve to 10 multiplied by 6, the ratio
eompeunded of the ratios of 3 to 10 and 5 to 6. - :

Arr. 2839.—Ratios may be compared with each other, by re-
ducing the fractions which represent them, to a common denom-
inator. Thus, to ascertain whether the ratio of 2 to 5 is greater
than the ratio of 3 to 8, we have the two fractions, § and §, which
being reduced to a common denominator, are %’ and %#; and,
since the first is less than the second, we infer, that the ratio of 2
to 5 is less thad the ratio of 3 to 8.

-

PROPORTIO N .
Agr. 240.—Proportion is an equality of ratios. Thu_s, ifa, b, c,
d are four quantities, such that p is equal to 7 then a, b, ¢, d form

a proportion, and we say that a is to b, as ¢ is to d; or, that @ has
the same ratio to b, that ¢ has to d.

Proportion is written in two ways.

1st. By placing the double colon between the ratios. Thus,

a:b::c:d.
2d. By placing the sign of equa.lxty between them. Thus,
tb=c:d.

The first method is the one generally used.

From the preceding definition, it follows, that when four quan-
tities are in proportion, the second divided by the first, glvea the
same quotient as the fourth divided by the third. This is the test
of the proportionality of four quantities. Thus, if 3,6, 5, 10 are

REvViEW.--237. What is a ratio of equality? Of greater inequality?
Of less inequality? Give examples. 238. When are two or more ratios
said to be compounded? G@ive an example. 239. How may ratios be com-
pared to each other? 240. What is proportion? Give an example. How
are four quantities in proportion written? Give examples.
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the four terms of & true proportion, so that 3:6::5: 10, we
must have §=1%°. .

If these fractlons are equal to each other, the proportion is #rue;
if they are not equal to each other, it is false.

Thus, let it be required to find whether 3: 8 ::2: 5.

The first ratio is §, the second is §, or ', and % ; therefore,
3, 8, 2, 5 are not proportional quantities.

R Eu A R &—The words ratio and proportion, in commen language, are
sometimes confounded with each other. Thus, two quantities are said to be
in the proportion of 3 to 4, instead of, in the ratio of 3 to 4. A ratio sub-
sists between fwo quantities, a proportion only between fowr. It requires
two equal ratios to form a proportion. )

Arr. 241.—In the proportiona: b:: ¢: d, each of the quan-
tities a, b, ¢, d, is called a term. The first and last terms are
called the extremes, the second and third, the means.

Arr. 242.—O0f four proportional quantities, the first and third
are called antecedents, and the second and fourth, consequents (Art.
233); and the last is said to be a fourth proportional to the other
three, taken in their order. )

Art. 243.—Three quantities are in proportion, when the first
has the same ratio to the second, that the second has to the third.
In this case, the middle term is called a mean proportional between
the other two. Thus, if we have the proportion

a:b::b:
then b is called a mean proportional between a and c, and c is called
a third proportional to a and b.

Art. 244.—ProrosiTioN I.—In every proportion, the product of
the means is equal to the product of the extremes.

Let atb::c

Then, since this is a true proportion, the quotient of the second
divided by the first, is equal to the quotient of the fourth divided
by the third. Therefore, we llx’ms; have

a c :
Multiplying both sides of this equality by ac, to clear it of frac-
tions, we have %-:“—;‘55. Or, be=ad.

Illustration by numbers. 3:6::5: 10, and 8)X5=310.

RE vie w.—240. Give examples of a true and false proportion. What
is a test of the proportionality of four quantities? 241. What are the first
and last terms of a proportion called? The second and third terms?
242. What are the first and third terms of a proportion called? The soc-
ond and fourth? 243. When are three quantities in proportion? Give an
example. What is the second term called? The third? .
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a_;i’ b=a—:l, and a=b§,
from which we see, that if any three terms of a proportion are.
given, the fourth may be readily found.

The first three terms of & proportion, are ac, bd, and aczy ; what
is the fourth? . Ans. bdzy.

REMARK.~—This proposition furnishes a more convenient test of the
proportionality of four quantities, than the method given in Article 240.
Thus, to ascertain whether 3:8::2: 5, it is merely necessary to compare
the product of the means and the extremes; and, since 3)X5 is not equal
to 82, we infer that the proportion is false.

ART. 245.—Proposition 11.—Conversely, If the product of two
quantities is equal to the product of two others, two of them may be
made the means, and the other two the extremes of a proportion.

From the equation be=ad, we have d=-l;—‘7 , 6=

Let be=ad.
Dividing each of these equals by ac, we have
be ad b d
—=—; Or, -=-.
ac ac a ¢
That is, a:b::c:d.

Illustration. 5X8=4X10,and4:5::8 10.

ArT. 246.—ProrositioN IIL.—If three quantities are in contin-
ued proportion, the product of the exiremes is equal to the square of
the mean. '

If a:b::0:¢
Then, by Art. 244, ac=bb=0".

It follows, from Art. 245, that the converse of this proposition
is also true. Thus, if ac=b%,

Then, a:b::b:ec

That is, if the product of the first and third of two quantities, is
equal to the square of a second, the first s to the second, as the second
is to the third.

Illustration. If 4:6::6: 9, then 4X9=6*=36.

If 2X8=16, then 2: /16 : : b/ﬁi : 8
Or 2:4::4:8.

ARrr. 24%.—Prorosition 1V.- If four quantities are in propor-
tion, they will be in proportion by ALTERNATION ; that s, the first will
have the same ratio to the third, that the second has to the fourth.

Let a:b::c:d.

. . b d
Th 2_¢

is gives, v

Multiplying both sides by c, '%’:d.
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Dividing both sides by b, f—g
That is, :b:d.

Illustration. 2:7: 6 21 and2 6::7: 21

Art. 248.—ProrositioN V.—If four quantilies are in propor-. '
tion, they will be in proportion by INVERSION ; that is, the second will
Ve to the first as the fourth to the third.

Let . a:b::c:d.

By Art. 244, ad=be.

Dividing both sides by b,

Dividing both sides by d,
That is, b:a::d:c.
Mustration. 2:5::6:15,and5:2:: 15: 6.

Art. 249.—ProrositioN VI.—If two sets of proportions have
an antecedent and consequent tn the one, equal to an antecedent and
consequent in the other, the remaining terms will be proportional.

Lot a:b::c:d (1)
And a:biie:f (2)
Then will cidize: f
For, from 1st proportion, g:'-:; N
From 2d proportion, f-;:{

Hence, ‘_i____f.
c e
This gives, c:d:ze:f
Hlustration. 8:5::6:10
3: 5::9:15
And 6:10::9:15.

Rz x A Rk .—This proposition is generally termed equality of ratice. It
s almost self-evident.

Arr. 250.—ProrosiTioN VIL—If four quantities are in propor-
tion, they will be in proportion by courositioN; that s, the sum of
the first and second, will be to the second, as the sum of the third and
Jourth, is to the fourth.

Let a:b::e:d
" Then will atb:b:ietdid -
From the 1st proportion, bo=ad, hy Art 244.
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Adding bd to each,
be+bd=ad+bd; Or b(c+d)=d(a+d).
Dividing each side by c+d, b=d(c:-+db);
v 5
By ath atd ctd
This gives, atb:b:ictd: d.
Illustration. 3:4::6:8

34+4:4::6+48:8; Or,7:4::14:8.

RENMARK.—In a similar manner, it may be proved, that the sum of the
first and second terms, will be to the first, as the sum of the third and
fourth is to the third.

Art. 251.—ProposttioN VIIL—If four quantities are in pro-
portion, they will be in proportion by pivisioN; that is, the difference
of the first and second, will be to the second, as the difference of the
third and fourth is to the fourth.

Let . a:b::c:d,

Then will a—b:b::0—d:d.
From the 1st proportion, bc=ad, by Art. 244.
Subtracting bd from each, bdd=bd

be—bd=ad—bd;
Or, b(c—d)=d(a—Db).
Dividing each side by c—d, b— (a_—db)
b d
By a=b =
This gives, a—b:b::c—d:d.
Illustration. 8:5::16:10

8-5:5::16-10:10; Or,3:5::6:10.

* REMARK.—In a similar manner, it may be proved, that the difference
of the first and second will be to the first, as the difference of the third and
fourth is to the third.

Arr. 252.—ProrosirioNn IX.—If four quantities are i propor
lion, the sum of the first and second will be to their difference, as the
sum of the third and fourth is to their difference.

Let ag:b::c:d, (l.)

Then will at+b:a—b::ctd:c—d.
From the 1st, by composition, Art. 250,
. atd:bd::ct+d:d.
By alternation, atdietd::b:d, Art. 247.
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o ct+d_d
This gives, m—z.
From the 1st, by division,

u—b:b::¢—d:d,

By alternation, a—b:c—d::b:d;
This gives, ::‘Z—Z; hence Ziz ::Z
That is, a+b:ctd::a—b:c—d;
Or, by alternation, a+b:a—b::c+d:c—d.
Illustration. 5:3::10:6
54+3:5—3::10+6:10—6
Or, 8:2::16:4.

ArT. 253.—ProposiTioN X.—If four quantities are in proportion,
like powers, or routs, of those quantities, will also be in proportion.

Let a:b::c:d.
Then will ar:briicendr
. b d
For, since —_.
a c
If we raise each of these equals to the nth power, we have,
o ar
a
That is, ar:br::cnidn,
‘Where n may either be a whole number or a fraction.
Illustration. 2:83::4:6
22:32::4%: 6°
Or 4:9::16:36
Also, a?: b?:: mPa? . m?b?
And V@t B ymiat s/ mib?
Or a:b::ma: mb.

Axnr. 254.—Prorostrion XL—If two sets of quantities are in
proportion, the products of the corresponding terms will also be wn
proportion.

Let a:b::¢:4d, (1)
And m:n:ir:e; ()
Then will am:bn::cr:ds.

b d n_s
For, from the 1st, —-—-; and from the 2d, —=-.
a ¢ m

Multiplying these equals together,
b n_d_s _bn_ds
=X—==-=X~-, oFr —=—

a'm ¢ am o
This gives, am:bn::er:de
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Illustration. 3:5::6:10,

4:83::8:6,
12:15::48: 60.

Art. 335.—Prorosition XII.—In any continued proportion,
that s, any number of proportions having the same ratio, any one
antecedent is to its consequent, as the sum of all the antecedents is
to the sum of all the consequents.

Let a:b::c:d::m:n, &

Then will a:b::atctm: d4d+n;
Sincea: b::c¢:d, we have bc=ad.
Since a: b:: m : n, we have bm=an.

Adding ab to each, ab=ab. The sums of these equali-
ties give ab+-be+bm=ab+ad+tan;
Or b(a+c+m)=a(b+d-+n).
. .ae a(b+d+n)
Dividing by a-+c+m, “atotm ;
g . . b b+d+n
Dividing both sides by a o atotm’
This gives, a:b::atctm: db4-d+n.
Tlustration. 3: 4 ::6:8::9:12
3:4::34+6+9:44+8+412
Or 3:4::18:24.

RENMAREK.—In the preceding demonstrations, the proof has generally
been made to involve the definition of proportion, that is, that the four

b d
quantities, a, b, ¢, d, are in proportion, when e This is regarded as

& matter of great importance to the pupil. If the instraetor chooses to dis-
pense with this, as some writers do, several of the demonstrations may be
somewhat shortened. There are several other Propositions in Proportion,
that may be easily demonstrated, in a manner similar to the preceding, but
they are of so little use, as not to be worthy of the pupil’s attention.

NOW PUBLISHED.

RAY'S ALGEBRA, PART II.—HIGHER ALGEBRA.

‘ RAY'S ALGEBRA, PART SECOND, for advanced students, contains a concise re-
view of the el tary principles pr ted in PART FIRST, with more difficult exam-
ples for practice. Also, a full discussion of the higher practical parts of the science,
cmbracing the General Theory of equations, with STURM'S.celebrated theorem illus-
trated by examples; HORNFR'S method of resolving numerical equations, &c., &c.
Designed to be a th gh treatise for HicH ScHOOLS and for CoLLEGES. The author has

d d to p t every subject in a plain and simple manner, with numerous
tnteresting and sppropriate i1l jons aud pl .

o

THE END.

IwW
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